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The N = 2 extended complex supersymmetry representations are constructed. The
classification of N = 2 multiplets in SU(2) representations is obtained. The relation with

N = 2 harmonic superspace is also discussed.

I. INTRODUCTION

The discovery of supersymmetry by Wess and Zumino'
in 1974 has opened up a large area of research in particle
physics. Indeed, even though there is no experimental evi-
dence in its favor, almost all particle physicists believe that
supersymmetry has played some role in the evolution of the
early universe.’

From the theoretical point of view, supersymmetric the-
ories possess many special features, e.g., Bose-Fermi sym-
metry and nonrenormalization theorems, and they have
been viewed for some time as candidates for unification of all
known forces. Supersymmetry is also required for consistent
string theories® formulated in ten-dimensional space-time.

It is well known that a theory with N =1 supersym-
metry in higher dimensions* will involve extended super-
symmetry when reduced to four dimensions. However, an
off-shell formulation of extended supersymmetry® for gen-
eral N has not yet been achieved. Recently, Galperin et al.®
have succeeded in obtaining an adequate off-shell formula-
tion of N =2 Poincaré supersymmetry. Their formalism
preserves the SU(2) symmetry combining the two super-
symmetries.” The main idea of their approach is to project
this SU(2) symmetry onto the SU(2)/U°(1) =5 ? sphere by
introducing a new set of harmonic variables.®*’ Among the
obtained results, N = 2 supersymmetry is realized linearly
on a subset of the N = 2 harmonic superspace (HS), called
the analytic subspace. They also have derived the massless
Lagrangians for the N = 2 scalar and gauge multiplets. At
the quantum level they prove the N = 2 nonrenormalization
theorem® and show that harmonic nonlocalities disappear if
external legs of a diagram are put on shell.® The curved har-
monic superspace and the fundamentals of the underlying
N = 2 supergravity theories have been also constructed.

Moreover, the harmonic superspace techniques givein a
natural way the classification of the content of the N = 2 on-
shell supersymmetric multiplets in terms of the SU(2) rep-
resentations as obtained for the N = 2 on-shell scalar multi-
plet (0*,4?) and the vector one (0%}%,1).5

In this paper, we give the full classification in terms of
SU(2) representations of the N = 2 on-shell (complex) su-
persymmetric multiplets. We find as particular cases the
Fayet-Sohnius (FS) (Ref. 10) and the Howe—Stelle-Town-
send (HST) (Ref. 11) hypermultiplets. The problem of
massive supersymmetric representations with and without
central charges and their connection with the SU(2) sym-
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metry is examined in detail. We show in particular that the
HST hypermultiplet can describe a massive representation
up to a complexification.

The main idea of this study is to take advantage of the
presence of the Cartan—~Weyl U°(1) charge to build N =2
charge dependent sypersymmetric multiplets.

The presentation is as follows. In Sec. II, we derive the
N = 2 extended “‘complex” supersymmetry algebra, useful
for the SU(2) classification.

In Sec. III, we construct the massive representations
without central charges. First, we build the representations
of the so-called ( — ) and ( 4 ) algebras. Then, we give
those of the full N = 2 extended complex algebra. The usual
N = 2 extended *‘real” representations are obtained through
a reality condition. Cases of interest, such as the scalar, vec-
tor, and gravitational multiplets, are worked out explicitly.

In Sec. IV, central charges are introduced and we dis-
cuss in particular the relation between the Fayet hypersym-
metry'” and the Fayet-Sohnius (FS) representation.!®!?
The connection with the HST sector is also established.

In Sec. V, the massless representations are derived. We
establish the relations between the massless N = 2 scalar and
vector multiplets and the analytic superfields given in Ref. 6.

Our results are summarized in the last section.

. N=2 COMPLEX SUPERSYMMETRIC ALGEBRA IN
THE HARMONIC SUPERSPACE

Consider the two beins u* (¢ = u*') parametriz-
ing the SU(2)/U°(1) =S? sphere introduced in Ref. 6.
These parameters play an important role in the harmoniza-
tion of the N = 2 extended superspace. They satisfy the fol-
lowing constraints:

UtUF=+1, U*UX =0, (2.1a)
or equivalently
U'Ul=¢€", IJ=+,—, €t ~=€_, =1.
(2.1b)

These parameters, also called harmonic variables, are used

to project the SU(2) symmetry combining the two super-

symmetries into U¢(1) objects, namely,
Ul: A'-4'=4'U!,

where A ‘is an SU(2) isodoublet.

The inverse transformation (U7) ~! is well defined and
may be constructed, using formally (2.1), as follows:

2.2)
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(U{)_l"*'quua
so that

(2.3)

(UH™1:4'-UDH 4 ) =cjdu e, U%AT,  (24)

where ¢ is a constant that can be dropped out. Indeed, inte-
grating over the harmonic variables®'*'* and using (2.2),
one finds

chue,,A’U”:cA‘

and therefore ¢ =1 in our particular case. One can also
check

UHA")=U""(4")= —4",
UHA ) =Ut (47 =44",
and combining together these relations, one has
U4~y -UHNA4")=U* A" )-U'"(4")
=A4", (2.5b)

From the relations (2.5), one sees that the projected (hid-
den) SU(2) symmetry (2.2) manifests itself by the conser-
vation of the Cartan—Weyl charge. This is a direct conse-
quence of relations (2.1) and (2.4). This procedure of
projecting the SU(2) symmetry will permit us to explore
further the N = 2 extended supersymmetry. It also gives a
covariant formalism avoiding all the complexity of the
SU(2) tensor calculus. Furthermore, the existence of the
inverse transformation (2.4) ensures the restoration of the
SU(2) symmetry at any step from the harmonic expres-
sion, !4

We now want to exploit this fact at the level of the ¥V = 2
extended supersymmetric algebra. For that purpose, define

Qa:t =szUii =QxleIi +Q§Uzi ’

(2.52)

— _ — — 2.6a)
Qai=Q:‘zUii=QéUli+Q§U2i: (
or in a simple form
Qf;:Q:xeI’
5! -0'U! I=+,—. (2.6b)

The projections (2.6) generalize the usual complex repre-
sentation,'>'* namely,

QF=U/M)[Q) +iQ2],

0F =(/VD[Q;FiQ:].

Using now (2.5), the odd part of the N = 2 extended
supersymmetric algebra®'® may be written as

{Qai9§;F} = +204, Py ’

{02,094} = +2iZe,,

{Q-,i ,QEF} =+ 2’76&6 ’

{Qai’Qbi} = {aai@-f} =0.
Note, by the way, that the nonvanishing anticommutators in
(2.8) correspond to a conserved Cartan—-Weyl charge (the
sum of charges is identically zero). This fact is, once more,
related to relations (2.1) and (2.4).

Each of the sets ( + ) in (2.8) constitutes an N =1
complex supersymmetric algebra. These algebras are dual to

2.7)

(x) (2.8)
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each other, as one can see from their simple realization
(2.7), and present a nontrivial generalization of the Fayet
hypersymmetry. The duality of the ( + ) and ( — ) N=1
complex superalgebras is precisely carried by the Cartan—
Weyl charge. The passage from the ( + ) to ( — ) algebras
and vice versa is ensured by the star conjugation (A4, ) intro-
duced in Ref. 6.

Furthermore, these two complex supersymmetric sets
( + ) and ( — ) are in fact two subalgebras of the following
N =2 extended complex superalgebra:

{szai} = 2‘7’;51 Pﬂé'”,

{01,07} = 2ize, ", (0) (2.9)
(01,01} =2ize, 6",
where /= +,— ande™ " =e¢€_, = 1.

The central charges z and Z of the N = 2 real supersym-
metry, which carry the “bridge” from the ( +) to (F)
subalgebras, are now connected with the Cartan-Weyl ex-
tension (/ = +, — ). This shows that the information con-
tained in the central charges are not affected by our proce-
dure.

Using now the identity (A2)

Ql=€% (05, (2.10)
the relations (2.9) become

{ol,@D}= —2042p,8),

{01,071} = 2ize,, €, (0) (2.11)

{@h, @N}=2ize,e".

In the absence of central charges z=Z =0 (the bridge is
broken), the algebra (0) splits into two independent (but
dual) ¥ = 1 complex supersymmetric algebras that turn out
to be the generalization of the Fayet hypersymmetry as we
shall see in more detail later.

We now come to the construction of the corresponding
representations. Indeed, as we have mentioned earlier, the
knowledge of the representations of the ( — ), ( 4+ ), and
(0) algebras leads to a deep understanding of the harmonic
superspace. This also clarifies the massive hypermultiplet
theories with and without central charges, and finally, it pro-
vides much information on the SU(2) symmetry combining
the two supersymmetries.

lll. MASSIVE REPRESENTATIONS WITHOUT CENTRAL
CHARGES

The supersymmetric algebra (2.11) reduces to
{0l, 01} = ~20% P8},

all others are equal to zero, 3.1

which is, roughly speaking, isomorphic to N=1¢N=1
complex (N =1 quaternionic) supersymmetry or equiv-
alently N = 2 ® N = 2 real supersymmetry. In order to con-
struct the on-shell one-particle massive representations of
the algebra (3.1), we shall adopt the following strategy.
First, we construct those of the ( — ) subalgebra. The repre-
sentations of the ( + ) subalgebra are easily deduced from
the previous ones by duality. Finally, we discuss the case of
the full algebra (3.1).
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A. Representation of the (—) subalgebra

The method to follow is quite well known and was used
by Salam and Strathdee in the early days of supersym-
metry.'” It is based on the Wigner method of induced repre-
sentations. Indeed, when the Poincaré group is reduced to its
little group O(3) [p, = ( — m,0) ], the supersymmetry al-
gebra (3.1) withJ =J = — becomes

{Qa_s E} = 2m6ab . (32)

This relation defines a Clifford algebra. The operators Q

and Q are, respectively, annihilation and creation opera-
tors of a spin-{ and a Cartan-Weyl charge ( — 1).

For the construction of the spinorial representations of
(3.2), one introduces the Clifford vacuum |c),

le) = {6},q) » (3.3)
satisfying the Clifford condition
Q. ley=0, 3.4)

where {6} represents a collection of quantum numbers. We
shall restrict ourselves hereafter to the case {8} = j: the spin.
The Clifford vacuum (3.3) is chosen charged g times (geZ).
The introduction of this charge, which is natural, will play a
crucial role in our construction. This will permit us to classi-
fy the field contents of any N = 2 supersymmetric multiplet
in SU(2) representations. Furthermore, it gives an insight
on the possible theories in the harmonic superspace. Before
going ahead, we assume, in the following, the nondegeneracy
of the charge g, i.e., charges of type ¢ = (¢ + p) — p, PEZ,
are not taken into account. The degeneracy leads simply to
adding auxiliary representations that are irrelevant on shell.

The full set of orthogonal states, denoted R ~( j,q), is
given by

|54
R(_j,q) = Qa_!j’q>=|ji%’q—'l)9
Q7%jg) =1ja—2).
This expression defines a unitary supersymmetric represen-
tation of the ( — ) subalgebra. It is characterized by the mass
m, the spin j, and the Cartan Weyl charge q.

Furthermore, if we define the U°(1) charge number of
R 7 (jq) as

-1
Vpr = Z UL (Z nB,F) )

where ng and n, are, respectively, the number of bosonic,
fermionic states, g, _ the charges of the corresponding
states. One sees from the construction (3.5) that

3.5)

(3.6)

3.7)

Vg = Vg

for any supersymmetric representation.

Knowing also that a state of charge g carries a SU(2)
symmetric representation® of dimension (|g| + 1), one can
verify that bosonic and fermionic degrees of freedom match.
Indeed, from (3.5), one finds

i+ Dlg+DH+(g—1]
=[2(j—-D+1lg+[2(j+D +1]q. (3.8)
This means that there are 2(2j+ 1)gq bosonic and
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2(2j + 1)q fermionic degrees of freedom. Therefore the di-
mension of the irreducible representation R 7 (j,q)is

dimR ~(j.q) =2%q|(2i+ 1), ¢>1, (3.92)
which reduces, for j =0, to
dim R ~(0,q) = 2%|q| . (3.9b)

As one sees, the relation (3.9a) is not valid for ¢ = 0. How-
ever, in order to make it valid for ¢ = 1, we have to double
the dimension. These two cases will be considered later on in
some detail.

The variation of the spin in the supersymmetric multi-
plet (3.5) isjust as in the N = 1 real case: AJ = 1. However,
the dimension (3.9) is larger than the usual N = 1 real one.
To be more clear let us explore the properties of (3.5)
through different examples.

Example 1: Fundamental multiplet, j =0,

|0,q) ,
R~ (04q)=1lg—1), (3.10)
|O:q - 2) s

which can be represented for different values of ¢ as seen in
Table I. From Table I one learns

R7(0,9) ={07%"490°""}, ¢>1, (3.11a)

R7(0,9) ={0"9+1179%2079%%}, g<1, (3.11b)
where the power p of the spin j, j#,in R and R | repre-
sents the number of states of spin j belonging to the SU(2)
symmetric representation (p — 1),

(3.12)
N

(p — 1) boxes

We also note that the two representations (3.1l1a) and
(3.11b) are symmetric with respect to the value g = 1, i.e.,

Rt_(o’—q+2)=R1_(O»q):

3.13
R7(0,—-¢g—2)=R,; (049 . ( )
Furthermore, one reads from (3.11)
R ~(0,1) = {0%4D,0}, (3.14)

where the symbol {D means a Dirac spinor instead of Weyl
spinor denoted as }. This can be justified by many arguments.
The natural one is to demand the equality of bosonic and
fermionic degrees of freedom. Another argument is just to
use formally the result (3.9) which gives

TABLE 1. The fundamental multiplet, j = 0.

q R~(0,9) Multiplets
-3 o* %5 o° (O'O,f)
—2 0 ) 0* (0%4%)
PooooE g o

1 0’ 1D 0? (R0

2 0* 2 0!

3 o* P 0 (0%,4%)

4 0’ Ty 0’ (0%1%)

5 0* I o (0'°4%)
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R —(0)1) = {0295} . (3.153.)

However, in order to avoid zero norm states, one has to dou-
ble the degrees of freedom (complex Clifford vacuum ). This
leads to the complex representation

R~ (0,1) = {0? + 0?4D}~ (0* "), (3.15b)
4 4

known in the literature as the FS representation. This multi-
plet is in fact the original one discovered by Fayet.'? (This
‘hypermultiplet had also been obtained by Salam and Strath-
dee.) We shall call it the Fayet hypermultiplet throughout
this paper. It is a massive N =2 scalar multiplet without
central charges (z =2 =0).

From Table I one also discovers that the N = 2 massive
scalar multiplet (z=Z=0) (0*4?) is described by other
representations, namely,

R 1_ (0’0) = {0142’03} ’
R L (0,0) = {O3a£2’01} .

Even though the two representations are obtained from two
different Clifford vacua (singlet or triplet), they describe the
same multiplet. It is known as the HST hypermultiplet.'' As
in (3.15a), this hypermultiplet suffers since it has zero norm
states (doublet of Weyl spinors). One can avoid this diffi-
culty by complexifing (3.16) as we have done in (3.15b).
~ The remaining representations are associated with Clif-
ford vacua in higher SU(2) symmetric representations.
Now before examining the next example, let us make the
following remark. Write

R 7(0,2) = (0%},

(3.16)

R (0,3) = (054, (3.17)
R (0,5) = (0"%)%).
Then we have
R7(05)=R,;(02)+R[(03), (3.18)
or more generally
R7(0,q) =R (0p)+R(0s), (3.19)

withp+s=¢q(p>0,5>0)andp+s=¢—2 (p<0,5<0).
However, the two representations R~ (0,g) and
R 7 (0,p) + R [ (0,5), although they describe the same
multiplet, are different as long as the SU(2) symmetry is
taken into account.
Example 2: The vector multiplet, j =},

L),
R~ =il0g—-1), |[Lg—1), (3.20)
lLg —2) .

The variation of the equationin R ™ (},¢) isnow Aj = 1 (see
Table II). Similarly as for the fundamental multiplet, we
have

R y— (Q,Q) = {£q+ l,oq’lq’iq- l} sy 4> 1 ’

R, —@={"9,0"9%2179+21-¢+3}  g<1,
R, ={1%0,,1,54°). (3.21)
One can check that

dim R~ (,9) =2%q|, 2,

imR ~ (J,9) lgl, 4> (322)

dimR ~(},1) =dim R ~(},2) =2*.
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TABLE IL The vector multiplet, j= 1.

q R~ Multiplets
—1 P 0 8 3 (06,1%)

0 y 0? 12 53 f

1 g0 1, P (0%44,12)

2 53 02 12 51

3 54 03 13 52 (03’56’13)

Also, from the identity (3.13) that holds for any spin j,
namely,

RO =R(j—q+2), (3.23)
one finds
dim R ~(4,0) =dimR ~(4,1) = 16. (3.24)

This is in fact not surprising since all these three massive,
z =0 vector multiplets (3.21) describe the same massive
gauge multiplet. It corresponds, as it should, to an N =1
complex vector multiplet.'” Furthermore, the previous dis-
cussion for the fundamental multiplet (j = 0) still holds
here. Indeed, the vector multiplet (0%,4%,1%) can be put either
in a complex or in a real SU(2) representation. They are
given in our formalism by the following.

(i) R ~ (4,1) = complex representation that is the exten-
sion of the Fayet representation for the scalar hypermulti-
plet (3.14). Requiring the reality condition, the Fayet hy-
persymmetry reduces to the wusual N=1 real
supersymmetry.

(ii) R ;7 (3,2) ~R [ (3,0). This is the extension of the
HST representation. This multiplet, however, suffers since it
has zero norm states. The real bosonic states are put in
SU(2) doublets. This problem is connected with the statis-
tics of the Clifford vacuum of the representation R ~ ( j,q).
This difficulty could be removed by doubling the modes of
R 7 (4,0) as in (3.15b). This procedure might also be con-
nected with V = 1 quaternionic supersymmetry (N = 4 real
supersymmetry ). Indeed, we have the following situation:

scalar multiplet
N=1;(0%))
N=2; (0 + 0°4D)

vector multiplet
N=2;(3,0°,1°»)
N=4 D0+ 01"+ 15 + 1)
~(4,1,04,141°) of SO(4).
(3.25)

Example 3: The gravitino multiplet, j =1 (see Table
III). This hypermultiplet is analogous to the fundamental
hypermultiplet. The Fayet and HST representations are well
adapted for the gravitino multiplet (Table III). More gener-

TABLE III. The gravitino multiplet, j = 1.

q R (l,9) Multiplet

0 1 iz g2 13
1 12 \D D 12
13 52 gl 1

U149
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ally, this is valid for all bosonic Clifford vacua. For the fer-
mionic Clifford vacua, one deals with a situation analogous

TABLE IV. The fundamental multiplet in the case of the ( + ) subalgebra.

to the vector multiplet (3.21). In summary, the irreducible q R0 Multiplets
massive representations of the ( — ) subalgebra without cen- 3 o P 0 ©0°4)
tral charges are given by -2 0’ 2 o'
) oo . -1 0’ \D 0? (0%4%)
R ={/*, Gx£Ds 7'}, ¢>1, 0 o' i 0
- i_g+1, g s —g+2, j—q+3 1 0 'y 0 (0°4)
RoGoy =1~ G+H~+3% j=1%, ¢<1,
R=GL={A (G+1HD; j}, (3.26)
satisfying the following properties: R (ig)=R (j,—q), —gq<l,
Rt_(j,—q+2)=R,_(j,q), R1+(j’q)=R1_(jy—Q), _q>1 (331)
dimR [~ (j,g) =2%(2/+ 1), (3-27)  One can easily check this result by giving an example. In-

dimR ~(j,1) =dim R ~(j2).
Furthermore, for each representation, the charge number v
is conserved. For the interesting cases, g=1 and ¢ =0
(g = 2), we get the extension of the Fayet and HST hyper-
multiplets for any spin j, namely,

(1) R ~(j,1) = generalized Fayet representation,

= generalized HST representations.
(20) R-Gi) T8 P
(3.28)

Finally, we note that in order to avoid zero norm states,
these representations should be complexified.

B. Case of the (4 ) subalgebra

The Clifford algebra is written in this case as

{er. 0,/ =2,ms,, . (3.29)
This is obtained from (3.2) by conjugating the Cartan-Weyl
charge (A2). Therefore the corresponding representations
may be deduced from those of the ( — ) subalgebra (3.22).
They are given by

deed, using the previous technique, one finds for the funda-
mental multiplet the information contained in Table IV,
which turns out to be identical to (3.11). This result is pre-
dicted by the U°(1) conjugates (3.31). Therefore, the Car-
tan—-Weyl conjugation (*) introduced in Ref. 6 connects the
representations of the ( — ) and ( + ) subalgebras. This can
also be seen in (A3).

C. Representations of the full algebra

In the rest frame, the (0) algebra (3.1) becomes
{Qiy (Qi )} = 2m6ab5.ll ’
all others are equal to zero. (3.32)

This algebra is an N = 2 extended complex supersymmetric
algebra. Its representations are larger than the previous
ones. They are obtained by following the same technique
presented previously.

Define the Clifford vacuum |c) = | j,¢). The Clifford
condition on |C) requires

g’Ic)y=o0,
which collects both Clifford conditions for the ( — ) and

R =I[R™UI*, (3.30) ( + ) subalgebras. The set of orthogonal states may be writ-
or equivalently, using (A1) and (3.27), | ten as
ljq) lj“£9q—l> |j+£’q_l) | jig —2)
|j—bg+D| [lj—1g9) L) lji—4g—1) (3.33)
lj+4q+ D | i@ |j+ Lg) lj+Lg—1) ‘
| Jsq +2) lj=ba+ D) li+La+ D] | i)

This consists essentially of four V = 1 complex representations of type R * ( j,q). The charge number v defined earlier is still
conserved. The variation of the spinin R( j,g) is Aj = 2 for j>1and Aj = 1 for j = 0. The dimension of (2.35) is given by the

sum of its four subrepresentations.

Let us now illustrate some general features of these representations with examples.

Example 1: j = 0.

The representation R( j,q) reduces to a 3X 3 table (Aj = 1),

Ol 52 03
12 0 1 %2
2 Ds*D
R(0,0) = 0 %2 0
R F R

(3.34)

This complex multiplet (0'°,4%1%) describes two N = 2 massive real multiplets (0%,4*,1). The subscripts R and F mean HST

and Fayet-type N = 1 multiplets discussed previously:
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dim R(0,0) =8+ 16 +8=32=2°,

It is also a complex multiplet (0'2

R(0,— 1) =

Example 2: j=1,

R(4,0) =

02 %l 02
£3 02’12 %D
R(O,1) = ot %3 02

One also finds for ¢ = 1

R4 =

More generally, we have

Rt (j’q) =

g>1

R, (jg) =

g< ~—1

and

R(j0) =4

R(j1) =1

R

F

=R, — 1)~(0°4"1°8), dimR(,1) =36+36=72.

=R1(j9_'q)

1”2
02 53 04
0 | orz | e ]|
o X = | p=ROD.
F R
4 02 12 %3
0? i | [p | |0
I 0 | |1 ~ (054158, dim R(3,0) =2°.
%3 02 12 %
R F F R
%2 0 l %2
o’ g i? 0p
13 %2 ID
%4 03 13 %2
R R F
! (j—1* (j+ D Vi
=D G=DrH ! (j—p*
G+pe2| e G+ G+p [’
jq+3‘ (j_%)q+2 (j+£)q+2 jq+1
‘j-q+l (j—Jz')_q+2 (j+%)—q+2 j—q+3
(j_%)—q (j_l)—q+l j—q+1 (j_%)—q+2
G+p el G+D o G+ 772
i G=—p- G+~ |
1/ G=* |G+H* ) )P
(j—1? (j—Dp| |ip (j—1?
G+ b G+ Do {G+DP] 1}
7 (=42 G+ |J
R F F R
.
1/ G—Do| [G+Ds]| |/
G=VG=D] |F (J—9>b
G+ 7 G+D? | G+bo =R(j,~1).
7 G—=Do| |G+Ds| |/
{ F F F

1954
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19,1) that has to be doubled (N = 1 quaternionic) in order to avoid zero norm states,

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Among the four subrepresentations in (3.41), there are
two Fayet-type multiplets and two other types (HST).
However, in (3.42) there are three FS-type multiplets; the
fourth is a general one.

Finally, before examining the effect of central charge,
one concludes from this study inspired from the HS tech-
niques that massive Fayet and HST hypermultiplets without
central charges (3.14) and (3.16) are well defined modulo a
complexification. Therefore the original massless hypermul-
tiplet actions obtained in Ref. 6 might be extended to com-
plex massive ones without introducing central charges. This
result is valid as long as the Cartan—Weyl charge is nonde-
generate, i.e., the harmonic expansions are put on shell.'>!*

IV. REPRESENTATIONS WiTH CENTRAL CHARGES

In this section, we want to explore the representations of
the full algebra with central charges (2.11) taking into ac-
count the Cartan-Weyl charges. The effect of central
charges is well known. They reduce the variation of spin,
Aj,'® and are present only in massive theories. But let us first
of all rewrite the algebra (2.11) in the rest frame,

{va @} = 2m5ab65 s

{00,01} = 2ize, €”,

{01,011} =2iZe, €.

Now, defining z = pe*® (p >0, 0<@ <) and making
the phase transformations on the Q’s,

(4.1)

Qi =e*0l, Qf=e"" 0}, (42)
we get an analogous algebra to (4.1) where z reduces to
p=lz.

Now following Refs. 18 and 19 we introduce the follow-
ing appropriate variable change:

Sun = AVDQF — (=)iew @)
= AVDQF — (—)€n@i )~Sdn, (43
Soin = AVD(( =)0 + O .F)
= (VD —)iew@s — Qi )~ Sy -
Then, the algebra (4.1) becomes diagonal:
{Sur S} =2m — (=I5, ,
{80t S } =0, {840y Son } =0

The last equations of (4.4) are obvious since they do not
preserve the Cartan-Weyl charge (2.9). The first equation
defines a Clifford algebra and gives a lower limit on the mass
of the representations

(4.4)

p<m<?. (4.5)

The construction of the representations of this algebra is
achieved in an analogous way as before. One postulates a
Clifford vacuum of mass m, spin j, and U°(1) charge ¢:

|C) == |j’q) ’ Sa(r) ]C> == 0 . (4-6)

Then one works out all the sets of orthogonal states. One
finds

_
| /q) li—be+ D} |lj+be+ D] [lig+2)
R m, J, == . . . . > (47)
PEMID =i 1a+ 0| |lig+2 | |li+1a+2)| [lj+1a+3)
ljg +2) i—bg+ 3| {j+ba+3)] |lig+ 4
i
andforp=m R(p=m0,—1)={0%1D,0%}. (4.11)
| jq) The representation (4.11) that corresponds to the Fayet hy-
lj—Lg+ 1) permultiplet in presence of central charges was found by
R(p#m,jig) =4~ 7 ’ (4.8)  Sohnius.'® It is known in the literature as the FS hypermulti-
p lj+ba+1)
| J ’g) ’ plet. For this multiplet, the central charge p satisfies the con-
Jg+ 37 - straint

These representations share many properties with the ex-
pressions (3.35), (3.5), (3.27), and (3.31). Indeed, if one
goes to the limit p = 0, one recovers all the previous results
since

R(p-0,j.9) =R(jg+2) in (3.33). (4.9)
Furthermore, in the limit p goes to m, the Clifford algebra
(4.4) reduces to an N = 1 complex supersymmetry (Fayet
hypersymmetry). This coincides with the ( + ) subalgebra
(2.8). The representations (4.8) are therefore the same as
(3.27). For the particular case j = 0, the multiplet (4.8) is
written as
R (p=m,jq) ={07" l,%'“'2,0‘“'3} , g>—1,
R;(P':msj;Q)={O_q+l,%—q+2,0_q+3}, q<—'1’

(4.10)
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Pl=p’=zz=m". (4.12)

Furthermore, one learns from (4.10) that an analogous rep-
resentation for the HST multiplet satisfying (4.12) is also
present up to a complexification,

RI (p = m,0,0) == {Ol,%Z’OB} = R; ( P = m,O’ - 2) y

(4.13)

which corresponds to the extension of the N = 2 scalar mul-
tiplet (0*,4%) satisfying (4.12) to the HST sector.

One also learns from (4.7) and (4.8) that these repre-
sentations (4.11) and (4.12) are generalizable for higher
spin j; for instance, the vector multiplet is given by

R(P = m»%: —1)= {%z,opylp,g} ’
which turns out to coincide with (3.21).

(4.14)
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In summary, the representations of N = 2 complex su-
persymmetric algebra (2.11) satisfying the constraint
P2 =p? ( p>0) are identical to those of ( + ), and subse-
quently ( — ), subalgebras. This fact generalizes the Sohnius
result to any supermultiplet of spin j.

V. MASSLESS REPRESENTATIONS

The constraint (4.5) shows that the central charge is
absent in massless theories. Therefore, the superalgebra
(2.11) reduces to

tenen=(; o) &,

all others are equal to zero, (5.1)

where we haie chosen P= ( — },0,0,}). Equation (5.1) im-
plies Q4 = Q7 =0. Thus the resulting Clifford algebra
reads as

{¢0} =6, Qi=0". (5.2)
Similarly as before, we introduce a Clifford vacuum of he-
licity A and a Cartan-Weyl charge ¢,

ey =49y, Q@'lc)=0.

Acting successively with creation operators (Q’) on |c),
we get the following set of massless charged orthogonal
states:

(5.3)

4.9,
A+ Lg+1),

I/{f+%:q_l))

(5.4)

where the doubling of helicities, required by CPT symmetry,
is understood. The charge number v is still conserved,

(5.5)

Let us now examine some general features of (5.4)
through examples. Indeed, adopting the same terminology
as before, one has the information contained in Table V for
the massless vector multiplet (1 = 0). From Table V, one
sees that the three representations describe the same object,
namely,

(04:%4y12)~2><(02’%2)1) ’ (5'6)
which turns out to be the N = 2 complex gauge multiplet.
The two generalized HST representations R(0,1)

= R(0, — 1) are not interesting in our particular case since

they have zero norm states (real representations). However,
the generalized Fayet representation R(0,0) supplemented
by the reality ciondition reproduces exactly the vector super-
field ¥ ** =¥ +* (Ref. 6). In the HS, this is given, in the
Wess—Zumino gauge, by

Vp = V.

TABLE V. The massless vector multiplet, A = 0.

V** = (i/v2)0 *2C — (i/V2)6 **C + i T0*8 " v,
+20+ A" +26*29 %A -
+6*6+ D, (5.7

where D ~ ~ is an auxiliary field. The higher representations
R(0,9), g > 1, introduce many gauge fields and are compara-
ble to (3.27). Now, before examining other cases, let us re-
mark thatin thecase A = — 1, one gets the same representa-
tions as (5.4) and (5.6). Indeed, one finds

R(—1:0)={—1D’_%21—i’00}) (5«8)

which is the CPT symmetric multiplet of R(0,0). This is in
fact more general since one can check from (5.4) that

CPTR(A,q9) =R(—A,L9) . (5.9)

The scalar multiplet, A = — 4, recovers the massless
N = 2 scalar hypermultiplet. The associated table is given by
Table VI. The first observation one makes from Table V1 is
that these representations are CPT invariant. This can also
be seen from (5.10) since

CPTR(—49)=R(—49q) . (5.10)
This is the only CPT self-invariant multiplet. Furthermore,
one also reads from (5.11) that the Fayet and HST represen-
tations are still present for the massless hypermultiplets.
These are exactly the analytic superfields discussed in Ref. 6.

In the harmonic superspace, these hypermultiplets are given
by

R(—10)=¢* =@+ +V20+y+v20*}
+6+2F—-+a+2G——

FO0T00 A, + -, (5.11)
R(—4L1D)=0=0=0+v20"¢
+VO*tET 4+ O H
+0H = +i0*0"0 B~ + .
(5.12)

However, the additional terms can be disregarded if the har-
monic expansions are put on shell.'>* This corresponds, as
we have already mentioned, to a nondegenerate Cartan—~
Weyl charge.

We now come to our last example concerning the gravi-
tational multiplet, A = 1. (See Table VII.) The N = 2 super-
gravity multiplet shares many features with the fundamental
and vector multiplets. It might be described, in the HS, by a
generalized Fayet representation satisfying the reality condi-
tion. A formulation of this hypermultiplet in terms of analyt-
ic superfields has been proposed in Ref. 6. However, this

TABLE VI. The scalar multiplet, A = — .

q R(0,) Multiplet q R(—.9) Multiplet
—1 0’ + 0% 2, , 12 -1 §2 o* ] 2
0 0,+0, 4 2 1p 04419 0 \D 0’ 0’ \D ()
1 C+0, e 12 1 IS 0 o §
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TABLE VII. The gravitational multiplet, A = 1.

q R(L,9) Multiplet

-1 12 33 22
0 Ly f 2, (13322
1 22 i 33 12

[
4y R

description, related to the central charges, is not recovered
by our study. This is because the D = 4 multiplet (5.15) is
massless and therefore has no central charge.

More generally, the massless representations for a given
A and g are summarized as follows:

R (A ={A" (A + DA+ DTLA+ 1)},
g>0,
R (Ag)={1 "9, (A+)) 9%
A+H"5A+1)"9}, ¢<0
=R, (4, —q),
RA0) ={Ap,(A +D*+ A+ DAA+ 1)y},

(5.13)

where the helicity A = 0 has to be doubled as a consequence
of the CPT symmetry.

VI. CONCLUSION

In this paper, we have classified the content of the N = 2
complex supersymmetric representations in SU(2) multi-
plets. We have noted first that the SU(2) symmetry combin-
ing the two supersymmetries manifests itself as a conserva-
tion of the Cartan-Weyl charge. We have taken advantage of
the presence of this charge to construct the representations
of N = 2 complex supersymmetry. The procedure is based
on the Wigner method of induced representations used by
Salam and Strathdee in the early days of supersymmetry.
The main difference is the presence of the Cartan—Weyl
charge, which can be created and annihilated. As a result, we
succeed in classifying all the content of N=1 and N=2
complex supersymmetry multiplets in SU(2) representa-
tions. From this classification, one learns that the so-called
FS and complex HST representations are present for mas-
sive (massless) cases with and without central charges. Fur-
thermore, these representations are also present in the case
of higher spin j. For the generalized Fayet representations,
they turn out to play an important role in the N =2 HS.
They describe the N =2 (complex) matter multiplet, the
N = 2 real gauge multiplet, and probably the N = 2 super-
gravity prepotential.

In this discussion, we have considered only nondegener-
ate Cartan—Weyl charges that correspond to an “on-shell”
description of the harmonic expansions. A generalization to
degenerate charges is possible. Finally, we expect that this
procedure is also applicable to the N = 3 case and might give
other information on the N = 3 off-shell procedure of Ref. 6.
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APPENDIX
1. Star and complex conjugation operations
We have

(u*)*=tuf, u*r=TFu¥,

_ (A1)
uf =ur, uwrui —utus =¢;,
and using (A1) one can check
(Q*=¢€"0l, (Q))*=€"0!.
Q9 =€ua}; ’ (@f,) = —€yv.,
Q) =€”€JK§§=—§, (A2)
0h = — €Y@= —04,
oi=c"1@D,
with/= +,— ande* " =e_, =1
2. Star and Hermitian conjugations of the (4)
subalgebras
We have
(=)*=(+), (+)*=—-(-),
(=)"=(=-), () =(+), (A3)

(=)»"=(+), (+£)*"'=-—(-).
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On the symmetric representations of SU(5). Matrix elements of the

generators in the subgroup bases SU(2) x SU(2) xU(1) and SU(2) xSU(2)
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Matrix elements of the group generators for the totally symmetric irreducible representations
of SU(5) are obtained in closed form employing the decomposition chain

SU(5)DSU(4) XU(1)DSO(4) XU(1). The SU(4) =SU(2) X SU(2) subgroup herein also
occurs at the tail of the inclusion chain SU(5) DSO(5) DSO(4). Therefore, closed form
expressions for the matrix elements of the SU(5) generators in the latter basis are established,

too.

I. INTRODUCTION

One of the very popular models for describing even—
even nuclei is the interacting boson model' (IBM1) in which
the physical states are associated with the representation
states of a totally symmetric irreducible representation (ir-
rep) of the unitary group SU(6). On physical grounds it is
required that angular momentum and its projection are good
quantum numbers, hence that each of the states is also a pure
SO(3) representation state. There exist three group inclu-
sion chains by which SU(6) is decomposable into the phys-
ical SO(3), namely, SU(6)DSU(3)DS0(3), SU(6)
D80(6) ODSO(5) DS0(3), and SU(6)DSU(5) DSO(S5)
DSO0(3). In the present paper and in a forthcoming one we
shall fix our attention to the last chain and in particular to
the totally symmetric representations of SU(5).

In the context of IBM1 our ultimate interest consists in
the construction of independent SO(3) scalars in the enve-
loping algebras associated to any one of the so-called dynam-
ical symmetry algebras SU(3), SO(6), or SU(5). Such sca-
lars can serve as symmetry preserving perturbation terms
which, when added to the model Hamiltonian, lead to a clos-
er reproduction of various observable nuclear data. Hence, it
is of great importance to establish first closed form expres-
sions for the matrix elements in the physical SO(3) basis of
the dynamical symmetry group generators under considera-
tion. This program has so far been successfully realized in
the case of the SU(3) limit? and that of the SO(6) limit.>

Here we are concerned with the remaining case of
SU(5). Several years ago this problem had been treated by
Chacon and Moshinsky.*® These authors had first con-
structed an SO(3) state basis in which the states are explicit-
ly realized as functions of five collective coordinates (three
being the Euler angles and the two remaining ones denoted
as usual by S and y). Next, they have demonstrated that the
problem of finding the matrix elements of the SU(5) genera-
tors becomes equivalent to the calculation of certain reduced
Wigner coefficients in the chain SO(5) DSO(3). In the pres-
ent paper, the same problem is reconsidered and subsequent-
ly solved using the method that has been elaborated in our
study of the SO(6) limit® of IBM1. Indeed, the appearance
of the SO(5) subgroup in the reduction chain certifies that it
is efficient to establish first the matrix elements of the SU(5)

2 Research Director at the National Fund for Scientific Research
(N.F.W.0.), Belgium.
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generators in an SU(2) X SU(2) =SO(4) basis according to
the chain SU(5) DSO(5) DS0O(4), hence an SO(4) basis in
which the states carry one SO(5) label. Then, in a further
stadium, the physical SO(3) states will be projected out of a
restricted subset of so-called intrinsic SU(2)xSU(2)
states®’ by means of the Hill-Wheeler technique. In order to
calculate in closed form the matrix elements of the SU(5)
generators in that SO(4) basis, we introduce another de-
composition chain, namely, SU(5)DSU(4)xU(1)
DS0(4) xU(1) DSO(4), and we establish a second SO(4)
state basis, whereby the additional label is provided by the
U(1) group. In the latter basis the matrix elements of the
SU(5) generators are easily constructed on account of a
complete set of recursion relations. Then, the return to the
former SO(4) basis is realized by diagonalizing explicitly the
SO(5) Casimir operator.

Our method to arrive at the matrix elements in the
SO(3) basis over an intermediate SO(4) ~SU(2) xSU(2)
basis (a task that will be completed in a forthcoming paper)
has the advantage that it is purely algebraical in the sense
that there is no reference to a particular realization of the
states. Furthermore, we obtain in this paper intermediate
results that could have their importance outside the context
of the interacting boson model.

The paper is outlined as follows. In Secs. I and III we
present the tensorial decomposition of the SU(5) generators
in the SO(4) bases respectively associated to the chains
SU(5)D80(5)DS80(4) and SU(5)DSUM4) xU(1)
D80(4). The Lie algebra commutators are derived and the
branching rules for symmetric irreducible SU(5) represen-
tations are discussed. In Sec. IV the matrix elements of the
SU(5) generators in the SO(4) X U(1) basis are calculated.
In the final section the transformation to the SO(5) labeled
SO(4) basis is carried out.

Il. THE CHAIN OF GROUPS SU(5) DS0(5) > S0(4)

It is well known that according to the reduction chain
SU(5) DSO(5)DS0(3), the SU(5) Lie algebra is genera-
ted by the operators /, ( — 1<u<1) that constitute a basis of
the principal SO(3) subalgebra, together with, respectively,
the components G ( —2<u<2) of a five-dimensional
SO(3) tensor representation, the components G Z
{ — 3<u<3) of seven-dimensional SO(3) tensor represen-
tation, and the components G;‘, ( — 4<u<4) of a nine-di-
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mensional SO(3) tensor representation.®* By making the

identification /, = 10G , the complete set of SU(5) Lie
algebra commutators is obtained from the single formula'®

[60.62] =3 [(2k, +1)(2k, + 1) 2k + 1]

ks
X(’/:x k; ks)

1 K —K
X(=1)7m[(= DRrhrb 1]

ki k, k3} .
[2 O () 2.1)

The subset of the ten tensor components G ,,G 3 generates
the SO(5) subalgebra.

On the other hand, according to the reduction scheme
SU(5)D3S0O(5)DSU(2) XSU(2) =SO(4), the adjoint ir-
rep of SU(5) decomposes into the SU(2) XSU(Z  reps
(1,0), (0,1), (1,1), (0,0), and twice (4,5). Hence denoting
by s, (—1<u<1) and 7, ( — 1<u<1) the generators of
both SU(2) groups which satisfy, respectively,

[Sos1]l= 5,1, [$S_18501] =5
[IO’tj;I]:itily
[t—]’t+1] =t0’ [sy,’t‘v] =0 (_ l<#)v<l)y

the remaining SU(5) generators should be represented as
i

(2.2)

5o = fplo — (1//10)G3,

the components V., (—l<pw<l), Z33, T2
(wvel — 4, +1h, and U2 (uvel — 4, +1}) of four
distinctive SU(2) XSU(2) tensor representations. Clearly,
the following nonzero coupled commutator relations must
hold:

[S,T]”z 1/2 _ [t,T]”z V2 (\/S/Z)T,
[S,U]”z /2 [t’U]l/Z /2 . _ (‘/3/2)(],
[S’V]I 1= [tsV]l = —\/ZV

(2.3)

Let us remember that for any SO(3) or SU(2) tensors X *
and Y*: of respective ranks &, and k, by definition""

(Xhyh)k = S (kg ks polku) X 0 Y 2 2.4)
[ ]
and
[Xk',Yk’]Z = Z (ky ks ol kg [XZ'nY;IZ]
Huogéz
— (Xk.Ykz),l: — ( _ 1) —k.——k2+k(Yk2Xk,)‘l; .
(2.5)

Notice that in order to simplify notations we omit the tensor
superscripts. The commutator properties given so far pro-
vide sufficient information for establishing the exact rela-
tionship between the two SU(5) realizations. After straight-
forward calculations one arrives at

to =14l + (3//10)G3,

5,,=G;, to =4, +J(3/5G6%,,

Tyipsrn= £V2IG%,,

Ui s1n =VQ@R/MQ2GY, +V3G4,),
Z,, =J(2/D)(G§ — (3/5)G}),

V:t 1,0 =G4i3,

_ 4
Vj:l:j:l _G:t4’

The distinction which has been made between T and U is
such that they are the T components which close together
with the generators of SO(4)~SU(2) XSU(2) into the
SO(5) subalgebra. It is now also straightforward to derive
from (2.6) with the help of (2.1) the remaining nontrivial
commutators of the SU(2) xSU(2) tensor components,
which again in coupled form can be summarized as follows:

[TT]'°= — [GU]'°= —25,
[TT'= - [UU]°' = — 2,
[TUI°°=5Z, [TU]''=2¥,

[T,V ]2V = —3U, [UV]V212 = —3T,
[(VV110=6s, [¥V]°' =6t

[Z’T]I/Z l/2=U’ [Z’U]I/Z l/2=T

(2.7)

In the SO(3) basis Hermiticity requirements imply that
(GE)'=(—-1*G* , (1<k<4; — k<u<k). Correspond-
ingly, one deduces in the SO(4) basis the properties
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Tivnr1e = F(V3/5) — QA5G ),

Usinzin = —JQR/TNG?, —6G*, ), (2.6)
Voo = (1/\/1_4)(3G3 +5G%),
Vos1= (1/\/7)(\/6011 +G4j:1),
Vivner = — (UANDG3GY, —2G,,).
|
TL:" = ( - 1)“+VT—;4,-—v’
Ul,=(=Dr+y_, (2.8)
VL,‘, =(-D**v_, _,, Ziy=2,,.

In the present work we are ultimately concerned with
SU(5) as one of the dynamical symmetry groups of the
SU(6) interacting boson model. Since any symmetric
SU(6) irrep decomposes into totally symmetric SU(5) ir-
reps, i.e.,

SU(6) —’SU(S)' [N,0,0,0,0] "’z [n’010)0]’

with n =NN—1,...,0, 2.9)

we may confine ourselves to the problem of reducing the
symmetric SU(5) irreps only. The decomposition into
SO(5) irreps proceeds without degeneracies, namely,

SU(5)-SO(5): [n,0,0,0]—»Z [7,0],
with r=nn-—2,..,1, or 0. (2.10)
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Next, the further reduction into SO(4) irreps is prescribed
by the rule'?

SO(S) ‘*80(4): [T’O] - z (S,t),

with s=t=17/2,7/2 — 4,7/2 — 1,...,0.
(2.11)
Since no labels are missing the decomposition of symmetric
SU(5) [or SU(6)] irreps is complete. Hence the orthonor-
mal SU(5) basis states that make the SO(5) and SO(4)
subalgebras apparent can be denoted as

(mg,m,e{ —s5, — s+ 1,...,5}). (2.12)

The matrix elements of the SO(5) generators expressed in
the orthonormal basis (2.10) have been derived by Kemmer
et al.'? For the sake of completeness we list them here in the
form of their SU(2) X SU(2) reduced equivalents:

(n,7.5,5'|8l|n,7,5,8) = (n,7,5',5'||t]|n,7,5,5)
=8,,8,,[s(s+ D] (2s+ 1),

|n,7,85,m,,5,m,)

(2.13)
(n,7 85| T \|ny7.8,8)
=8, {85, 1,1(r—29)
X(7+25+3)(s+ 1) (25 + 1)]'?
=6 inllr—=254+1)
X (74 25+ 2)s(2s + 1)]"2}. (2.14)

It is one of the principal aims of the present paper to
find, also in closed form, the corresponding reduced matrix
elements of the tensors Z, U, and V. We can already predict
that their action upon states of the type (2.10) will either
shift the SO(5) label 7 by + 2 or will leave that label un-
changed. This follows from the fact that the Z, U, and ¥
components together constitute the symmetric SO(5) irrep
[2,0]. Then, projection of the symmetric part out of the
Kronecker product reduction®

[2,01 X [7,0] = [7—2,0] + [7,0] + [7+ 2,0]

+ [7—-22] + [7—24] + [7,2] (2.15)

proves the assertion.

For future use we mention the expressions of the qua-
dratic SO(5) and SU(5) Casimir operators in terms of both
the SO(3) and the SU(2) X SU(2) generator basis,"?

k

Cisosy = — (—”"GﬁGk_“
k=13 pu= —k
= T1/2,1/2 T_ /2, —172 — Tl/z, —1nT_ 1/2,172
+ 50— 8 — 1, (2.16)
4 k .
Csuis) = — Z (“1)”GﬁG —n
k=1lpu= —k
= T1/2,1/2 T_ /2, —-1/2 — T1/2,— 2T nan
—UypnU_ 2, —12 + Ui, 102 U_ 1/2,172
1
v 5
- 2 (—1)M+ VM,VV—}J.—V_T(ZO,O)Z
wyv= —1
+ 25, — 8> — 3, (2.17)
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whereby for any vector u the notation u? means

—2u\u_, + u} — u,. The Casimirs C, 555, and Cygys,
are clearly also SU(2) XSU(2) invariants. Their eigenval-
ues are known tobe — I7(7+ 3) and — $n(n + 5), respec-
tively.'>'> Hence in the state basis (2.10) we immediately
obtain their reduced matrix elements, i.e.,

(n,7.5,8'| Cosocs) |15788) = — 46,8, 7(7+3) (25 + 1),
(2.18)

(n,7,5,5||Cosucsy ||1758) = —46,,.6,,n(n+5)(2s + 1).
2.19)

The direct calculation of the matrix elements of the ten-
sors U, V, and Z in the SU(2) X SU(2) basis seems to be a
problem of insurmountable complexity. Instead, we shall
proceed by first considering yet another basis that is asso-
ciated to the inclusion SU(5)DSU((4)xXU(1)DS0O(4)
xXU(1) DS0(4).

lit. THE CHAIN
SU(5) D SU(4) X U(1) D S0(4) x U(1) DSO(4)

The operator Z,, is an SO(4) =SU(2) X SU(2) scalar
that commutes with the two sets {s, }, {z,} of SU(2) gener-
tors. Hence the set {s,,t,,Z;,} is a generator basis of an
SO(4) xU(1) subgroup of SU(5). Let us analyze the ten-
sorial contents of the remaining SU(5) generators
T,.,U,,,and ¥, with respect to this basis. First, we no-
tice that from the commutator [Z,,,V,,] =0, it follows
that the SU(2) X SU(2) tensor V behaves as a U(1) scalar.
[Clearly, with respect to SO(4) XU(1) we should write
yV21/20 1 Also, the set of U(1) scalar operators
{s,.t,.V,,} generates the SU(4) subgroup in the chain
SU(5)DSU(4) XU(1)DS0(4) XU(1). The remaining
generators 7,,, and U, , that are the components of two
analogous bispinors under SU(2) X SU(2) can be linearly

combined to form U(1) representations. We define

Ay,v = Tp,v + U;A,v’ By,v = Ty,v - Uy,v’ V/.l.,‘VE{ - 5’5},
(3.1)

and from (2.7) it follows that
[(241V2V2=4, [ZB]V*'?= —B. (3.2)

This proves that the components of the newly introduced
SU(2) xSU(2) bispinors 4 and B behave as U(1) ladder
operators when acting upon eigenstates of the U(1) gener-
ator Z,,. (In other terms, a completer notation should have
been A /%1721 and B /2172~ 1)_ Since in the SU(5) algebra
there are no tensorial components present that shift the addi-
tive U (1) label by more than unity, it follows immediately
that the 4 components (B components) intercommute,
which can also directly be verified by combining (3.1) with
certain commutators in (2.7). One can easily derive all the
commutators of the type [4,B], [4,V], and {B,V], but it is
irrelevant to tabulate here all these results explicitly. On the
other hand, we shall make use further on of the Hermiticity
properties

Al =(—=D**"B_, _,, Vuve{ -4} (3.3)

Since the five operators Z,,, §?, s,, t%, and , mutually
commute, the SU(5) states can also be unambiguously la-
beled by their respective eigenvalues and we can establish an
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SU(5) state basis of orthonormalized eigenstates of these
operators. Let us denote such orthonormal states by

(3.4)

As before, the fact that only symmetric SU(5) irreps are
considered implies that s = ¢, where as it follows from (2.8)
and (2.9) that s can take on the values n/2,n/2 — L,n/2
]

|nzs,m,s,m,} mome{—s, —s+1,.,5s}

SU(5)-80(4) XU(1): [n,0,0,0] —»2 (s,52)

— 1,...,4,0. There remains to find the range of the quantum
number z defined by

(3.5)

This range easily follows from the branching of the symmet-
ric irreps of SU(5) into irreps of SU(4) XU(1) and one
finds the following:

Z,,|n,z,s,m ,5,m,} = z|n,z,s,ms,m,}.

with ze{n/5,n/5 — 1,..., — 4n/5 + 1, — 4n/5}

and se{}(z + 4n/5),4(z + 4n/5) — 1,...,} or O}.

IV. MATRIX ELEMENTS IN THE SU(2) X SU(2) x U(1)
BASIS

We want to calculate the matrix elements of all the
SU(5) generators in the state basis (3.4) where the sand z
values are given by (3.6). For certain generators the result is
immediate. Indeed, restricting once more to the reduced ma-
trix elements one has

{nzs 5|\ Z||n.z,s5} =6,,6,,2(2s + 1),
and

4.1)

{n,2 s s ||s||n.z.5,5} = {n,z',s',5'||t|| n,z,5,5}
=8,,8,,(2s+ D[s(s + 1)]"2
4.2)

In order to calculate the reduced matrix elements of the ten-
sors A, B, and V let us consider their nonzero commutators
that follow from (3.1) and (2.7) and that are written in
coupled form as
[4,B1°°= —10Z,
[4,B]'°= —4s,
[A,V]1/21/2= —%A, [B’V]l/2;1/2=%B’

[V, V1! 0= es, [(V,V1°' = et
Next, we shall frequently make use of the formula

(al'||(XkY*)¥|al)

[A’B]llz _41/’

[4.B]°'= —4t,
(4.3)

16,17

. k, k k]
I+1'+k 1/2 1 2
=(—1) Rk +1) ,~§,,,:~[l o

X' l'| X 5|l a"l"|| Y *||al ), (4.4)
which expresses the reduced matrix elements of the vector
coupling of two tensors X ¥ and Y *: in terms of the reduced
matrix elements of these tensors. Also / represents an SO(3)
or SU(2) representation label, whereas a denotes any set of
labels that distinguish between states with the same / value.

It should be noticed that the property (3.3) is easily
carried over into a relationship between reduced matrix ele-
ments, namely,

{nz+ 1,5,5||4||n,z,55}* = — {n,z,5,5B||nz + 1,55’}
(s'els + Ls—1}). (4.5)
Similarly, it follows from (2.8) that
{n,z,s' 5|V ||n,z,5,5}* = {n,z,5,5|V ||n,2,5",5'}
(els — ls,;s + 1}). (4.6)
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(3.6)

r

Let us for simplicity introduce the notations
F(z,5) ={nz— Ls+ Ls+ 1||B||n,zss},
G(z,s) = {nz — 1,5 — Ls — || B||n,zs,s}.

On account of the branching rule (3.6) these functions are

subject to certain boundary conditions, namely,

G(z,0) = F(zi(z+ 4n/5))=F*(n/5 + 1,8)
=G*(n/5+1,5) =F*(z,—1)=0. (4.8)

On the other hand, formula (4.4) enables us to establish
recursion relations between the functions F(z,s), G(z,s), and
the reduced matrix elements of the tensor V. As an example,
let us take X% = A4 Y22 and Y* = 4 />V2_then it follows
from (2.5) that [4,4]"° =0 =2(4 4)"° and the applica-
tion of (4.4) with s’ = s yields

—5G(z— 1L,s+ D F(z,s)
+ G+ DF(z—1,s—1)G(zs) =0.

]0,1

4.7)

(4.9)

Similarly, the coupled commutator [4,4]%' gives rise to the
complex conjugate of (4.9). Two other relations of Fand G
alone are obtained from [4,B]°° and [4,B]"° (or equiv-
alently [4,B]%") each time with 5’ = s, namely,

[F(z9)]* + |G(z,5)?
—|Fz+ 1s—DIP—|G(z+ Ls+ |?
=20z(2s + 1)3,

—s|F(z8) > + (s + 1)|G(z,9)|?
+ s+ DI|Fz+1Ls—D]*—5|Gz+ 1Ls+ D]
=8s(s+ 1)(2s 4+ 1)% (4.11)

In the supposition that the functions F(z,s) and G(z,s) are
known already, the relations that follow [4,B]"', chosing
s’ =sands =5+ 1 (ors =5 — 1), respectively,

— $|F(z,8)]* + 8|G(z + Ls + )| — (s + 1)?G(2,5) |
+ (s+ D3 F(z+ 1,5 — })]?
= — 8s(s + 1) (25 + D{n,zs,s|V ||n.z,5,5}

and

G*(zs+ 1)F(z,5) —F(z+ s+ 1)G*(z+ 1,5+ 1)
= 8(s + D{nzs + Ls + 1||V||n,z,s,5}, (4.13)

can be used as defining equations for the reduced matrix
elements of the tensor V. There are many other recursion
relations following from the coupled commutators of the

(4.10)

(4.12)
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type [4,V], [B,V], and [¥,V], but it is not relevant to list
them here. Let us simply remark that the system of all the
possible relations possesses up to some arbitrary phase fac-
tors a unique solution that satisfies the boundary conditions
(4.8). After straightforward calculations one arrives at the
following intermediate results:

F(zs) =2[{(s+ 1)(2s + 1) (z + 4n/5 — 2s)
X (n/5+1—-2)]"?

G(z,5) =2[s(2s+ D) (z+4n/5+ 25+ 2)
X(n/5+1~=z)]"2

Taking into account (4.5), (4.7), (4.12), and (4.13), the
reduced matrix elements in the SO{4) X U(1) basis of the
tensors A, B, and V are brought into the following final
forms:

(4.14)

{nz s .54 ||n,z,5s.5}
= —2[(2s+ 1)(n/5 _Z)]I/Z‘Sz',z+l
X{G+DE+n/5+25+ D1V, 1y

+ {25+ 1D (25+ 3)(z+4n/5 — 25)
X(z+4n/5+2s+4)1'35, |
+[2s—- D2+ D (z4+4n/5—-254+2)
X(z+4n/5+2s+2)1"%5,,_,}. (4.17)
As a verification of these formulas we calculate the re-
duced matrix elements of the Casimir operator C, gy s, . Ex-
pressing (2.17) in terms of the SU(2) X SU(2) X U(1) ten-

sor components and using (2.4) in reversed order it is found
that

Cosues) = (AB)S — 3(Zy0)?
+5Z50 —3(VIES — s> — (4.18)

Next, we apply Eq. (4.4) again and substitute the matrix
elements (4.15)—(4.17). Finally, it follows that

{n,2,8 5(|Cosucs) 28,8} = — 48, .8, .n(n+5)(2s + 1),
(4.19)

which is in accordance with (2.19) since C, g s, is diagonal

+[s(z+4n/5—-25+2)]1"%6,._ .}, (4.15)  inany basis. For our purposes it is, however, more important
(nz.5.5|B } ' to derive the matrix elements of the Casimir operators
n25'S||B||n.z,s,s Cysocs, that is clearly not diagonal in the SO(4) X U(1)
=2[(2s+ D(n/5+1-2)]1"%6,,_, basis. Proceeding in the same way as for C,gy(s, and by
X{[(s+ 1)z +4n/5—25)1'1%8, , , s taking (2.16) as the starting point, we consecutively obtain
+[sz+4n/5+25+2)1"%,,_,,},  (4.16) Casos) =4[ (44)50 + (BB)SS
{n.2 s 5|V |in,2,s.s} + (AB)3S + (BA)S ) —s* — £ (4.20)
=16, {(2s+ 1) (z+ 4n/5 + 2)8,,
}
{1,255 ||Cys0s) ||1:2,5.:5}
=125+ 1)8,,{8,, ., . [(W/5~2)(n/5 —2— 1) (2 + 4n/5 — 25+ 2) (z + 4n/5 + 25 + 4)]'/2
-6, [(n/5—2)(z+4n/5+4) + (n/5—z+ 1)(z+4n/5) + 4s(s + 1)]
+8,, [(n/5—z+2)(n/5—z+1)(z+4n/5—25)(z +4n/5 + 25+ 2) 1"} (4.21)

V. MATRIX ELEMENTS IN THE SU(2) xSU(2) BASIS

We are now concerned with the transformation of the orthonormal SO(4) X U(1) basis (3.4) into the orthonormal

SO(4) basis (2.12), which makes the subgroup SO(5) apparent. Let us notice that Z, , is diagonal in the former basis and that
C,s0¢s, 18 diagonal in the latter. But we dispose already of the matrix elements of C, g5, in the basis (3.4). Hence by
diagonalizing explicitly the operator C, s, s, we obtain the transformation matrix that carries one basis into the other. Since
the same technique has been developed in our study of SO(6), the reader is referred to Ref. 3 for more details. Following this
method one arrives, after lengthy but straightforward calculations, at the matrix elements of Z; ,, namely,

(7 s S| Znrss) = 25+ DS {[(n—T)(n+T7+5) (T =254+ D)(r—25+2)(7+ 25+ 3)(7+ 25+ 4)/(27+T)
X Q27T+ 5PQr 43128,y + [(n—7+2)(n4+ 74+ 3) (7 =25 —1)(r—25) (7 + 25+ 1)
X(T+25+2)/Q21+3)(2r + D*Qr— D1V, _,

+ (21 4 5)[20s(s + 1) — 37T+ 3)1/527 + 1) (27 + 5)6, . }. (5.1)

From the coupled commutator U = [ Z,T]'/2 /2, by means of formula (4.4) and by substituting the results (2.14) and (5.1),
the matrix elements of the tensor U are established:

(n,7. 55| Ul|in,7.s5:5)
=[(s+1DQ2s+ D), 1,{-2ln =D +74+5) (7 -2+ 1) (7+ 25+ 3)
X(T+2+8(7+25+5)/Q2r+7)2r+57Qr+3)1'%6, .,
+2r+5Us+N(r—2)(r+ 25+ N1/ Q2r+ 127+ 5)8,.,
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+2[(n—7+2)(n+ 74+ —=25Y(r~ 25— 1) (7 =25 —2) (74 25+ 2)/(27+ 3)

XQ2r+ 1)2Qr—D1"Y6, ., + [s(2s+ 1])%8,,_ 1, {2[(n—7)(n+7+5)(r =25+ 1) (71— 25+ 2)
X(T—254+3)(r+ 25+ 3)/Qr+ D Q2r+5*Q2r+ 3135, .., + 2n+5)ds+ D[(r— 25+ 1)
X(r+2+ D)1V Qr+1)Q2r+5)8,, —2l(n—7+2)(n+ 7+ N (T =250 (T + 2)(r + 25+ 1)

X(r+254+2)/Q2r+3)Q2r+1)’Qr—1]"%,,_,}

(5.2)

Similarly, we derive from the coupled commutator [ T,U]' ' = 2V that

(n,7 s 8|V ]|n,7.ss)
= —4[(2s+ D25+ 3128, {l(r

N+ r+5)(r+2B+3)(T+2B+4)(r+2545)
X(T+25+6)/(2r+ )21+ 5 Q2r + 313, .,

+Qn+5)[(r=2)(1—2—D(T+25+3)(r+ 2+ 4)]"/Q2r+ 1) (21 + 5)6,,
+[(n—=7+2)n+74+3N(T—2)(7 25— 1) (r =25 —-2)(7—25—3)/ (27 + 3)
XQ2r+1D*Qr—D17%6,, 3} +12s+ D6, {[(n—7)(n+7+5)(r+ 25+ ) (r+ 25+ 4)(1— 25+ 1)
X(r—2+42)/2r+DQRr+52Q2r+ 316, ., + Qu+ 5 [4s(s+ D + (r+ D(r+2)1/Q2r+ 1)
XQ2r+5)6,,+[(n—1+2)(n+7+3)(r+ 25+ D(7+ 25+ 2)(7— 25— 1) (71— 28)/(27 + 3)
X2+ D*2r— D15, _,}—il(2s—D@2s+ D)8, {[(n—1)(n+7+5)
X(r=25+D)(r—25+2)(r—254+3)(r =25+ 4)/Q2r+ Q2+ 5227+ 3)1"%5,, .,

+ 2+ [T =24+ D(r =B+ D(r+ 25+ D(r+ 25+ )]V Q2r + 1) 27+ 5)6,.,
+[(n—7+2)(n+74+3)(r+ 25— 1)(7+2)(7+ 25+ 1)(7+ 25+ 2) /(27 + 3)

X214+ D*Q2r— 1]V, _,}

(5.3)

It is clear that these results can be verified by considering other coupled commutators in (4.3). In this way we have done a lot

of consistency tests.
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The solitary-wave interaction mechanism for the good Boussinesq equation is investigated and
found to be far more complicated than was previously thought. Three salient features are that
solitary waves only exist for a finite range of velocities, that large solitons can turn into so-
called antisolitons, and that it is possible for solitons to merge and split. Small solitons,
however, appear to be stable. The existence of a potential well is linked to the different
behaviors observed between small and large initial conditions.

I. INTRODUCTION

The importance of soliton-producing nonlinear wave
equations is well understood among theoretical physicists
and applied mathematicians. An equation that produces sol-
itons and has received comparatively little attention in the
literature is

— Usxxx + Usx + (uz)xx' (11)

This is referred to as the “good” Boussinesq equation
(McKean') or the nonlinear beam equation.’> The related
equation

2
Uy = Usxxx + Usx + (u )xx’

known as the “bad” Boussinesq equation, has been studied
by Hirota.? In a recent article, Manoranjan et al.* obtained a
closed-form expression for the two soliton interactions of
(1.1) and carried out numerical experiments to demonstrate
the possibility of the breakup of an initial pulse into two
solitons.

In this paper we show that the interaction mechanism is
more complicated than that reported in Ref. 4. It turns out
that when small amplitude solitons of (1.1) collide, they
emerge from the nonlinear interaction with no change in
shape or velocity. However, the large amplitude solitons
change into so-called antisolitons as they come out from the
interaction. We show that this difference in behavior is
linked to the existence of a potential well for (1.1). Further,
the existence of a local minimum for the potential energy
enables us to investigate the existence of a class of solutions
that remain bounded for all time, along with another class of
solutions that blow up in finite time.

Throughout the paper our attention is confined to real-
valued solutions u of (1.1) defined in — oo <x < c0.

Uy =

Il. PRELIMINARIES
A. Conservation laws

It is clear that if « is a smooth solution of (1.1) that
vanishes, along with its derivatives, as |x| - 0, then the
quantity

Jw) = jm u,dx

1964 J. Math. Phys. 29 (9), September 1988

0022-2488/88/091964-05$02.50

is an invariant of motion, whereas

I(u)=fm udx 2.1

varies in time as I = Jt + const. Since we are interested in
solutions that remain bounded as ¢ increases, we restrict our
attention to initial conditions that satisfy J = 0. It is then
expedient to introduce a new function w defined by

w(x,t) = J u, (£,)d¢,
which also vanishes with its derivatives as |x| — . In terms
of the functions u,w, the equation (1.1) becomes
— Uy + U, + (1), (2.2)

a system that conserves the functional 7 in (2.1) and the
functionals M and E given by

wt = u, =wx,

M(w,u):Jco wu dx, (2.3)
and

E(w,u) = T(w) + V(u), (2.4)
with

T(w) =—;—Jm w? dx, (2.5)
and

V(u)=Jw (lu2+iu2+lu3)dx (2.6)

_e\2 T2 3 ' '

Note that the system (2.2) is in Hamiltonian form and that
E, T,V act as total energy, kinetic energy, and potential ener-
gy, respectively.

B. Solitons and antisolitons

We now look for traveling wave solutions of (2.2) of the
form w = w(£), u = u(§), £ = x — ct. With a prime denot-
ing differentiation with respect to £, the system (2.2) then
reads

__cw: — um + (uZ)/ + ul, (2.7)
Elimination of w’, followed by an integration in which the

—cu' =w'.
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integration constant must be zero in view of the boundary
conditions for u, leads to

(2.8)

If > 1, then the origin ¥ = 0, 4’ = O is a center in the phase
plane of (2.8), and hence nontrivial solutions such that
u,u’ »0as |£ | - oo are not possible. On the other hand, when
¢? <1, the origin is a saddle point as depicted in the phase
plane shown in Fig. 1, and the homoclinic trajectory
O—A—-B— 0 represents a soliton. The possible velocities
— 1 <c<1 can be described in the form ¢ = (1 — P?)'/?,
where Pis a parameter 0 < P<1,and e = + 1 or — 1 deter-
mines whether the wave moves to the right or to the left. A
simple integration in (2.8) yields the analytic form of the
soliton as

u(&) = (—3P*/2)sech?[(P/2) (£ — &) ). (2.9)

The (real) integration constant &, gives the initial location
of the wave. It should be noted that the velocity ¢ of the
soliton is related to the amplitude 4 =3P%/2 by
A=3(1— ¢?). For the rightward- and leftward-traveling
soliton of parameter P, the quantities in (2.1) and (2.3)-
(2.6) are given by

—cu=u"—-ut—u.

I,, = — 6P, (2.10)
My, = —6e(1—P?)'?P3, (2.11)
Ep, =$P3(5—4P%), (2.12)
T, =3P3(1 — P?), (2.13)
Ve =3P3(5—3P?). (2.14)

It should also be pointed out that the functions w(&),u(&)
corresponding to the soliton solve the variational problem

SE(w,u) =0, subjecttoM(w,u)=M,,. (2.15)

This can be verified by comparing the Euler—Lagrange equa-
tions of (2.15) with the system (2.7) satisfied by solitons.

Returning to the phase plane in Fig. 1 (c?< 1), and
if we allow singular solutions, the trajectory
00— C— o —» D~ 0 also provides a traveling wave with ve-
locity ¢, whose analytic form is found to be

u(§) = (3P*/2)cosech®*[(P/2) (£ — £,)].  (2.16)

This singular solution, which has a double pole at & = £,
will be referred to as antisoliton. It is helpful to combine Egqs.
(2.9) and (2.16) into a single form,

u(§) = —6P%"(1+e") "% 5=P— &)+ ino,
(2.17)

where 7 = — 1, and o = 0 gives the soliton and o = 1 the
antisoliton.

The possibility of traveling waves with velocities
¢ = + lor — 1hasnot been discussed so far. In these cases,
a study of (2.8) reveals that there is a singular solution given
by u = 6(£ — £&,) ~2, but no solution of the soliton type ex-
ists. The singular solution just mentioned can also be ob-
|

u _ Ple" +Ple™ + [a(P 4 P,)? + (P, — P,)?]e™* ™ + g™ * (" P} + €™P})

L

A

JE——

G
=
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FIG. 1. Phase plane, ¢* < 1.

tained by taking in (2.16) the limit P—0, i.e., the limit
!Cl - 1.
1Il. SOLITON AND ANTISOLITON INTERACTION

Following a technique used by Hirota,> Manoranjan et
al* constructed the family of solutions of (1.1) given by

= —6(fu f—FD/f%
S (x,t) =14 exp(n,) + exp(7,) + aexp(n, + 7,),

3.1
with
7 =P [x—gut+x7],
g=+1, 0<P<l, j=12, (3.2)
_ 2_ - 2
a= (g0, 82”2)2 3(p, P2)2 , (3.3)
(610, — &0,)° = 3(P + Py)
and
y,=(1—P)"% j=12 (3.4)

Only real values of the phases 7;, j = 1,2, featuring in (3.2)
were considered in Ref. 4, while in the present study we let 7;
have the following complex form:

;=P [x — gt + X7] + ima,
g=+1, 0<P<l, o;=01, j=12. (3.5)
With this choice of 7;, (3.1) is still a valid family of real-
valued solutions . We next show that (3.1) and (3.3)-
(3.5) describe the exact interaction of solitons and antisoli-
tons. To simplify matters we only discuss the case £, = 1,
£, = — 1, but the other possibilities in the choice of ¢;,

j=1,2, can be analyzed in a similar fashion (see Ortega®).
Elimination of f in (3.1) yields

(3.6)

—6 [1+4 e+ e™ 4 ge™*™]?
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The behavior of (3.6) depends very much on the value of the
number @ in (3.3). Several cases must be considered.

(i) 0 <a < . This corresponds to the interior of the
regions I, I, I. in Fig. 2. More specifically, 0 <a < 1 in the
interior of the regions I, I, while 1 <a < o« in the interior
of the region I,. By arguing as in Whitham (Ref. 6, Sec.
17.2.), it is found that as t— — o0, the solution (3.6) be-
comes just the linear superposition of two traveling waves of
the form (2.17) with

n=n,_=P[x—vt+x7] +imo,

N=1,_=P[x+vt+x3 +P; 'loga] +iro,.
As t— oo, the solution consists of the traveling waves

n=1n,, =P[x—vt+x} +P; 'loga] + im0,

N =1, =Py[x + vyt + X3 ] + imo,.
Thus the right moving wave (resp. the left moving wave)
emerges from the interaction having a shift in position
Ax =P 'loga (resp. Ax= — P; 'loga), but with no
change in shape or velocity. Note that there are four choices
for o,, ,, so that the interacting waves could be both soli-
tons, both antisolitons, or a soliton along with an antisoliton.
The right-going wave is shifted to the left (loga>0) for
P,,P,intheregion I, and to the right in the regions I, and I ..
The shift in the left-going wave occurs in the direction oppo-
site of that in the right-going wave, in agreement with the
fact that the total change in the phases 7,77, must be zero
(cf. Hirota?).

(ii) a <0. (Interior of region II.) Here the behavior of
(3.6) as - o is given by

n=mn,_=P[x—v¢t+x}] +ino,

N=1_ =P[x+ vt +x3 + P; 'log a|] + ino¥,
where 0¥ = 1 — 0,. For t— o we have

n=1m,=P[x—vit+x} + P "logla|]

+ imo¥, o¥=1-o0,
N="1,, =P [x+ vt +x3] + im0y

P

172

P

FIG. 2. Soliton and antisoliton interaction for thecase ¢, = 1,6, = — .
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Itis apparent that now the waves not only undergo a shift but
also change their nature; a soliton/antisoliton entering an
interaction emerges as an antisoliton/soliton. Again four
cases o; = 0,1, j = 1,2, are possible.

(iii) @ =0. (Arcs AB and CD.) We consider first the
arc AB where P, > P,. By taking limits in (3.6) along lines
X = mt + n, m,n real constants, and comparing with (2.17),
wo i v T* 7€t — oo the solution consists of a single wave
with phase

P[x— vt +x0] +imo,,
while for t— « there are two waves,

Py[x — vyt + X3 ] + imoy,

Pi[x—vst+ P ' (Pxy —. _ D] +imos,
with

P,=P —P, v;=(1—P3'2

03 =0, + 0,(mod 2).

In obtaining the last outcoming wave, use must be made
of the relation (P, —P,)[1— (P,—P,)*]"*=Pp,
+ P,v,, which follows from @ = 0 in (3.3). These formulas
mean that a single soliton (¢, = 0) can split into either two
solitons (o, = 0) or two antisolitons (o, = 1). The outgo-
ing waves move in opposite directions and the corresponding
parameters satisfy P, + P, = P, [cf. (2.10) and the conser-
vation of (2.1) ]. On the other hand, an incoming antisoliton
(o, = 1) splits into either a left-going soliton and a right-
going antisoliton or into a left-going antisoliton and a right-
going soliton. It is perhaps useful to observe that if we repre-
sentby Sand A4 the soliton and antisoliton, respectively, then
the rules

S-S+S, SoA+A4, A-S+A4, A-A+S,

familiar from Boolean algebra, govern the possible interac-
tions.

The arc CD, where P, > P,, contains the merging of two
incoming waves with parameters P,, P, — P, into a single
wave with parameter P,. The possible interactions can be
represented as

S+S5-8 A4+A4-S, S+A4-4, A+ S-A.

(iv) @ = . (Arc AC.) This case corresponds either to
waves of parameters P,,P, merging into a single wave of pa-
rameter P, + P,, or to the splitting of a single wave with
parameter P, + P, into two waves with parameters P,,P,.
The corresponding analysis can be performed by taking lim-
its in (3.6) for at w0, or @l — «. However, taking limits di-
rectly in (3.6) results in the trivial solution ¥ = 0, and it is
therefore necessary to make the parameters x and/or x5
functions of a before letting |a| — « . For instance, we could
take 7, as given in (3.5) (x7 a fixed constant) and

7, =P,[x + vt + m+ P; 'loglal] + imo,, m constant.

Although we have only considered two-wave interac-
tions, N-wave interactions with a far more complicated dy-
namics are also possible and can be studied by using a formu-
la analogous to that of Hirota.?
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iV. THE POTENTIAL WELL

In the preceding sections we have allowed singular solu-
tions, i.e., solutions with poles. For instance, the S—4 + 4
splitting solution possesses two poles past the interaction
time. In the rest of the paper we exclude this possibility and
say that a solution ceases to exist at the time when poles
develop. According to this point of view, standard in math-
ematical analysis, it has been shown in Sec. I1I that some of
the solutions of (2.2) exist for all times whereas other solu-
tions cease to exist at a finite value of ¢. This difference in
behavior, numerically verified in Ref. 4, is explained in the
next section in terms of a potential well studied below.

If v is a function of x, — 0 <X < 0, we define the po-
tential energy V(v) as in formula (2.6). According to Sobo-
lev’s imbedding theorem (Adams’), the expression for V(v)
makes sense whenever v is in H', i.e., whenever v is square
integrable with a square-integrable distributional derivative.
It is clear that ¥ can take arbitrarily large positive and nega-
tive values. The stationary points of the functional V are
easily found to be given by the functions v, =0 and
Vs, = — 3sech?[ (x — b)/2], with b an arbitrary real con-
stant. Note that in view of (2.9), the function v, , provides
the shape of the soliton with parameter P = 1, amplitude
A =3, and velocity ¢ = 0. This is in agreement with the fact
that the functions for which the gradient of the potential
vanishes give rise to time-independent solutions of the Ham-
ilton equations (2.2).

The function v, = 0 provides a local minimum for the
functional ¥, because the Sobolev inequality

f v dx

<[ bl e = ol <Kol

© 372
=K3 (f v + vi)dx)

(K is the imbedding constant) reveals that the cubic term in
the potential is negligible in the H ! neighborhood of v, = 0.

To study the behavior of V near v = v, ,, we make the
change v=v*+v,,. The functional V(*+v,,)
— V(v,,,) is of the form Q(v*) + C(v*), where

4.1

« 1 1 3 x—b
v*) = B S Ry, hz———v*z]d :
Q%) f.w[Z +2v 2sec 5 X

and C'is cubic in v*. The spectrum of Q is known in closed
form (e.g., Whitham,® Sec. 17.5), and it turns out that the
functional is indefinite, hence v, , is a saddle point of the
potential V.

The depth d of the potential well around the local mini-
mum v, is defined by

d =inf[V(v):vinH‘, v#0,
f [ +v2+v3]dx=0]. (4.2)
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Note that d > 0, because if v#0 satisfies the integral con-
straint in (4.2), then

1 1~
V(U) =? ”U“HI = _—B‘J‘_ . U3 dx,

which, in view of (4.1), implies that ||v]| ;. [and hence V(v) ]
is bounded away from zero. If we denote the potential well
by W, then W consists of functions v with potential energy
below the depth d and satisfying the condition

_f [V + V" + v*]dx<0. (4.3)
When v possesses a square-integrable second derivative, an
integration by parts of the v2 term in (4.3) shows that this
condition can be interpreted as the requirement that the an-
gle (in the sense of the L > metric) between the function v and
the force density 6V (v)/6v be obtuse. In symbols W is de-
fined by

W={vin H": V(v) <d and (4.3) holds}.

In view of (4.1), W is a neighborhood of the origin in the
space H '. Furthermore, for vin W,

ol =f [0 + ?]dx

=6V(v) —3f [2 +v* + v*]dx<6d, (4.4)
so that W is bounded. The key issue is that if w(¢),u(?) isa
solution of the system (2.2) that is smooth enough to con-
serve the energy E(w,u) in (2.4)-(2.6), and such that ini-
tially E(t = 0) <d and u(¢t = 0) is in W, then u(¢) remains
in W for all later times. In fact, if u were to leave the well at a
time ¢#,, then at that time (4.3) would hold with = instead of
<, which, since E is below d, is in contradiction with (4.2).

The Euler—Lagrange equation for the constrained mini-
mization problem in (4.2) is easily shown to have no solu-
tion other than the function v, ,, where ¥ takes the value §
[see (2.14)]. This makes it plausible that d = $ and that v, ,
provides the mountain pass out of the well. In order to prove
rigorously that this is the case, we would have to show that
v, is not only a critical point for (4.2) but also a minimum,
something we have not attempted. Note that, be that as it
may, it is certainly true that d<¢.

V. EXISTENCE AND NONEXISTENCE OF SOLUTIONS

Fourier analysis reveals that the linearization of (2.2)
given by

— Uyxx + U,

generates a strongly continuous semigroup in the space
L?*x H'. Since the nonlinear mapping (w,u) —((«?),,0) is
indefinitely continuously differentiable in that product
space, the results on nonlinear semigroups of Segal® show
that (2.2) has a generalized solution (w(?),u(?)) for each
initial data (w(0),u(0))in L X H '. This solution exists for a
positive length of time [depending on (w(0),u4(0))] andisa
continuous function of ¢ and (w(0),u(0)). Furthermore,
(w(t),u(2))is smooth if w(0) and u(0) are. The functionals
M and E in (2.3)-(2.6) are conserved by generalized solu-

wt = u, =wx,
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tions, since these functionals are continuous in L X H ! and
conserved by smooth solutions. Therefore, if a generalized
solution satisfies E(0) «<d and u(0)eW, then u(t) remains
in the well throughout its interval of existence. Then (4.4)
implies that |||+ remains bounded; hence the solution ex-
ists for all times 0<f < « (Segal®). On the other hand, solu-
tions for which % (0) is not in ¥ and solutions for which the
energy E exceeds the well depth d are not likely to exist for all
time. This is exemplified by the case where the initial condi-
tion consists of two solitons, well separated and moving
towards each other. In Fig. 2 the dashed line represents the
locus

§P3(5—4P2) +§P3(5 —4P%) =§>d.

Thus, according to (2.12), E>d to the right of the dashed
line, a domain which includes region II, which was shown to
correspond to .S + S—A + A interactions and therefore ex-
hibits blowup in finite time.

Sufficient conditions for the blowup to occur can be ob-
tained by concavity arguments (Payne’). For instance,
smooth solutions (w(¢),u(?)) that vanish at x = + o0, to-
gether with their derivative, cannot exist for all time if £ <0
and 7 = 0. Elimination of w in (2.2) reveals that such solu-
tions satisfy

-2 2
— D u, =u,, —u—u,
with

o= [

Since the operator — D ~? acting on the indicated class of
functions is symmetric and positive definite, the results in
Payne®, Sec. 8, establish that the existence time of the solu-
tion is necessarily finite.
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V1. DISCUSSION

We have shown that the “good” Boussinesq equation
possesses a highly complicated mechanism for solitary wave
interaction. Three salient features are that solitary waves
exist only for a finite range of velocities, that interactions can
alter the nature of the solitary waves, and that merging and
splitting are possible. These properties may, no doubt, be of
interest in modeling. In this connection it would be useful to
carry out a stability analysis of the solitons of (2.2) (cf.
Benjamin'®). However, solitons with a large value of P are
certainly orbitally unstable. This can be seen in Fig. 2, where
it is apparent that perturbing the soliton of parameter

P, = \/3/2 with any other soliton, no matter how small, al-
ways leads to an S + S—A4 4 A interaction, and, therefore,

to blowup in finite time. Also, solitons with P, >+3/2 can
split, under arbitrarily small perturbations, into either two
solitons or two antisolitons with parameters P, and P, — P,,
where (P,,P,) lies in the arc AB. On the other hand, numeri-
cal evidence has led us to conjecture that small-amplitude
solitons are orbitally stable. This conjecture can be proved
for the periodic problem for (2.2). The details will be report-
ed elsewhere.
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On a class of eigenfunction identities for Hill operators
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Two very general identities are proved involving the eigenfunctions of two Hill operators and
the spectrum of a third. Various specializations lead to a number of identities involving squares

and fourth powers of the periodic eigenfunctions.

I. INTRODUCTION

Hill operators are ordinary differential operators of the
form

2
H:=H(q) = —11—2+q(x), (D

dx
where the “potential” g(x) is smooth and periodic in x (see
Ref. 1). Motivated in large part by the beautiful theory of the
Korteweg—de Vries equation, the geometry of the space of all
Hill operators has been developed rather fully.> The pic-
ture is as follows: The space of Hill operators (or, equiv-
alently, the space of potentials) decomposes into a disjoint
union of “isospectral manifolds” of varying dimensions.
Each isospectral manifold is determined by the spectrum of
Hactingon L ?(R), and all potentials on the same isospectral
manifold have the same spectrum. In special cases these
manifolds are finite dimensional (“finite gap potentials™)
while generically they are infinite dimensional (“infinite gap
potentials”). The isospectral manifolds are tori parame-

trized by the Dirichlet equivalues of H.

Since the Korteweg—de Vries flow does not alter the
spectrum of H (see Ref. 5), this flow and its hierarchy of
related flows provide a large number of vector fields tangen-
tial to the isospectral manifold. For technical reasons,
McKean and Trubowitz® used another set of vector fields to
span the tangent space in the infinite-dimensional case.
These are the Hamiltonian vector fields generated by the
discriminant A(A;q) described below. A surprising identity
shows that the KdV vector fields are indeed in the span of
this other set:

@

1= 3 & f2(x), (2)

j=o0
where the numbers ¢; >0 depend only on the spectrum of
H(q), and f;;(x) is the normalized periodic or antiperiodic
eigenfunction of H(q) with eigenvalue 4,;. The identity (2)
has also been used by Moser and Trubowitz® to establish a
link between Hill operators and the Neumann system of con-
strained oscillators.

In this paper, two classes of generalizations of (2) are
derived. These identities involve two potentials and one
spectrum; so they are quite general. Certain specializations
lead to some curious identities that are still generalizations of
(2). These include a “bilinear” version summed over all j,

1= (- DA |fF (s9) f}7 (59), (3)
j=o0
which specializes further to a quartic one,
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1= (- DA IS (s9), (4)
j=0
and a quadratic one

1=73% (=AU f} (s9), (5)
i=0
by either s = ¢ or integration over ¢. There are also the corre-
sponding sums over even j, given below in Sec. I'V. These are
more complicated identities involving various A derivatives.

The geometrical significance of these identities awaits
further study but they do indicate yet another aspect of the
rich structure of Hill operators. The proof of these identities
uses contour integration, as in a proof of (2) given by Deift
and Trubowitz.”

Il. NOTATION AND DERIVATION OF TWO GENERAL
IDENTITIES

Given g(x) periodic with period 1 and mean value 0O,

1
f qg(x)dx =0, (6)
0

which eliminates the shifting ¢—¢ + a, 4, +4; + a for aeR,
we define the standard basis of eigenfunctions normalized at
0 [here and elsewhere, a prime (') denotes d /dx]:

H(Q)y_, (x,/l;q) = /{yj(xy/i;q)’ j = 1’2:

1(0,4;9) = y;(0,4;9) = 1, (7

»1(0,4;9) = y,(0,4;9) = 0.
When ¢=0, clearly y,(x,A;9) = cosyAd ‘x and y,(x,A;q)
= (sinyA 'x)/y4 . For general g, restricted as above, these
are asymptotic values as |4 | - o (see Ref. 1).

In terms of these functions, the discriminant A(A;q)
may be defined as follows:

A(49) =y (LA;9) + ;3 (1,4;9). (8)

This is the trace of the Floquet or transfer matrix and it
determines the spectrum of H on L 2(R). Namely, the roots
of A> — 4 = 0 are real and constitute the end points of the
real intervals whose union is the spectrum of H acting on
L*(R). Denoting these roots of A> — 4 = 0 by

io<i|<iz</l3</14<"'; 9
a standard asymptotic estimate’ for the A’sis
Aon— 1sA2n =1*T + O(1), (10)

The open intervals (4,,_,4,,) are the so-called spectral
gaps and they may be empty. As n increases, their length

asn— oo.
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decreases at a rate related to the smoothness of ¢. For later
use, note that (for large n) (n + 1)*77is strictly between 4,,,
and4,,, .

The KdV flows preserve the spectrum of H; so they pre-
serve the A;’s, which in turn implies that they preserve A(4).
Thus A{A) is in fact the same for all isospectral potentials.
McKean and Trubowitz® proved that the equation
A?%(4;q) — 4 = 0, along with conditions at the double roots
Ay = Ay (namely, A = dA/dA = 0), defines the isospec-
tral manifold. They also exhibited the vector fields generated
by A(4).

Our final notation is for the Bloch eigenfunctions. These
are the eigenfunctions that diagonalize the Floquet matrix—
i.e., the Bloch functions f, (x,4;¢) have the property

fo(x+LAg) =p, (4g)fy (xA9), (11)

where u , (4;q) are the Floquet multipliers. The u’s satisfy
the quadratic equation

WALy u+1=0, (12)
and when A> —4=0,u, =p_ = + 1. We will normalize
[, by writing

fr (6A9) = p(6A9) +m . (Agy(xd9). (13)

The term m  (4;q) is easily expressed in terms of 2 , and
yi( L;4;9).

The following two identities will lead to many special-
izations, including those mentioned above. In their most
general form, they involve two potentials and the spectrum
of H(q) for a third one. These three functions may lie on
three distinct isospectral manifolds.

Identity 1: Let q, and ¢, be any pair of smooth periodic
functions of period 1 with mean value 0. Let
Ao <A €A, < -+ - be the spectrum of H{Q) for some smooth
@ also of period 1 and mean value 0. Then

(LA (L) 40
1— A4 17/4

. 1
lim —_—
n-o 20 JA| = (n + 172y
(14)
Identity 2: Let ¢,,9,,Q be as in Identity 1. Then also

, 1
lim —f »(LAq ), (1LA,q,)
no0 2 J|A| = (n+ L/2)20?

= [4,(Q) = 4]~
(20 [P2LA]) e,
o =
Proof of Identities: Both numerators and denominators
are functions with well-known asymptotic behavior as
|A |- oo (seeRef. 1):
y:(LA;g; ) =sinfA /A [1 4+ 01714 D],
A(4;Q) =2cosyA [1+0(JA|7D)],
Ay =77+ 0(j7?).

So the integrand becomes §(1/4)dA near A = «, and the
sequence of circles avoids the poles.

(15)

(16)

lil. SOME IDENTITIES DERIVED FROM IDENTITY 1

Identity 1 above leads immediately to a residue sum by
Cauchy’s theorem. In general there are poles of order 2 at
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worst and order 1 “generically.” These poles are at the roots
of A%(A4;0) — 4, namely, A, <A,<A, -+ . So we have

3 Res{A =41, Y2(1,4:4,)3,(1,4:9,) ] -1
;;o =l ’][ i—aozr |- 4D

If all A;’s are distinct (so that all the poles are simple), this
yields

Y2(1,4;54,)p( L,A;:q92)

3 . =1 (18)
,go [ — AU)AR)/2]
But
2, if j=0,3mod 4,
i =[
Al4) —2, if j=1,2mod 4,
and
. 1, if j=0,1mod4,
- |
en 84 =111, 'if j=2,3 mod 4.

Thus for purely simple spectrum we have

i (—1)/ el 1’/11‘;"12)}’2( 1,4,392)
- 1A (4;:)]
At double poles, the residues are readily computed as well:

d [ (A=) (1Ag)p(1A0,)
dA (1—A%Y4)
In certain cases below, these terms will vanish.

Proposition 3: Let g, and g, be isospectral with Q. Then
y(LA;sq0) = y.(1,4;¢,) =0 at double roots A4, =4;.
Hence the only residues are at simple roots.

Proof: When there is no gap, there must be a fixed Dir-
ichlet eigenvalue—i.e., y,(1,4,;;¢, ) vanishes for k = 1,2. In
this case, the double root in the denominator of (19) is actu-
ally a removable singularity.

A similar argument yields the next proposition.

Proposition 4: If g, and @ are isospectral, then all poles
are in fact simple.

There are many ways to specialize Identity 1 above. We
will limit our discussion to those that we believe will be of
most interest and that lead to manageable formulas.

Corollary 5: If Ao<A, <A, <+ is the spectrum for a
Hill operator, H(Q), with all gaps open, then

) (- SGAD
j=0 A]‘A(AJ)Q)I
Proof-Set g, = q, = 0.

Corollary 6: If A, <A, < -+ is as above, then for any ¢,
with mean value zero,

(— 1)’)’2(1’)~j§Q1)5in(m) =
VA 1A(A;:0)]

Proof: Set g, = 0.
Corollary 7: For any ¢, periodic with mean value zero,

=1 (19)

(20)

A=A

(21)

1. (22)

M

J

1(1,0,4) +2 ¥ (= D(LFArhg) =1 (23)
=0
Proof: Set Q =g, =0.
Corollary 8: For any g,,4, with mean value 0,
i RCSA=JQ1,.2 J’z(l/i;%)J’z(l»’l;%) = 1. (24)
=6 sin? (4 )
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Proof: Set @ =0.
Corollary 9: For any Q periodic with mean value 0,

S (= DIAAQ|fF (@) f7 (5Q) = 1.

j=0

Proof: Let g, = Q(* +5), ¢, =Q(- +t). Then using
the facts
»ALAQC +5) =y,(1LA4:0) £, (5,4:0) f(5,4;0),

1:(LA;0) £ (5450 - (5450) = — A4y f(sQ),
(26)

where f; is the normalized eigenfunction at 4;, (25) follows.

The double roots do not contribute; so any ambiguity in f; is

irrelevant.
Corollary 10: For any Q periodic with mean value 0O,

S (= DAL 5@ =1
p-

Proof:Setq, =q, = Q( +5).
Corollary 11: For any Q periodic with mean value O,

(25)

(27)

o

S (= DI4AAY|f} (s0) =1.

j=0
Proof: Integrate (25) in¢ fromOto 1.
Corollary 12: For any Q periodic with mean value O,

3 (- DIAUA;0) =1

j=0
Proof: Integrate (28) in sfrom O to 1.

(28)

(29)

IV. SOME IDENTITIES DERIVED FROM IDENTITY 2

Identity 2 also leads to a residue sum by Cauchy’s
theorem. In this case, all poles except 4, are double; so the
residue formula is more complicated. Before proceeding, we
introduce some further notation:

- = (A — Ao\
£°1’=H( K )

k=1
Ay —4A0) 5 (’12k "/12')2 ,
ful PRt A = ¥, 1,
St A\ )0 2
k#j (30)
0: =8
d (,1 —,10) = (Azk —/1)’ .
b= —— . , 1.
7] [ F A S e i
k#j A=Ay

Note that £; > 0. Using these definitions, Identity 2 becomes

1= 2 Resl=,1y{y2(l,/1;ql)'yz(ly/l;qz)

j=0

(a0 1 (5))

d
= 3 & —- 02l Ag0n(LAg) | s,

=1

+ z 5}'51' 'yz(1,/12,';41).)’2(1»/12j§q2)- (31)
j=0
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Note that Q = 0 reduces Identity 2 to Identity 1, sincein
this case (and this case only) there are no gaps. The other
reductions, such as ¢, = 0 or g, = g, = 0, are still allowed.
These yield the following corollaries.

Corollary 13: For Q,q, periodic with mean value 0,

1= z & [ (cosy/Ay; siny Ay 2654/ Ay; ) 92 (1,453¢2)

j=1

siny A,;

+—iy2(1,42,-;q2)]
,sz

® sinyA,;

+ Y a6 ——L
j=o0

d '}"2(1,/12,';42)- (32)
2

Proof: Set ¢, =0.
Corollary 14: For Q periodic with mean value 0,

= o d[sinyi 2 siny/1,
=50+ Bae T

A= ’lzj j=0 '{2_[
(33)

Proof: Set g, = q, = 0.

Corollary 15: For Q periodic with mean value O,

1=3 51’7‘}[yg(l,/l;Q)ﬂ.(S,/{;Q)f_(s,/l;Q)

j=1

S WA [ (LAD i s,
+ i €28, [ A4y 1213 (50) f5(£Q). (34)
ji=0

Proof: Set g, = Q(* +5), ¢, =Q( +1).
Corollary 16: For Q periodic with mean value 0,

1= 5 &2 [RULQ) A GO S ADins,

Jj=1
+ 3 26[A0 4 (50).
=0

Proof:Set g, = q, = Q(- + 5).

Remark: The double roots A,;_; = 4,; will not contrib-
ute to the sums in Corollary 15 and Corollary 16 since
y,(1,4;0) vanishes as does A(A;Q).

(35)

'W. Magnus and S. Winkler, Hill’s Equation (Wiley, New York, 1966; Do-
ver, New York, 1979).

2H. P. McKean and P. van Moerbeke, Invent. Math. 30, 217 (1975).

*H. P. McKean and E. Trubowitz, Commun. Pure Appl. Math. 29, 143
(1976).

“S. P. Novikov, Funct. Anal. Appl. 8, 236 (1974).

*P. D. Lax, Commun. Pure Appl. Math. 28, 141 (1975).

©). Moser, Integrable Hamiltonian System and Spectral Theory (Lezione
Fermiane, Pisa, 1981).

P. Deift and E. Trubowitz, Commun. Pure Appl. Math. 34, 713 (1981).
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Proper affine collineations in Robertson-Walker space-times

C.D. Collinson

School of Mathematics, The University of Hull, Hull HU6 7RX, England
(Received 26 January 1988; accepted for publication 27 April 1988)

It is shown that the only Robertson—Walker space-times admitting a proper affine collineation
are static, hence proving the uniqueness of the collineation found recently by Maartens {J.

Math. Phys. 28, 2051 (1987)].

I. INTRODUCTION

An affine collineation is generated by a vector field &
satisfying

?rg‘r = g(a;ﬁ’);r =0.

Such a collineation is called proper if it is not a homothetic
collineation, for which the vector field £ would satisfy

(1.1)

fgaa =&y = V8apr ¥, =0.

Bedran, Lesche' and Maartens® have investigated solutions
of (1.1) for the Robertson—-Walker space-times with metric

ds = dt? — R2()(dP/(1 — kr?)
+ 7 dO% + Psin’8de?). (1.2)

Bedran and Lesche confine attention to solutions £ that are
isotropic and homogeneous and Maartens points out that
the calculations are incomplete in the static case R = 0, for
which a proper affine collineation is found.

In this paper the first integrability condition of (1.1)
will be exploited to prove the following theorems.

Theorem 1: Nonempty Robertson—Walker space-times
admitting a proper affine collineation are necessarily static.

Theorem 2: Nonempty, static Robertson—Walker space-
times admit one and only one independent proper affine col-
lineation (in the sense that any other proper collineation is
obtained by adding a homothetic Killing vector to the gener-
ator).

il. PROOF OF THE THEOREMS
The first integrability condition of (1.1) is’

£R %55 = 0.

This equation defines a curvature collineation and Katzin,
Levine, and Davis* have shown that a necessary condition
for a curvature collineation to exist is that

hacR eﬁré + hBeR Ear& =0,

where

2.1

hop = ggaﬁ =& ap) -

This equation has been investigated in some detail, first by
Collinson® for empty space-times and then by Hall® and oth-
ers for nonempty space-times. In particular Hall shows that
four different forms of the general solution %, of the equa-
tion arise (see his Theorem 1). The first form arises when
two independent vectors k exist satisfying the equation

1972 J. Math. Phys. 29 (9), September 1988
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R k. =0. (2.2)
The second form, namely
hap = P8ap + Ako kg (2.3)

arises when only one vector k exists satisfying (2.2). The
third form requires the existence of null eigenvectors of the
Ricci tensor and the fourth and final form is

haﬁ = ¢gaﬁ (2.4)
The Robertson-Walker space-times are conformally
flat so that (2.2) is equivalent to

Rk =0, (2.5)
and

ko (Rg, —{Rgg,) = kg(R,, —iRg,,). (2.6)
Also

Rg= —(p+pluug + 1(p — P)8up» Q2.7
where ) .

o d- (B @), e
and

G N—
Substituting (2.7) into (2.5) and (2.6) yields

— (p+p)uguk, + L(p — p)kg =0, (2.10)

and
k[ — (p+plugu, +ip +3p)gs |

=kg[ — (P+plugu, +(p+3p)g, ]
Contracting (2.10) with #” gives

—luk . (3p+p) =0.
There are two possibilities. If #k, = O then (2.10) and the
contraction of (2.11) with u“ gives
—1(5p + 3p)kgu, = 0.
For a nonempty space-time (i.e., not both p and p are zero)
these equations imply the k;=0. If uk #0 then
3p+p =0 and (2.10) yields, for nonempty space-times,
kg = u‘k ug or, with a rescaling, kg = ug. Equation (2.11)
is then identically satisfied. From this it follows that the first
form of h,, referred to above cannot exist and that the sec-
ond form, (2.3), only exists if 3p + p =0and &k, = u,,.

If k, is a null eigenvector of the Ricci tensor then

Rk k% =0.
This is the contraction of (2.10) with k#, namely

(2.11)

{(p—p)kz; =0 and

© 1988 American Institute of Physics 1972



— (p+p)(uk.) =0.
With & null, 4°k, is nonzero and so p + p = 0. Then

Raﬂ = _pgaﬂ and Raﬁy& = ip(gargﬂé - gaégﬁy)‘
Equation (2.1) is then easily shown to lead, with p#£0, to the
form (2.4).

Now A,z = £, and substituting (2.4) into (1.1)
gives @, = 0. It follows that the form (2.4) correspondstoa
homothetic collineation. The only case in which a proper
affine collineation may exist is when 3p + p = 0 and then

Eiapr = PBap + AUy (2.12)
Using (2.8) and (2.9) the condition 3p + p = 0 is equiva-
lent to R = 0. Substituting (2.12) into (1.1) yields

@,8ap + A Uqlig + AUy ug + Aujug, =0.
Contracting (2.13) on af gives

49, +4, =0,
while contracting with u“u” gives

(2.13)

@, + A, =0.

It follows that both ¢ and A must be constant and that (2.13)
reduces to

1973 J. Math. Phys., Vol. 29, No. 9, September 1988

Alug ug +ug,u,) =0.
Contracting this with u” yields

Au,, =0.
Now u* = 8§ so that

u%, =T& =18"8g,0 = (R/R) (8} ~ u"u,).
It follows that if R #0, (2.14) requires A tobe zero, in which
case (2.12) reduces to the form (2.4), thus proving Theorem
1. Theorem 2 follows from the constancy of A, where the

proper affine collineation referred to is that already found by
Maartens.

(2.14)

'M. L. Bedran and B. Lesche, J. Math. Phys. 27, 2360 (1986).

ZR. Maartens, J. Math. Phys. 28, 2051 (1987).

3K. Yano, The Theory of Lie Derivatives and its Application (North-Hol-
land, Amsterdam, 1955).

4G. H. Katzin, J. Levine, and W. R. Davis, J. Math. Phys. 10, 617 (1969).

5C. D. Collinson, J. Math. Phys. 11, 818 (1970).

$G. S. Hall, Gen. Relativ. Gravit 15, 581 (1983).
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Matrix hierarchies and vector bundles over Riemann surfaces
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To a compact Riemann surface, a point on the surface, a local coordinate around this point,
and a holomorphic transfer function of degree m is associated a point in the Grassmann
manifold of /?(Z)™ . This leads to solutions of the nonlinear hierarchies corresponding to

maximal Abelian subalgebras of End(C™ ).

I. INTRODUCTION

In this paper we show how to associate to a compact
Riemann surface X a point x_, on X, a local coordinate z—!
around x _ , and a holomorphic transfer function ¢ of degree
m on the unit circle, a subspace W in the Grassmann mani-
fold Gr(/*(Z)™). As is shown in Ref. 1, one can construct
solutions of several hierarchies of nonlinear partial differen-
tial equations, starting from certain open subsets of
Gr(/%(Z)™). This accounts for the occurrence of holomor-
phic vector bundles over compact Riemann surfaces in this
context. In Sec. II we give a description of the hierarchies. In
Sec. III the subspace W, is constructed, and in Sec. IV we
express the virtual dimension of W in the dimensions of
cohomology groups.

Il. THE HIERARCHIES

In Ref. 1 we associated to each maximal commutative
subalgebra D of G/,, (C) and an invertible element 4 of D, a
hierarchy of nonlinear partial differential equations whose
solution space we denoted by H(D,4). The equations are
formulated in terms of pseudodifferential operators with co-
efficients from an algebra B, consisting of m X m matrices
depending on the parameters f,, >0 and I1<a<r

= dim(D).

Let E,, 1<a<r, beabasis of D. Since Dis an algebra, we

have

E.E; = zl lapy E, .
=

Then we are looking for operators in B[£,£ ~'] of the form

L=Af+ Y 1§/

Jj<0

and

U,=E, + Y a8’

Jj<0

that satisfy the following set of relations:

[LU,]=0, [U,U;]=0, forall @andf,  (2.1)

UUs=3 iyU,, (2.2)
y=1

aia (L) = [(L an)+,L ], (23)

3. (Ug) = [(L'U,) ,,Ug] (2.4)

Here d,, denotes the partial derivative w.r.t. ¢, and P, for
PeB[£,£ '], denotes the differential operator part of P.
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It was further shown in Ref. 1 that one could produce a
considerable collection of solutions of this hierarchy starting
from an open subset Q(D,4) of the Grassmann manifold
Gr(H) with H = /%(Z)™. The elements of H we see as se-
quences (a; ), keZ and a, €C™, and the inner product on H
has the form

(ak,bk) = Z akZ;(-
keZ

The space Gr(H) is defined with respect to the splitting
H=H,,oH_,, with H,, = {(a,)eH, q, =0 for all
k<0}and H_, = H.,. It consists of all closed subspaces of
H that are the image of an embedding w: H., — H that de-
composes w.r.t. H=H,,eH_, as w= (}>), with w_
Fredholm and w_ bounded. The index of w, is called the
virtual dimension of the image of w.

If Q is the open set of Gr(/2(Z)™) consisting of all sub-
spaces that project bijectively onto H_,, then the open set
Q(D,A4) of Gr(/*(Z)™), from which we can construct solu-
tions of Egs. (2.1)-(2.4), consists of the subspaces obtained
by letting the group of flows corresponding to D and 4 act on
Q. 1t consists of operators of the form

exp( Sy t.E.A ‘diag(Ai,...,A’)),
>0

1<agr
where A denotes the shift operator in L(Z); ie., if
a= (b,)el*(Z), then (Aa), =b,_,. We denote by
(Ly,U, w) the solution of the hierarchy corresponding to
WeQ(D,A).

lll. THE CONSTRUCTION OF THE SUBSPACE

Let X be a compact Riemann surface of genus g. We
choose a point x _ on X, an open neighborhood Uofx__ , and
an isomorphism z of U with an open neighborhood

{x|xeP!(C), |x|>1/(1+¢,), €,>0}

of the closed unit disk around infinity such thatz(x _ ) = 0.
In other words 1/z s a local coordinate around x _ . We will
identify subsets of U and functions on these subsets with
their image under z and with functions on this image. If u isa
map with the same properties as z, there exists a power series
3.0 ;A 'satisfying first of all

2 le:| |1+ €]'< oo,

. 30
for some € > 0; second, for all xeP'(C),
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IX|>1/(14+€), ¥ ex™'#0;

i>0
and finally
‘u—1=z_'(z ciz’i). 3.1
i>0
A. Notation

Let X_ be the inverse image under z of {x|xeP'(C),
|x|>1}, let X, be the closure of X \ X, , and write X, for
Xo,NX_, . We fix an open neighborhood ¥ of X, namely, the
complement of the inverse image under z of {xlxePl( C),
[x|>1+¢€}

In what follows any capital letter with subscript O, like
T,, will mean an open connected subset of ¥ containing X;
any capital letter with subscript « will denote an open con-
nected neighborhood of X, in U; and any capital letter with
subscript Occ denotes an open connected subset of UNV
containing X, . In particular, for a given U, , we write U,
for U, UX,and U_ for U, UX,_.

Let f: U,, —C™be analytic. On a neighborhood of S, f
equals its Laurent series w.r.t. z7/, i.e.,

f=3 a2 with a,eC™.
keZ

This series converges absolutely on a region
1 —e<l|z(x)| <1+ ¢ therefore the (a,) belongs to
1%(Z)™. In this way all analytic functions from U,_ to C™
areembeddedinto/2(Z)™ . Let dx be the Haar measureon S !
with s dx = 1. Then the /? norm of £, ||f]],, is given by

V1B = [ Aol 7Y ds = 5 i,

where we have written elements of C™ as rows, and ¢ means
transposition.

B. Transfer functions

Definition (3.1): A transfer function ¢ of degree m is a
holomorphic map from some U, to Gl,, (C).

To such a function we can associate a holomorphic vec-
tor bundle of degree m over X. One simply glues the trivial
bundles on U, and U_ according to

(x,0) - (x,¢(x)v),

We denote this bundle by L, and the projection on the base
space by 7. The sheaf of holomorphic sections of (L,,7) we
denote by L,. If O is the sheaf of holomorphic functions on
X, then L, is a locally free O module of rank m.

Remark 1: In the same way as above one associates to a
transfer function also a holomorphic bundle over P! (C). As
Grothendieck® has shown, its structure is rather simple.
Over P'(C) a transfer function ¢ has the following decom-
position:

$(x) = ¢, (x)diag(x",...x™)d_(x),

where ¢, is an analyticmap U —Gl,, (C), ¢_ is an analyt-
ic map Uy,—Gl,, (C), and the /, belong to Z and satisfy
I, , | »1;. This implies that the bundle over P'(C) associated
to ¢ is a direct sum of line bundles.

with xeU,_,, veC™.
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Remark 2: Since U and V are noncompact Riemann
surfaces, every holomorphic bundle over U or ¥V is trivial
(see Ref. 3, p. 204). Hence if L is any holomorphic vector
bundle over X of degree m, then the restrictions of L to Uand
V are trivial, and there is a transfer function ¢ on UN ¥ such
that L and L, are isomorphic as holomorphic bundles over
X.

Remark 3: If W, and W, are open nonempty subsets of
X, with W, C W,, then restriction to W, defines an injection
of Ly (W) into L, (W,). For each closed nonempty 4, the
sections of L, over 4 are the elements of

lim L, (#).
.
WDA
W open
Using the identification just described this space is nothing
but the union of the L, (W) with WD 4.
Remark 4: If Wis any subspace of / ?(L) ™, then we write
W2 for the subspace of W consisting of the analytic func-
tions in W, i.e.,

[(ak YEW | Y aztel, (S‘)],

keZ

where I, is the transfer function x—1d,... Every transfer
function ¢ defines through the composition of functions an
automorphism of {/2(Z)™ }*", which is continuous in the L ?
norm. Hence it extends to a continuous automorphism ¢ of
I VALD

C.The space W,

In this section we introduce the space W;. It is the natu-
ral extension to m > 1 of the spaces considered in Ref. 4. For
an arbitrary ¢ we embed L, (X,) into /?(Z)™ as follows:
First restrict these sections to a neighborhood of S ' in UNV,
express them in the standard trivialization of L, around x_,
and identify the sections of that trivialization in the obvious
way with holomorphic C™ -valued functions on a neighbor-
hoodof S'.ClearlyL, (X,)andL, (X,)arein/?(Z)™ relat-
ed through L, (X,) = ¢ (L, (X)), and further we have
L, (X,) =L, (Xo)™ For W, we take the closurein /,(Z)™
of L,(X,), and from the foregoing we see that
W, =¢(W; ) = ¢((W,)™). This relation also implies that
if ¢o: Up— Gl,,, (C) is holomorphic, then W,, = W, for all
9.

Remark 1:1f m = 1, then (as shown in Ref. 4) multiply-
ing ¢ with a holomorphic function ¢_: V_ —C*, with
é. (x_) =1, does not affect the solution of the Kadomt-
sev—Petviashvili (KP) hierarchy, i.e., LW%dl = Ly,. Thus
one could associate to a line bundle a solution of the KP
hierarchy. However, for m > 1 this does not necessarily hold,
for to show it one needs that the ¢ _ action commutes with
the operators that give the flows on the Grassmannian; in
other words, it holds for holomorphic ¢_ : V_ —exp(D),
withg_ (x_) =1d.

Remark 2: From (3.1) one deduces directly that a tran-
sition on another local coordinate around x , corresponds to
applying an automorphism of /2(Z)™ to all the W, of the
form
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B
. , BeGHI*(Z)),
0 B
1
1 0
B = 1
* 1

-
-
-

In this paragraph we show that W, belongs to
Gr(l*(Z)™), and we compute its virtual dimension. With re-
mark 1 of Sec. I1I B one can reduce this to thecase ¢ =1,,,.
Using the notation of the first section, let * be the auto-
morphism of H corresponding to ¢, and ¢ _ that corre-
sponding to ¢ _.

With respect to H = H,, & H_, we have the decompo-

sitions
a, 0 ) . 7 I (a E)
= , d ALLA = ’
@, (c1 d, iag( ) y 8
a, b
o (% %)
0 d,
with S and y finite dimensional and a Fredholm of index
— 2L/, Assume that W; belongs to Gr, (H). Then W,
is the image of a continuous embedding w of H, , in H that
decomposesw.r.t. H=H_, e H_, as (), withw, Fred-
holm of index 5. Now
W, =, diag(A",...A™MP_(W, ),

and by substituting the decompositions above one gets that
W, is the image of the embedding given by

(a,cm2 a,ab, + a,5d, )(w +) .
caa, +dya, (c,a+dy)b,+ (c,f+ddd,/\w_/’
Hence

W¢6Grs+indcx(a) (H) = Grs—}:;",_, ‘I,(H)'

In the next section we will express the virtual dimension of
W, in the dimensions of some cohomology groups as was
done in Ref. 4 for the case m = 1.

IV. THE VIRTUAL DIMENSION OF W,

Let U, U, ,and U, beasinSec. III A. Since noncom-
pact Riemann surfaces are Stein (see Ref. 5), U, U, and
U,., are a-cyclic for any coherent O module F, and accord-
ing to Leray’s theorem (see Ref. 5) we have, for all |,
H (X,F) = H (U,F), where U is the covering (U, U_ ) of
X. In particular, we get for the locally free O module L, the
exact sequence

0-L,(X) =Ly (Up) ®L,(U.,)
""L¢(Uow )—'Hl(X,IL¢)—’O .
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Here i(f)=f|Us+f|U, and w(g8..)=8|Us.

— g | Uy, - This exactness is preserved if we take the direct
limit for U, tending to X and U_ tending to X, and thus
we get

0-Ls(X)>L,(X) @ L, (X))

LL,(S")~H'(XL,)—-0. (4.1)

Embed the spaces L, (X), L, (Xp), Ly (X, ), and L,(S")
into /2(Z)™ as described in (2.3). In passing to the comple-
tion of those four spaces in /*(Z)™ we get the sequence

0-L4(X)~ W,eH_, —H,

with 7 the extension of 7 to W,eH,, ie,
T(weh) =w—h, weW,, heH_,. We claim now that
ker(w) = ker(7) and that coker(7) =coker(7). Assuming
this for the moment, we can conclude directly (a) that W,
belongs to the Grassmann manifold of H and, in particular
(b) to which component it belongs. Specifically, from this
assumption one sees directly that dim{ker(#)} is equal to the
dimension of the kernel of the natural projection of W to
diag(A,...,AYH_,, and that the cokernel of this last map is
isomorphic to the cokernel of #. Summarizing we have
found the following theorem.

Theorem {4.1): W, lies in the Grassman manifold of H,
and its virtual dimension is

dim H%(X,L,) —m —dim H'(X,L,)
= c{det(L,)) — mg.

The last equality is the Riemann—-Roch theorem for holo-
morphic vector bundles over a compact Reimann surface
(see Ref. 6, p. 64). Furthermore, det(L,) denotes the line
bundle associated to det(¢), and c(det(L,)) denotes its
Chern class. What remains to be shown is that Eq. (4.1) is
not affected by completion.

The kernel of 7 consists of (g,g) with geL, (X,) NHY,,
and the kernel of 77 consists of (g,g) withge W, N"H_,. Thus
we have to show L, (X,) "HG, = W;NH, .

As for the cokernels, the exactness of Eq. (4.1) implies
that there is a finite-dimensional space V in HZ}, such that
H™ = Ve {L,(X,) + H%}. Hence it is sufficient to show
that W, + H_, is closed and that {W, + H_,}NV = {0}.

A key role in the proof of these properties is played by
the following.

Lemma (4.2): Let { f;} = {Z,,4,;2"} be a Cauchy se-
quence in L, (X,) w.r.t. the L normon §'. Then { £;} con-
verges uniformly on compact subsets of the interior X § of X,
to a holomorphic f on X§, with Laurent series X, .,4a,2"
around x_, , and in /2(Z) we have

lim{a,}={a,}.

J— o

Proof: For the domain X, we have an analog of the
Cauchy integral formula. The role of dx/(x — z) is taken
over by a meromorphic differential w (P,Q), P,QeX, satisfy-
ing the following propositions (see Ref. 7, Appendix §3).

Proposition (4.3): Take P #Q, P #x_, ,and Q #x, . Let
sand ¢ be local coordinates around P and Q, respectively;
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then there are neighborhoods N of Pand M of Q and a holo-
morphic function g on s(N) X (M) such that

o(PL,Q") =g{s(P"),1(Q"))ds,
for all P'eN and Q 'eM.

Proposition (4.4): If f is a function on X,, holomorphic
on X3 and continuous on X, , then for all Qin XJ we have

L
A =—

1 JXy.

AP)o(P,Q) .

Let f; be as in the formulation of Lemma (4.2). By combin-
ing Propositions (4.3) and (4.4) we get for a suitable neigh-
borhood M of Qin X{ that, for all Q! in M,

with C a constant independent of f; and f;. Clearly this local
uniform convergence implies the uniform convergence on
general compacta, and the pointwise limit of the f; defines a

holomorphic fon X 3. The last statement of Lemma (4.2) is
a direct consequence of the uniform convergence on a strip

{P|PeX, 1 — ;,<|2(P)|<1 — €, €, > €, > 0}.

This proves the lemma. O

Consider now the case of the kernels. Take
weW,NH_,. Then there is a Cauchy sequence {w;} in
L, (X,) such that

wzlim ¢(wj).
J

By applying the lemma to the components of the w;, one sees
that ¢ ~'w is the L?>-boundary value of a holomorphic i:
X3 —C™. Since ¢ is holomorphic on a neighborhood of S’,
& (@) is holomorphic on a strip

{PeXy|1> |2(P)|>1—¢€,€>0},

and w is the L ?-boundary value of ¢ (i0). On the other hand,
weH _, and thus is the L *>-boundary value of a holomorphic
function on the interior of X _ . Now the edge of the wedge
theorem (see Ref. 8, p. 75) implies that w is holomorphic on
a neighborhood of X, , and weW ' NHY,. By applying
Lemma (4.2) once more one sees that W‘}: =L, (X,), and
thus W5 = L, (X,). This proves the equality of the kernels.

Let VCHY, be such that Ve {L, (X,) + H%, } is equal
to H*". Assume for the moment that W, + H_,, is closed;
then

H=V+{W,+H_,}=V+Im(7).

We show first that VN{W, + H_,} = {0}. We have just
proved that W, "H_, = L, (X,) "HZ;. Let Y be the ortho-
complement of W,NH_, in H,; then we have
Im(7) = W, @ Y. Take any vin PNIm(7) and decompose
itasv = ¢(w,) + y, withw,eW, the L >-boundary value ofa
holomorphic i: X § - C™. Again ¢(w,) is the L *>-boundary
value of the holomorphic function ¢(i) on a strip
{PeXy|1>2(P)| > 1 — €, >0},

with Laurent series 2,.,4a,2z". Since v = ¢(w,) + y, with
yeH_, and veHY), one sees that v=2 _,a,z" and that
é(iv) extends holomorphically to a neighborhood of X, -
In other words, ¢(w,)€L, (X,), but then also yeHZ},. Thus
veVN{L, (X,) + H%} = {0}. O
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Finally, we show that W, + H_, isclosed. Since it is the
inverse image of the image of W, under the natural projec-
tion p_,: H—H,,, we only need to prove that W, projects
onto a closed subspace of H_,. Let J w, be the canonical em-
bedding of W, into H. We first show that
K= (Id —p,)oiy,: Wy -H_, is compact.

Recall that each w in W, is the L >-boundary value of a
holomorphic & on a strip

{xeX,|1 —e<|z2(x)| <1, €> 0},

with € only depending on ¢. Choose a 4 in (1 — ¢,1). For
each win W, let R; (w) be the evaluation of i on

{x|xeP'(Q), |x| = 4},

i.e., for all 5!,

R; (w) (1) = w(At). 4.2)
Clearly R ; (w) belongs to H*", and its Laurent series around
x,is2,,(a,AM"ifi=3,,a,z". This R, is a bounded
map for Lemma (4.2) implying that

|R; (w)(x)]|<const X [|w||,
for all xS . In particular, one sees that

an"(an /1")"<0 (42)
defines a bounded map from W, toH _,.

Consider now the operator C: H_,—-H _,

Cl(a,))=(a, A 7" .

This C is a compact operator, for it is the limit w.r.t. the
operator norm of the finite-dimensional bounded map C,,:
H_,-H_,, m>1, given by

C.((a,))=(b,),
with b, =0 if |n|>m, and b, = a,4 ~" for |n|<m. Thus
the composition of Eq. (4.2) and C is compact, and that is
exactly K.

From the foregoing we know that the kernel of i}, — K
consists of L, (X,) MH%,. Let Y be the orthogonal comple-
ment in W, of the finite-dimensional space L, (X,) NH",.
Then (iW., —K)(W,) = (iW¢ —K)(Y),andi,,,¢ — K isin-
jectiveon Y.

According to Ref. 9, (i w, — K) (7Y) is closed if and only
if there is a positive ¢ such that

G, — KD/ IYll2>¢ -
Let K, be the composition of Eq. (4.2) and C,,; then the
K, converge to X in the operator norm. For all m, i w, — K

m

is injective on Y; therefore the image of Yunder iy, — K,,, is
closed if and only if

“ (IW¢ - Km ) (y)”2/||y”2>cm >o .
Assume that this holds for all m; then we have, for a suffi-
ciently large &, that Va> N,
|G, — Kl
Il

“(i% — Kyl — (Ky — K52

(¥l
>Cy — |[Ky — K, ||>¢>0.
But then we also have, for all >N,
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I Gw, = K¥ll2 _ NG, — Kyl = 1K = K,) )]

&

vtz ¥l

>c—|K~KX,||>0, forn—e .

Hence we are left to prove that the image of iy, — K, is
closed. Because KX, (H_,) is finite dimensional,
Y+K,(H_,) is a closed subspace of H. But since
(iW‘ — K, ) (Y) has finite codimension in Y+ K,, (H_,),
it has to be closed, too. This proves the assertion.
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The Ricci curvature of Diff S1/SL(2,R)
M. J. Bowick and A. Lahiri
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Previous calculations of the Ricci curvature for the manifold Diff(S ') /S ! are extended to
Diff(S ')/SL(2,R). These manifolds are distinguished by being coadjoint orbits of Diff(S'')
which admit compatible symplectic and complex structures, making them Kéhler manifolds.

I. INTRODUCTION

In Refs. 1 string theory was formulated in terms of the
holomorphic geometry of certain bosonic and ghost Fock
bundles over the space of complex structures of loop space.
This work was a geometrization or globalization of the work
of Frenkel, Garland, and Zuckerman,” who gave the condi-
tions for the consistency of string theory in terms of the Lie
algebra cohomology for the Virasoro algebra with coeffi-
cients in the Fock space of the string. Since the natural com-
plex structure of loop space depends on the choice of para-
metrization of the loop (circle), up to an overall rigid
rotation, the possible complex structures to be considered
are labeled by the orbit of a given complex structure under
the action of Diff (S !)—the group of orientation-preserving
diffeomorphisms of the circle. This orbit is isomorphic to
Diff(S')/S", for the complex structure given in Refs. 1.
Diff (S !)/S ! is a beautiful infinite-dimensional manifold. It
admits a compatible symplectic and complex structure itself
that renders it Kéhler. ' The appearance of Diff (S ') /S ! can
be understood from the Kostant-Kirillov theory of coad-
joint orbits.* The coadjoint representation of Diff(S') is a
representation of Diff(S') on its smooth dual space
(Diff (S '))*. At the algebraic level this space is the space of
quadratic differentials on the circle. The coadjoint orbits of
Diff(S') have all been classified.>° In accordance with the
general (finite-dimensional) theory they all admit nonde-
generate symplectic structures. As manifolds they are all iso-
morphic to Diff(S')/H, where H is the common isotropy
group of any point on the orbit. Only two of these orbits
admit an integrable complex structure that makes them
Kiéhler manifolds.">® These are Diff (S !)/S ! and Diff (S ')/
SL(2,R).

In Refs. 1 it was shown that the critical dimension of the
bosonic string (or, equivalently, the conformal anomaly)
can be understood as arising from the nonzero curvature of
the (anti)canonical linebundle of Diff (S ') /.S !. ForaKahler
manifold this curvature is given by the Ricci form of the
manifold itself. For Diff(§')/S ! the result is'

R(L_,,L,)=(—3%m’+}m)d,,,, (D

where R(L _ ,,,L, ) is the mn component of the Ricci form.
It is the ““26” in this result that yields the critical dimension
of 26 for the bosonic string. This result can be supersymme-
trized'®'"!2 and has been extended to the case of strings
moving on a group manifold.'?

In this paper we extend this calculation, for complete-
ness, to the other Kihler coadjoint orbit, Diff (S ') /SL(2,R).
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In terms of the setting of Refs. 1 this space would correspond
to the orbit under Diff(S'') of any projective SL(2,R)-invar-
iant complex structure. As the cocycle of the Virasoro alge-
bra is cohomologous to the SL(2,R)-invariant cocycle, it is
convenient to choose SL(2,R)-invariant structures in appli-
cations to string or conformal field theory. Diff(S')/
SL(2,R) has also been considered in Ref. 14, where it is
interpreted geometrically as the space of all Lorentz metrics
on the single-sheeted hyperboloid obtained from the stan-
dard [SL(2,R)-invariant] Lorentz metric by a global con-
formal diffeomorphism.

Il. PRESENTATION

For Diff(S')/SL(2,R) the type (1,0) and (0,1) eigen-
spaces of the complex structure J are the vector fields on the
circle L,, with m > 1 and m < 1, respectively. That is, at the
origin,

iLm ’ m>1,
JL,, = 2
" [—iLm, me —1, @
with L, =z""*'d /dz.
The Kihler metric is given by

o(L,,.L,) =a(m®>—m)é,, _,=w(m), (3

where we introduce the notation w(m) for later conven-
ience. This is the SL (2,R)-invariant form of the Kihler met-
ric given in Refs. 1 for Diff(S')/S . The complex structure
gives the following decomposition of the corresponding
complexified Lie algebra (at the origin):

Diff S'=L, +L_+SL(2R), 4)

where L, and L _ correspond to the type (1,0) and (0,1)
vector fields, respectively, and SL(2,R) is spanned by L, L,
and L_,.

To compute the curvature we introduce the Toeplitz
operator !>

PX) =Ly —Vy, (5

where V , denotes the covariant derivative in the direction of
vector field X with respect to the Kihler connection, and
% x is the Lie derivative. The operator ¢ (X) can be thought
of as operating within the space L, since both .%"y and V
preserve the complex structure and thus the decomposition
(4). The tensorial character of the Toeplitz operators allows
their action on a vector field Y to be computed at the origin
by extending Y away from the origin in any convenient man-
ner. Specifically, one can extend Y away from the origin
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such that the covariant derivative V, always vanishes and
@(X) = L. For XeSL(2,R) this is guaranteed since X
vanishes at the origin. That is, if we denote the identity of
Diff(S') by e, then X(e) =0 for XeSL(2,R), so that V,,
= 0.For XeL _,let (Y) . denote the (1,0) component of the
vector field Y. It is a holomorphic vector field and hence

Ve(Y), =3x((¥),)=0 (6)

at the origin. Here we have used the fact that a Kahler con-
nection agrees with the g operator in the antiholomorphic
directions, i.e., V, = dy for XeL . For XeL,, ¢(X) is de-
fined by its skew-Hermitian character. Thus we conclude

ad X, XeSL(2,R),
@(X) =1m,cadX, XeL_, (7)
—¢(f)+y X€é+r

where 7, denotes the projection onto the subspace L ., “ad”
is the adjoint action, and X - X is involution that maps

The Riemann tensor is given by

R(X,Y) = [VX!VY] _V[X,Y]
= [p(X), ()] —@(X,Y]), 9

using [Lx,-Ly] =L xy; and [LxVy]=Vixyy
which follows from left invariance under vector fields X and
Y. Thus the Riemann tensor (and subsequently the Ricci
form) can be computed entirely from our knowledge of the
action of the Toeplitz operators (7) and (8).

This gives
w(p)
L)L, = — 2m) —————0L,,
¢(L,)L, (p+2m) o+ m) +p m> 1,

o(L_,)L,=—0p—m—-D(p+mL_,

(10)
¢(Lk )Lp = (k-p)Lk+ps k= 1,0, - 1’ ’

L, - L_. In terms of components,

@(Ly)=adL,, k=10,—1, with @(p) = a(p® — p). The Riemann tensor is then
pL_,)=7m,%adLl_,, m>l, (8) R(L_,.L,)L, =Rz,", (11)
o(L,)=—@(L_,)", m>1 I with

m - _
Rm,,",,=[(2m+q)(m+q+n)-c‘)—(——ﬂ—-n—)——(q+n)(2m+q—n)9(i—ﬂ6(q—n—1)

w(m4q) w(q)

2m —2n + g,
- ) olg—ntm " (12)
(m+n (q-f—ﬂ—m) q , <n g+ mn+ps
o(q)

where m,n,p,q> 1.

The Ricci form can now be computed in two ways."'¢
With a Kihler manifold one can trace over diagonal terms
p = ¢q. Since a Kihler manifold is also Riemannian one can
equivalently trace over ¢ = n. The latter trace has the advan-
tage of rendering the absolute convergence of the Ricci form
obvious. The diagonal terms of (12) are

R." =5,10 2n) —20m)
mn p = Omp) (2m + @) (m + 2n) oo+ 1)
2m — n, m>n
AN gy 2
w(n)
(13)
The Ricci form is then
- < ’) _oim) .
R;, 6,,,1,["2:"2 [(2m+n)( n+m) P
—(m+n)(2n—m)93'l)]
w(n)
(m)
+ +n)(2n —m) =2
2 (m+n)y(2n—m o0
- z (m+n)(2m~n)]. (14)
n=2
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Since the overall trace is convergent we can shift arguments
(n—n + m) in the second sum to give

m+1

- Y (m+n)(2—-m) ((

n=2

m)
)

+é‘,2 (m+n)(2n—m)%((—':)l

- 3 memem—n|

n=2

m+1

= —6,, ; (m+n)(2m—n)

— B(m®> —m)é,, (15)
As required this is the SL(2,R)-invariant analog of the result
(1) for Diff(S ") /S, i.e., we obtain the expected critical di-
mension 26 in string applications and the SL(2,R)-invariant
cocycle of the Virasoro algebra (or conformal anomaly)
from the Ricci curvature of Diff(S ')/SL(2,R).
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Wiener analysis of a binary hysteresis system
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Nonlinear transformation of an independent Gaussian sequence by a binary hysteresis is
studied by Wiener’s method [ Nonlinear Problems in Random Theory (MIT, Cambridge, MA,
1958)]. The output sequence of the hysteresis is represented by a series of Wiener—-Hermite
functionals, which are random and orthogonal (uncorrelated) to each other. From the
hysteresis equation, a set of linear equations for the Wiener—-Hermite functionals is derived
without approximation. The equations directly show that the hysteresis is decomposed into
equivalent subsystems consisting of static nonlinear elements, multipliers, adders, and linear
filters. They are solved by use of random numbers generated in a computer in order to get a
sample output sequence approximated by a finite sum of the Wiener—-Hermite functionals.
Another set of equations is derived for the mean-square values of the Wiener-Hermite
functionals. In terms of its numerical solutions, the convergence property of the Wiener—

Hermite functional series is discussed.

1. INTRODUCTION

In this paper we study the nonlinear transformation of a
Gaussian random sequence by a binary hysteresis, shown in
Fig. 1. Such a hysteresis has received much interest in con-
trol and biophysics because it is a simple model of a transfer
relay in a control system' and a basic element in a neuron
system.?

We deal with such a problem by the Wiener method,>-
which has been applied to nonlinear stochastic problems
such as the theory of turbulence,®’ wave propagation and
scattering in random media,* ' analysis and identification
of physical and biological systems,>*'""'> and stochastic
differential equations.’® In principle, the Wiener theory
gives a mathematical method to represent the output of non-
linear systems with the Gaussian input signal in terms of
Wiener-Hermite functionals. The coefficients of such a
functional expansion are deterministic functions called Wie-
ner kernels, in terms of which systems are identified.*''~'?
Exact Wiener kernels are known for several nonlinear sys-
tems: a memoryless nonlinear element,* the so-called sand-
wich system,'*'% and a bilinear system.'* But no exact Wie-
ner analysis has been made for a hysteresis system. Since
Wiener kernels are difficult to determine exactly for a system
with a strong nonlinearity and memory, it is often said that
Wiener theory should be tried in case of 2 mild nonlinearity.’

But even though the binary hysteresis has a strong non-
linearity with memory, this paper demonstrates that an ex-
act Wiener analysis may be carried out in a special case
where the input is an independent, zero-mean, Gaussian se-
quence. First, we derive a hysteresis equation describing the
input~output relationship. We develop the output sequence
of the hysteresis in terms of Wiener—Hermite functionals.
Using a theorem on the Wiener-Hermite functionals,'” we
then transform the hysteresis equation into a set of linear
equations for the Wiener-Hermite functionals. Since Wie-
ner kernels have been believed to be essentially necessary for
calculating Wiener—Hermite functionals, many studies have
been made to determine them for various problems.>>'®
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However, the linear equations enable us to calculate directly
the Wiener-Hermite functionals without knowledge of Wie-
ner kernels. Taking advantage of this, we carry out a com-
puter simulation in order to get a sample output sequence
approximated by a finite sum of the Wiener-Hermite func-
tionals. Then we derive another set of equations for the qua-
dratic mean value of the Wiener—Hermite functionals, in
terms of which the convergence property of the Wiener—
Hermite functional series is discussed.

We summarize basic notations and definitions of the
Wiener-Hermite functionals in the Appendix, because var-
ious notations are available.>”

Il. HYSTERESIS EQUATION

Let X, (w) (p =0, + 1, £+ 2,...) be an input random se-
quence for the hysteresis shown in Fig. 1, where p denotes
the discrete time and w is a probability parameter describing
a sample point in the sample space ). (However, we often
drop the probability parameter @ in the equations below.)
We assume the input X, is a Gaussian sequence with zero
mean and unit variance:

A
(G B A
1
Ry M X
E D RlY=-1)

FIG. 1. The input-output characteristic of a binary hysteresis, which trans-
forms a Gaussian sequence into a binary sequence. The threshold level is
denoted by + M.
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where the angle brackets denote the ensemble average over
the sample space ). The output of the hysteresis is denoted
by {Y, (@)}, which is a binary sequence taking + 1. We
implicitly assume, however, that the sample space {2 is of
function space type.'® Thus a sample point @ and a function
g(w) are regarded as an infinite-dimensional vector given by
a sample sequence {X, } and as a functional of {X,, }, respec-
tively:

o= (...,Xp, X, X0 X _1500) s )

g(@) = g(... X, X XX _1p5enl)
Here w,, the pth component of @, is given by w, = X (@),
Furthermore, a shift of a sample sequence by
g, {x,}-{X, .}, induces a shift T'? of a sample point @ in
Q,namely, X, , ,(w) = X, (T %). Inthe case of an indepen-
dent Gaussian sequence, '® the shift 77 is a measure-preserv-
ing transformation with a group property: 7° =1 (identi-
ty); TP+ 9= T? - T7 Once the shift T'is so defined, g(7T*w)
becomes a stationary random function of p for any random
variable g(w), where T?w and g(7T? w) are defined as

T?0 = (...X, 2, X, ¢ 15X, X, 15000)s
8(T?w) =g(.sXp 1 25X, 4 1 XX, 14er) -

Further, we define even and odd functionals of . Setting
— &= (eey — X5, — X}, — Xpy — X_y,...) by (2), we may
define even and odd functionals by the relations

g(w) =g( —w)

(3)

(even functional) ,
= —g(—w) (odd functional) . (4)

Because the hysteresis is with memory, the present out-
put Y, is not uniquely determined by the present input X,.
When the one-step past output ¥, _, isequalto —1lor 1,
however, the present output Y, is uniquely determined by
the curve EDFBA or EDCBA in Fig. 1. Thus we get

Y,=CX,—M) (¥,_,=—1),
Yp=C(Xp+M) (Yp_|=l),

where + M is the threshold of the hysteresis and C(x) is a
clip function:

Cx)y=1 (x>0)
= —1 (x<0). (6)

Since Y,(w) = + 1, from (5) we obtain the hysteresis
equation:

(3)

Y, = ()(Y,_, + DCX, + M)
-, —1HCX, - M)
=D(X,)Y,_, +S(X,). (N

Here D(x) and S(x) are discontinuous functions given by
(see Fig. 2)

Dx)=WD[Cx+M)-C(x-M)],
S(x) =W I[C(x+ M)+ Clx—M)],

(8)

which are even and odd functions, respectively:
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1-1

(b)

FIG. 2. Discontinuous functions D(x) and S(x). They are even and odd
functions, respectively.

Dx)=D(—x), Sx)=—-8(—x),
D(x) =D%(x), S(x)=S83x), 9
D¥*x)+S*x)=1, D(x)S(x)=0.

Note that the hysteresis equation (7) is formally linear with
respect to the output {Y,}, even though the hysteresis is
nonlinear and discontinuous in the input—output relation-
ship.

A formal solution of (7) is easily obtained by the iter-
ation as'®

Yp(a)) =S’(XP) +D(XP)S(XP_,)
+D(X,)D(X,_)S(X, )+ . (10)

This shows that, due to the causality, the present output is a
functional of the present and past input. Thus, rewriting (3),
we may put

Y, (0) =8(X,.X,_,X,_3,..) =8(T?0) = Yy(T"w) ,

(11)
which means that Y, (@) can be obtained from Y, (@) by the
measure-preserving transformation.

We note that (10) is valid for any input sequence with
any correlation function. It is difficult, however, to calculate
from (10) statistical properties of the output Y, for a corre-
lated input sequence. But when X, is an independent Gaus-
sian sequence enjoying

(X, X,)=6(p.g9), pg=0,+1,+2,., (12)

8(p,q) being Kronecker’s delta, we may carry out an exact
Wiener analysis as is described in the next section.

lil. WIENER-HERMITE EXPANSION OF THE OUTPUT
SEQUENCE

Two functional expansion techniques are well known:
Volterra functional series>'” and Wiener-Hermite expan-
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sion (notations and definitions of the latter are summarized
in the Appendix). Because the hysteresis is discontinuous in
the input—output relationship, Volterra functional series
may not be applicable. On the other hand, one may represent
the hysteresis by the Wiener-Hermite expansion as in
(A11), because {Y, } has a finite variance.

Because the hysteresis is symmetrical with respect to the
origin (see Fig. 1), Y, becomes an odd functional as (4),
namely,

Y, =g(X,.X, _I,X,,_z,---)
=—g(—X,,—-X, ,,—X,_,,..). (13)
Since odd-degree Wlener—Hermlte functionals are odd by

(A15), we write Y, in terms of only odd-degree Wiener—
Hermite functionals as

YP= iy2n+l(p)) (14)
L, [Gy 1 (- —plo] . (15)

Here I,,,,[G,, .1 (- —p),@] is the (2n + 1)th degree
Wiener-Hermite functional defined by (A12). (For
convenience, however, the notations y,,,,(p) and
L, ,1[Gzns1 (- —p)w] are doubly used for the Wiener-
Hermite functional.) Due to the causality, the Wiener kernel
Gan 41 (D1sP2sesPan 41 ) should be zero if any of its argu-
ments is positive, that is,

Gy 1 (P1sP2sesP2n+1) =0,
foranyp,>0 (i=123,.2n+1). (16)

Van 1 (D) =

where the symmetrical Wiener kernel D ,,, and constantsd ,,,
and s,, ., are given by

D,,(p\ — P2 — Py sP2n — P)
=d,,6(p,p)6(pyp)  6(PansP) (19)
0 = (2n),f D(x)Hy, (x)G(x)d, (20)
S2n 41 =(T—T)'—,[ S(x) Hy, . ()G(x)dx, (21)

which depend on the threshold M of the hysteresis. Here
G(x) is the Gaussian distribution (A1). By (9) and Parse-
val’s relation, we obtain the useful relations

d, = Z 2nNd2,,
(22)
z 2n)'di, + 2 Cn+ 13, =1.
n=20 n=0
In order to analyze the hysteresis equation, we then de-
velop the productterm Y, _, -D(X,) in (7) in terms of Wie-

ner—Hermite functionals. This can be done easily by (A19)
as

Y,_, D(X,)

P
=( 2012m+1[G2m+1(' —p+ 1),a)])

( E:', [D2n (- p),w])

& (2m+1—2k+ 2n)! (2n 4+ 2k)!

@ a0

Next we write D(X,) and S(X,) as oo =o (2m 4+ 1 =2k)! (2k)! (2n)!
DX,) = z dyH,y, (X,) = z L, [Dsn (- —P)0] XDy 1 [{G2m+1—2k+2n(' —p+1),
n=0 n=0 (17) D2n+2k('—p)}2n’a’] . (23)
_ Here. {GZr‘n+l—‘2k+2n(. —p+ 1))D2n+2k(' _p)}Zn is a
S(X,) = Spy 1 Han i 1 (X)) 18 2n-dimensional inner product defined by (A10), which can
’ ,,Zo 21T+ 100 (1) be calculated as follows:
J
{G2m+1—2k+2n(' _p+ 1)’D2n+2k(. _p)}ln
= > Gomir—y2aPi—P+ 1P —p+ Lops, —p+ Loy —p+ Lspr 2y —p+ 1)
PiPhiPip = —
XDy 4 21 (P1 = PPy = PoesPrn — PPam 42— 2k — PreesPam 41 — P) (24)
=Gyt -akr2a (L py—p+ 1,0p30 2k — P+ 1)
Xsn 4 260 (Pom 42— 2PIOPam 13 —265P) " 0(Dypm 4 15P) » (25)
_ {0 (n>0),
Gomit1— @i =P+ LsPrm sk y1 =P+ D XAk 6(Prm 2 2kP)OPrm 13— 2koP) " 6(Prm o 15P) (n=0).
(26)
-
Equation (24) is due to the definition (A10). Substituting Y, -D(X,)
(19) into the right-hand side of (24) and carrying out the
summation, one easily finds (25), in which the number of 1 © m
in the variables in G,,, , | _ 2t 2. iS €qual to 2n. By (16), =3 3 Lpo i1 [{Gomy 10 C—p+ 1),
however, the right-hand side of this equation vanishes for m=0k=0
any positive integer n. Thus we finally obtain (26), which
simplifies the right-hand side of (23) as Dy (: = plow] (27)
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which can be simplified further. By (A12) and (26), we
obtain

L, .\ [{G2m+1—zk(' —p+ 1),D, (¢ “P)}mw]
p—1
= Z Gomir—aP1—p+ 1,y

PiPa-Pim — 2%k + 1= —
Pam—2k41 —P+ 1)dy
XH O O[X, X, ...

where the upper limit of the summation becomes p — 1 by
the causality (16). Because variables p,,p,,....02m _ 26 41 iN
(28) are always smaller than p, it follows from (A1), (A4),
and (A9) that

Hem+ ”[X,,l ’sz""’Xsz_zk+|’XP""’XP]
=H(2’"‘2"+”[X,,l,sz,...,szm_uH]
XHy (X,)  (PuP2P3ssPam— 2k 41 <P) -
Therefore-we obtain from (28) and (29)
L 1 [{Gom o1 —p + 1), Dy (- — p) }oy0]
=D k1 [Gomi1-2(C =P+ 1)@]
Xdyy Hy (X))
= Yom—2k+1 P — 1) Xdy " Hy (X,) . (30)

Inserting this relation into (27), we finally obtain a simple
expression of the product,

Poam —2k+1

(29)

Y,_'D(X,)
= > Y Vam—zks1 @ =D Xdy Hy (X,) . (31)
m=0k=0

This simple result is essentially due to the fact that, for any p,
X,and Y, _, arestatistically independent from each other in
the case of the independent sequence {X,}. This property
will be used often below. Substituting (14), (18), and (31)
into (7), we get

z Yam 1 (D) — z Vam 21 (p—1)
m=0 k=0

'dzk'sz(Xp) —szm+1'H2m+1(Xp)] =0, (32)
which holds in the ensemble mean-square sense. Because
Wiener-Hermite functionals with different degrees are or-
thogonal (uncorrelated) to each other, we obtain from (32)
a set of linear equations for y,,,, , , (p):

Yami 1 (P) = Z Yam—21(p—1)
K=o

Xde .sz (Xp) + Sam+1 'H2m+ 1 (Xp)
(m=0,123,.), (33)

where coefficients d,, *H,,(X,) are time dependent and
random.

We may represent (33) by an equivalent network in Fig.
3, which illustrates how the hysteresis with an independent
Gaussian input is decomposed into subsystems consisting of
static nonlinear elements, multipliers, adders, and linear
filters. Note that this network is valid only for the Gaussian
sequence with (1) and (12).
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KyenX, ] (28)

(b)

FIG. 3. (a) Linear filter L and (b) equivalent network of the hysteresis with
an independent zero-mean Gaussian sequence {X,}. The one-step delay
line is denoted by D, and H,, is the nth-degree Hermite polynomial, repre-
senting a static nonlinear element.

In many cases Wiener kernels are definitely needed to
calculate Wiener—Hermite functionals. Therefore theoreti-
cal and experimental works have been carried out for deter-
mining Wiener kernels for various nonlinear problems.>'®
Since Wiener kernels are multivariable functions, it is not
easy to obtain higher-degree Wiener kernels in a general
case. In our case, however, without knowledge of Wiener
kernels we may easily calculate Wiener—Hermite functionals
Yom +1(p) from (33) by the iteration. Taking advantage of
this, we will calculate higher-degree Wiener—Hermite func-
tionals later to discuss the convergence property of the Wie-
ner-Hermite expansion (14).

We should note that, if we take a spectral representation
of the Wiener—-Hermite functionals, asymmetrical Wiener
kernels in the spectral domain can be easily obtained from
(33). Discussions on the Wiener kernels, however, will be
omitted here.

IV. CORRELATION FUNCTIONS

We have derived a set of linear equations for the Wie-
ner—Hermite functionals, from which we will obtain correla-
tion functions of the Wiener—Hermite functionals in this sec-
tion. However, we start with the average and the quadratic
mean of the output sequence {Y,}.

Since the Wiener-Hermite functional y,(p)

=1,[G, (- — p),w] has zero averages except when n =0,
we obtain from (14)

(Y,)= i P21 (@) =0, (34)
n=0
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which is to be expected from the symmetry. Next we calcu-
late the mean square of Y,,. Since ([ H, (X,)]?) = k!and,
for any given p, m, and k, y,,, _ 5,1 (p — 1) and H,, (X,)
are statistically independent from each other, taking the
square of (33) and averaging the yield we find

m

Oom 1 = Y 2kt X (2k)dy + 2m + D53,

k=0
(m=0,1,23,..), (35)

where 03, , , is the quadratic mean of the (2m + 1)-degree
Wiener-Hermite functionals,

U§m+l = <[Y2m+ 1 (P)]2>-
Taking a summation of (35), we obtain

i 0§m+l = i [Z Uim_2k+|>((2k)!'d§k
m=0

m=0 k=0

(36)

+(2m+1)!-s§,,,+,]

=(§: 0%m+1)(k2 (2k)!'d§k)

m=

+ 3 Cm+ g, . (37)
m=0

Using (22) and (37), we easily find
w0 2 @
<|Yp|2>=<[z .V2m+|(P) >= z U§m+|=1. (38)
m=0 m=0

Let us obtain the correlation function R, , of
Yam + 1 (). Multiplying both sides of (33) by y,,,, , ; (¢) and
averaging, we obtain, for g <p,

Ry ' (2= @) = W2t 1 (P)V2rm 11 (@)

=doRy, . (p—g—1) (g<p). (39)

Solving this with the initial condition R,,, . , (0) =03, |,
we get

R2m+l(p-q)=alz’m+ld(l)p_q" (40)

which means that all Wiener-Hermite functionals have an
exponential correlation function, with the common expo-
nent In(d,). Making a summation of (40) and using (38),
we obtain the autocorrelation function Ryy of ¥,

Rylp—=(Y,Y)= Y Ry (p—q)=dlp—.
m=0
(41)

From (41) we may conclude that the hysteresis trans-
forms the independent Gaussian sequence {X,, }into{Y, },a
binary sequence with an exponential correlation. A contin-
uous-time binary process taking + 1 with an exponential
correlation is known as the random telegraph signal.* Thus
we may say that the hysteresis transforms an independent
Gaussian sequence to the discrete-time random telegraph
signal.

We calculate the cross-correlation Ryy (p —¢q) of Y,
and X, which relates to the first-degree Wiener kernel. Mul-
tiplying both sides of (33) by X, = H,(X,), withm = Oand
taking the ensemble average, we get
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Ryx(p—q)=G\(g—p) = (.VI(P)'H1(X¢,)>

=dRyx(p—q—1) +5,6(p,q). (42)

where G, (g — p) is the first-degree Wiener kernel. Since Y,
and X, are statistically independent from each other when
g > p, we obtain from (42)

0 (g>p),
Ruxlp—g) = {s.-dé"“” (g<p),

which is a one-side exponential function. We note that (41)
and (43) can be directly obtained from (10).

(43)

V. NUMERICAL RESULTS

Since (| Y, |?) is finite, the Wiener-Hermite expansion
(14) always converges in the ensemble mean-square sense.
This does not mean that (14) converges fast. In fact, the
convergence is expected to be slow because the hysteresis has
a strong nonlinearity. Since no examples have been given
definitely for the convergence property of the Wiener-Her-
mite expansion in the case of strong nonlinearity, it is inter-
esting to check this point.

By Y " we denote an approximate output by a finite
sum of Wiener-Hermite functionals,

N

Y= 3 b1 @) (44)
Then the mean-square error e*(N) due to the approximation
becomes

N
EMN) =(Y, - YN =1-3 a3,

m=0

(45)

In order to estimate ¢*(N), we first solve (35) for o2, , , by
the iteration starting with m = 0. Obtaining 03,,, , up to
m = 25, we then calculate the mean-square error €>(N). A
numerical example is shown in Fig. 4, in which log[¢*(N)]
is plotted against log(N). Roughly speaking, the figure
shows that log[e’(N)] is asymptotically proportional to
— 4-1og(N). Thus we get a rough estimation,?

E(N)~O0N '),

(46)
(Y, — Y] ~O(N "), Noco,

0.01|v]x|u]-]'|'|

~0.1 /,N-n/z)

1

-0.2
-0.3
-0.%
-0.5
-0.8
-0.7
-0.8

—l_Oll_llLllllllillﬁ
0.0 0.2 0.8 0.8 0.8 1.0 1.2 1.4

Log(N)

Log[ eZ(N)]
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I
!

FIG. 4. Convergence property of the Wiener—Hermite expansion. The en-
semble mean-square error is denoted by €?(&), and M is a threshold of the
hysteresis.
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FIG. 5. Simulated output of the hysteresis (binary curve) and an approximate output (fluctuating curve) by a finite sum of Wiener-Hermite functionals for
M = 1.5. (a) First-term approximation with N = 0; (b) four-term approximation with N = 3; (c) 12-term approximation with N = 11; and (d) 26-term

approximation with ¥ = 25.

which means that the convergence of the Wiener-Hermite
expansion (14) is very slow in our case.

Next we describe a computer simulation. Using Gaus-
sian random numbers {X,} generated in a computer, we
solve (33) to get a sample sequence y,,, , , (p), in terms of
which an approximate output ¥ {* by the Wiener—Hermite
expansion may be computed. A simulated result so obtained
is illustrated in Fig. 5. In the first term approximation with
N =0 the approximate output ¥ {* fluctuates frequently
against the discrete time p, and it is much different from Y,
the true output. In the four-term approximation with N =3
the approximation becomes better, and the switching part
from 1 to — 1, or from — 1 to 1, in the true output Y, is
partially reconstructed by ¥ {¥. In a higher-degree approxi-
mation with ¥ = 11 or 25 the approximation becomes much
better, as is shown in Figs. 5(c) and 5(d). But ¥ {V isstill far
from the binary sequence Y, . These computer results imply
again that the Wiener-Hermite expansion converges slowly.

VI. CONCLUSIONS

We have demonstrated an exact Wiener analysis for a
symmetrical binary hysteresis in the special case where the
input is an independent, zero-mean, Gaussian sequence. We
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have derived a set of linear equations for the Wiener-Her-
mite functionals, from which Wiener-Hermite functionals
could be directly simulated without knowledge of Wiener
kernels. Also we have obtained an equivalent network for the
hysteresis.

However, the Wiener analysis becomes complicated in
the case of a correlated Gaussian sequence. This problem
will be left for future study.
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APPENDIX: BASIC NOTATIONS AND DEFINITIONS
1. Hermite polynomials of single variable

We define H, (x), Hermite polynomials of single vari-
able, by
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H, (x)= [G(x)]“'-( — —d—)n-G(x) (n=0,1.2,.),
dx

G(x) = (1/2m)exp( — §x%), (A1)
where G(x) is the one-dimensional Gaussian distribution.

Examples:
Hy(x) =1,
H (x)=x,
Hy(x)=x*—1, (A2)

H,(x) =x* - 3x,

Orthogonality relation:
(H, ) 0y = [ H,(0Ho (0 G)d

(A3)

where 8(n,m) stands for Kronecker’s delta, and the angular
brackets denote the average with respect to G(x).

=n!"6(n,m),

2. Multivariate Hermite polynomials
We define the multivariate Hermite polynomial H'™ by
H (X, XX, |

v=1 (?X

Py

Here X = (X, Xy _ 1, X _35eeesXgpeen X _ i) 82 (2k + 1)-di-
mensional vector and G,, , , (X) isthe (2k + 1)-dimension-
al Gaussian distribution,

G X 1 2k + 1) ( 1 k XZ)
' =|— exp| —— ,
w41 (X) [\/2_77] p > p=2_k I

=[sz+1(X>]—‘r"[(— 9 )GM(XL (A4)

(AS)
where k is taken to be arbitrarily large.
Examples of multivariate Hermite polynomials:
HOLX,]=1, H"[X,]=X,
H2[X,,X,|=X,X, —6(p.q), (A6)
HY[X,X,X,]=X,XX, —X,5(pg)
— X, 6(rq) — X, 8(r,p).
Orthogonality relation:
(H™ [Xo XX, ] H ™ [Xo XXy, ] )
= 8(n,m)85", (AT)

where the angle brackets denote the average with respect to
the multidimensional Gaussian distribution (AS5) with an
arbitrarily large k, and 557" stands for the sum of all distinct
products of m Kronecker deltas of the form 8(p,.q5),
P = (PyP2sPn)s 4= (§1:420-:9m ) all p, and g appear-
ing just once in each product; for example,

5,(;3) =6(p1,91)6(p2q2) + 6(P2,q1) 6(P1s4).

Even/odd symmetry:

H™[X, X, 00X, ]
=(-D"H"[-X,,— X, .. — X, ] -

P2 Pn

(A8)
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Factorization: The multivariate Hermite polynomial is
reduced to a product of Hermite polynomials. For example,

HP[X,.X,.X,]
HS(Xp)’ pP=q=r
|mxy o, p=a#n
- HI(XP)’Hl(Xq)'Hl(Xr)’ P#4, q#r, r#p,
HO[X,X, ' H(X,),  q#n ptr
(A9)

3. The k-dimensional inner product

For the symmetrical functions G,, (p,,p5-...p,, ) and
D, (p\ 2P, ) We define the k-dimensional inner product
{G,.(- —p), D, (- — @)}, by

{Gm(' —P),D,,(' - q)}k

G, (pi

= 2

PLiPoy Pk = —

— DsPs — DyeeesPi — Ds

Pr = PresPm—« —P)D, (p1 — q.p; — q,...0% — g,
prn—k+l —@ysPmyn—2k —q)’

k<min(m,n), (A10)

which is an m 4 n — 2k + 2 variable function but
asymmetrical in general. When m=n=k,
{G,.(- —=p),D,, (- — @) },, becomes a function of the differ-
encep — q.

4. Wiener-Hermite expansion

Notations and definitions for the Wiener-Hermite ex-
pansion are described here. However, see Refs. 3—5 for math-
ematical details.

We consider a functional g(7T?w®) of an independent
Gaussian sequence {X, }, where w is given by a sample se-
quence as (2) and T ? w is another sample sequence obtained
by the shift 7. When a functional g(7T? ) has a finite vari-
ance, i.e., {|g(T*”w)|*) < , it has an orthogonal develop-
ment called a Wiener—Hermite expansion, that is,

gT°w) =3 1[G, —p)o], (All)
n=20

where I, [G, (- — p),w] is the nth degree Wiener—Hermite
functional

In [Gn(' _p)iw]

o

= 2

PuParsPp= —
XH™[X,, X, .., ]

Herethedotin I, [G, (- — p),w] stands for the summation
variables (py,0,,....p,), H'™ is the multivariate Hermite
polynomial defined by (A4), and G, (p,,P2---,P. ) is a deter-
ministic function called the Wiener kernel, which is assumed
to be symmetrical with respect to its arguments. (When
n =0, however, I;[ G,(* — p),»] is a constant equal to G,.)
The Wiener-Hermite functionals enjoy the following prop-
erties. .

G, (py —PpP2 — Pr-sPn — P)

(n=0,12,.). (Al2)
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Shift transformation: By the definition (3) of the shift
T? and (A12), the Wiener-Hermite functionals satisfy

I[G,(),T 0]

=1[G, (- =p)o] (p=0+1+2.). (Al3)
The orthogonality relation:

<Im [Gm ( ) "‘P),w] 'I,, [Dn ( it Q),w])
=&6(n,m)-m{G, (- —p),D,,(- —q)},., (Al14)

where {G,, (- —p),D,, (- —q)},, denotes the m-dimen-
sional inner product defined in (A10). Putting » =0, we
find that 7,.{G,, (- — p),w] has zero averages except for
m=0.

Even/odd symmetry: By (A8) and (A12), odd- (even-)
degree Wiener-Hermite functionals are odd (even) in the
sense of (4):

L[G,( —p)w] =(—DL[G, (- —p), — @]
(n=0,12,..). (A15)

Convergence in the ensemble mean square sense: The
Wiener-Hermite expansion (A11) holds in the ensemble
mean-square sense, namely,

lim <
N— oo
By (A7), (Al4), and Parseval’s relation, we get

(BT )} = 3 (Un[Gn- —p)]?

N 2!
g(T?°0) — 3 1[G, (- —p)w] >=0. (A16)
n=0

S MG, (- = )G - = D)}
"=e (A17)
5. Wiener-Hermite expansion of a product

Let g(T?w) and f(T %) be random functions de-
scribed by Wiener-Hermite expansions:

T w) = z I,[G,.(—p)o],
m-e (A18)
f(T%w) = Z I[F,(—q)w],
n=0
where G,, (- — p) and F, (- — q) are symmetrical kernels.

Then the product of g(T?w) and f (T ‘w) is given by an-
other Wiener-Hermite expansion as
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8T )X f(Tw)
S 2" (n+m=—kM(n+ k)
= 1
mzo ngo k;o (m—Kk)k'n "
X[{Guym_ xC—=PVFor ik =}, 0]. (A19)

This relation is a slightly modified version of Theorem 2 in
Ref. 17.
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An infinite commuting hierarchy of three-Hamiltonian integrable extensions of the dispersive
water waves (DWW) hierarchy is constructed for each finite-dimensional Lie algebra . with
an invariant symmetric bilinear form on it. The construction is based on special two-cocycles
on a one-parameter family of differential Lie algebras attached to %.

I. INTRODUCTION

The classical equations of one-dimensional dispersive-
less free surface long waves

u, +uu, +h, =0,

1.1
h, + (uh), =0, (D

u=u(xt), h=h(xz)
lie at the intersection of two of the richest, but still not well
understood, integrable systems known to date. The first of
these is also a dispersiveless two-dimensional analog of
(1.1), called the Benney system,'

'y

u, + uu, +h, —uyf u,dy=0,
0 (1.2)

h
h,+(f udy) =0, u=ulxyt), h=h(xt),
0 x

which, upon introducing the moments 4,,: = f¢u™ dy, re-
sults in the separate system of evolution equations for the
A,.’s,

A, +A,. . +md, 4, =0 (1.3)

The system (1.3) is integrable, i.e., it possesses an infinite
number of conserved densities' and an infinite number of
commuting higher flows resulting from the first Hamilto-
nian structure of (1.3).%* In addition, the system (1.2) is
itself separate Hamiltonian and integrable, and the system
(1.3) has a second Hamiltonian structure.* The second of
these integrable systems is also one-dimensional but disper-
sive (i.e., with higher x derivatives) analog of (1.1), called
the Broer—Kaup (BK) system®*®

u, +uu, +h, —u, =0,
hz + (uh)x +%hxx =0’

(1.4)
u=u(xt), h=h(xzm).
The system ( 1.4) is also integrable: it has an infinite number
of conserved densities®” and higher commuting flows,” three
Hamiltonian structures,” and two different Lax representa-
tions.®” The classical Korteweg—de Vries (KdV) hierarchy
can be represented as a factor of the BK hierarchy, and not
only in the differential equations sense, but also in the Lax
and Hamiltonian senses.”

Although a dispersive generalization of the system
(1.3) is known, being just the famous Kadomtsev—Petviash-
vili (KP) hierarchy,* it has not yet been found for the truly
two-dimensional Benny system (1.2); were such a general-
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ization to become known it could be rightfully called Inte-
grabilitorum princeps.

The purpose of this paper is to construct, for arbitrary
metrizable Lie algebra ¢, an infinite commuting hierarchy of
integrable three-Hamiltonian extensions of the BK hierar-
chy, the latter corresponding to the case of z = {0}. Recall
that a finite-dimensional Lie algebra o over a commutative
ring /4 is called metrizable if there exists a nondegenerate
symmetric bilinear invariant form on it. (For example, any
complex semisimple Lie algebra is metrizable.) We fix z and
assume that # D (Q, and that there exists a basis (e,,...,ey ) of
# in which the structure constants ¢, of ¢ are cyclic sym-
metric,

ty, =th,, 1<u,v,0<N=dim g (1.5)
€.g., an orthonormal basis for 2 will do. We fix this basis of 2.
I now set up the notation, state the main results, and
describe the layout of the paper. The basic facts about differ-
ential rings and the Hamiltonian formalism are taken for
granted; they can be found, e.g., in Refs. 8 (Chap. I) and 9
(Chaps. VII and VIII). (I will recall most of the needed
facts in the main body of the paper.)
Let K be a commutative differential ring with a deriva-
tion 9:K—K, such that AC4:=Kerd |- Let C
=K [uP,h D rP s "], jek,, 1<u<N, be a differential al-
gebra. Consider the following system of evolution equations
in C:
u, =W+2h—u)),, h =Quh +h, +rs),,
r,= —[r8] + (ur),, s, = (us+2r),,

wherer = (ry,...,rx )", 8§ = (5},....,55 ) are g-valued functions
of x and ¢, and the commutator [r,s] is taken in 2. The
system (1.6) is a o-generalization of the BK system (1.4) to
which it collapses when r =s = 0 (and also for ¢ = {0}),
provided one changes the fluid dynamical time rin (1.4) into
— t /2 (to make forthcoming formulas more aesthetically

(1.6)

appealing).
Set
Hy=u/2, (1.7)
H,=h, (1.8)
H, = uh +r's, (1.9)
Hy=h?+ h(u* — u"") + ur's + 17, (1.10)
and define the following matrix differential operators:
© 1988 American Institute of Physics 1990



20] °

1
B —\ , TS, ] 31}’ (1.11)
a1 0
20 |du—-a)]| 0 0
[ ICEOr 2T I KX
B 0 | ar -]l 0}
0 ds 0 291
(1.12)
[2(ud + du) O(u—03) +2(hd+h) | 2r9 2s'0 \
[ (v +3)% (4 + ) (hd + Ih) (u+)rd | (u+3d)s!
B3 = + 2(hd + Jh) + (hd + dh)(u —3) — [s,r]* + 2r'd (1.13)
+r'sd + Or's ' '
20r Ir(u—3d) — [rs] —2[r,] |
\23s ds(u—a) + 20r 2r,1 | =20s,1 /
I
It is easy to see that the z—BK system (1.6) can be written in B*5(H,, . ,)=B*6(H,), meL,. (1.15b)

the form

= B'8(H,) = B?5(H,) =B*5(H,), (1.14)

n - X

where 6 (H) is the column vector of functional derivatives of
an element HeC.

Theorem 1.1: (i) The matrices B ' and B ? are Hamilto-
nian; (ii) the matrix B 3 is Hamiltonian.

Since the matrices B ' and B? are affine, the (i) part is
equivalent to constructing the corresponding one-parameter
family of differential Lie algebras, say #(4) [formula
(2.3)], and a few (more exactly, five) generalized two-cocy-
cleson z(A) [formulas (2.7)-(2.11)]. This will be done in
Sec. II. Since the matrix B2 is badly nonlinear, the direct
check of its Hamiltonian property would be a modern ver-
sion of constructing a regular 65537-gon with a ruler and a
compass. We circumvent this problem in Sec. VI by lineariz-
ing the matrix B3, i.e., by exhibiting a nonlinear differential
change of variables that transforms B 3 into an affine matrix;
after that, purely Lie-algebraic arguments will suffice to
prove the (ii) part.

Denote

C'= Q[u"’,h ‘f’,rﬁ“j’,sf‘j’], JjeZ,, 1<u<A.

Theorem 1.2: There exists an infinite sequence of ele-
ments H,,€C’, meZ,, starting with (1.7)—(1.10), such that
B'6(H, ,,)=B?*(H,), meZ,, (1.15a)
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In other words, the 2-BK system (1.14) is just one
member of an infinite commuting three-Hamiltonian hierar-
chy of integrable systems. [It is quite likely that the coeffi-
cients of H, ,,’s (when the structure constants ¢, are
treated as formal variables; see Sec. III below) belong to Z
and not to (@, but my methods are insufficient to prove this. ]
Equation (1.15b) is obvious for m = 0 and follows from
(1.15a) for meN by a straightforward computation per-
formed in Sec. III. Equation (1.15a) presents, as is usual in
bi-Hamiltonian analysis (outside classical mechanics where
B 'isinvertible), serious difficulties. They are resolved in two
steps. First, in Sec. IV we consider a new one-parameter
family of differential Lie algebras ¥ (A1) [formula (4.1)]
and three two-cocycles on . (A1) [formulas (4.3)—(4.5)}.
Out of this data, over the differential ring
C, =K [uPh D¢ P p'P], jeZ,, we extract the following
two matrix differential operators:

0 4
ool o )

\0 | 5 q3+3q}’ (116)
qd+3q pd+ dp
20 d(u—3a) 0 0
il (u+3)3\| hd+dh |qd+3dq| pd+dp
0 q3 + dq 0 0
0 po+dp 0 qd + dq
(1.17)

Later on, from the matrices B ! and B 2, we derive the follow-
ing matrix:
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2(ud + du) Au—39)? 2(qd + 9q) 2(pd + dp)
+ 2(hd + dh)
(u+ )3 (u + 3) (hd + oh) (u+ 3)(gd+ dq) | (u+ 3)(pd+ dp)
B3 — + 2(hd + dh) + (hd + dh)(u — 9) + (gd + dgq)
= (1.18)
+ (pd + dp)
2(gd + 9q) (g3 + dg) (u —d) 0
\2(p3+3p) (pd + dp) (u —9) 0
+ (g3 + 9q)
I
Set chargcter of B3 (proved in Sec. V_I) and ( 1.27.3), it follows
By =u/2, (1.19)  thatB’isalso Hamiltonian. Since B 'and B 2are Hamiltonian
T =k (1.20) by construction [being assocmtf:d wit'h th‘e Lie algel.ara
N ’ : ZL(A)], (1.24) and (1.25) describe an infinite commuting
H,=uh+p, (1.21)  hierarchy of integrable three-Hamiltonian systems. For the
Ho=h?+h(—u") +up+q, (1.22) Hamiltonian H,, B '6(H,) represents the system
and introduce the following grading into C:
u, =W +2h—u.), h,=Quh+h, +p),,
APy =1+4j, rd(h?) =2+, (128)
AN =), AP =34, AR =0 ) T UG P up gy,

Theorem 1.3: There exists a unique (modulo Ir_n_ d) se-
quence of homogeneous elements H,eC;
= Q[u(j)yh (j)9q(j)9p(j)]9 jezf’ mezf’ rk(Hm) =m + 1’
starting with (1.21)-(1.24), such that
B'SH, . ,)=B%(H,), meZ, (1.24)
B(H,,,)=B%(H,), mel,. (1.25)
This will be proven in Sec. IV. Second, in Sec. V we
consider a differential homomorphism (i.e., over K and

commuting with d) ®: C, - C, given on the generators of C,
by the formulas

Pu)=u, ®h)=h, P(g)=rT, O(p)=rs

(1.26)

_ Lemma 11: Each of the pair of matrices
(B'B"), I =1,2,3, is Hamiltonically related with respect to
the homomorphism ®, i.e. (see Ref. 10, Proposition 6.1),

D(®)B'D(®)' = (B, (1.27.)

{=1,2,3, where @ is the vector (P(u),®(h),®(9),P(p)),
D(®) is the Fréchet derivative of @, and the dagger stands
for “adjoint.”

To check (1.27) is a simple but long exercise that is left
to the reader. Since ® is injective, from the Hamiltonian

which is another generalization of the BK system (1.4).
Theorem 1.4: Set H,, = ®(H,,)eC’, meZ,. Then the
thus defined sequence {H,, } satisfies (1.15a).
This proves the (i) part of Theorem 1.2. Theorem 1.4 is
proved in Sec. V.

il. LIE ALGEBRAS »(A) AND ASSOCIATED
HAMILTONIAN MATRICES

Denote by & = & (K) the following Lie algebra struc-
tureon K:

[Xl»Xz] =X1X§1) —X§”X2, Xl»XzGK, (2-1)
where (+)? = 3/(*). Denote by V,, ce4, the following & -
module structure on K:

X: X, 4 X Vf, XeD, feK. (2.2)

The Lie algebra (A1) isafree (2N + 2)-dimensional X-
module Ko K& (K® ) & (K®g) (all tensor products are
over #) with the commutator

4] P2 X1¢7£” ‘X2¢’§”
X, X, XX’ -x{Vx,
fi®a, fea, - X fiVea,— X,f{"®a, +fifa®la,a,] > X fogiek, anbeg, 1=12
186,/ \g:8b Xg"ob,— X, 8" ®b, — (A/2)f, f,@ [a,,a;)
(2.3)
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In other words, 2(4) is semidirect product Lie algebra
D& Voo (V,® z(4))], where 2(A) is the following Lie al-
gebra structure on g @ g:

1G)-C=( mianant)

anbeg, =12 24)
here and below, A is a formal parameter commuting with
everything.

Recall (Ref. 9, Chap. VIII) thatif 4" = K " has a differ-
ential Lie algebra structure [, ], then a bilinear differential
operator w: 4 X 4 — K is called a (generalized) two-cocy-

cle on A if
o(X,Y)~ —o(Y.X), VXYV, (2.5)
o([X,Y 1,Z) +cp.~0, VX)Y,Ze AV, (2.6)

where f~ g means ( f— g)€lm 8, and c.p. stands for *“cyclic
permutation.”
Lemma 2.1: The following are two-cocycles on ¢(A4):

®,(1,2) =9, X5" + X,p5", 2.7
@,(1,2) = —p X + X957, (2.8)
03(1,2) = @:p3", (2.9)
w4(1,2) = (a,,8,)1, 5", (2.10)
ws(1,2) =2(by,b,)8.85" + A(a,,b,) /185"

+ A(bna,)8, f5Y, (2.11)

where w(1,2) is a shorthand notation for

o))

Recall (Ref. 9, Chap. VIII) that to the Lie algebra .#~
one associates the nXn matrix differential operator
B'=B(.#"), with coeficients in a differential ring
K [vS],jeZ;, 1<a<n, via the formula

XB'(Y)~ > v,[XY],, VX Yert,

a=1

(2.12)

where [X,Y ], is the component #a of the commutator
[X,Y ] in #". Therefore, from (2.3) and (2.12) we get

u(X,pi” —Xp (V) + (XX — X {VX,)
+ 3, (X, f3’ — X iV + 2th fifo)
+ 35, (X85 — Xogl)) — (A/2)2t4 fio ko)
~@[u(X,)] + X, [ud(@,)
+ (hd+ 3h) (X,) + 3r,0( f,,) + 25,0(8,,) ]
+ [, [Or (X)) + 225, (r, — (A/2)5,)( f3)]
+ &1, [95. (X2) ]. (2.13)

Thus the natural Hamiltonian matrix B (¢ (A4)) associated to
the Lie algebra #(4) is

0  du 0 0
ud hd+ oh r'd 59
Blg(=| ar [—r+(4/2)s,] O
0 3 0 0
(2.14)

For a two-cocycle w on .4/, let = B, be the corre-
sponding matrix differential operator

XB(Y)~a(XY), VX Ye At (2.15)

Let B, be the matrix associated to the two-cocycle @,
[(2.6) + []. Define

and ( , ) is the invariant scalar product on g. B(A): = B(g(A)) + AB, + B, + 2B, + Bs, (2.16)
Proof: A direct verification omitted due to its length and
triviality. B  where 85 = fB5(4) depends upon A [see (2.11)],
J
29 d(u—3a)+Ad 0
(u+d)d+A4d hd + dh r'd s'd
B(A) = 2.17
“4) 0 or [—r+(A/2)s,] Adl (217)
0 ds Adl 201

Since the w,’s are two-cocycles on g(4), the matrix B(4)
(2.16) is Hamiltonian (Ref. 9, Chap. VIII). In particular,
the following matrices are Hamiltonian:

B':=2A""BA)|11-0» (2.18)

B =B(A)|;_0 (2.19)

which are precisely the matrices (1.11) and (1.12). This
‘proves Theorem 1.1(i). [ ]
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lll. DERIVATION OF THE MATRIX 57

Writing Eq. (1.15a) in longhand, with B ' and B2 given
by (1.11) and (1.12), we obtain

SH S5H SH
d —_"‘“):a[z m — ( '")] .1
( o r + (u—09) o (3.1u)

8H, 5H S5H
a(-——'"“): aa( "') hd ah( "')
r» (u+9) F» + (hd + Jh) 7

oH oH
+r'¢9( "')+s‘<9(—"'), (3.1h)
or s
B. A. Kupershmidt 1993



5]+ ()
-l 5) -5 ]
a(wfs;r“) a(s o 2 5s

We would like to conclude from (3.1ux) and (3.1s) that

(3.1r)

). (3.1s)

8H, ., . 8H, (511 )

—2 p , 32

h S + (u ) 5 (3.2)
8H,., 6H, _ H,

_ ) , 33

S on T o (3-3)

but we cannot do that unless we take care of the elements in
Ker 3 |c_ 4. (Exercise: Show that Ker din K [v”] is the
same as Ker din K.) To exclude elements of 4 from §(H) we
can follow the usual route by introducing a grading in C in
which H,,’s will become homogeneous. Such a grading must
be consistent with Eqgs. (3.1x)—(3.1s), which imply, upon
choosing the units where 74(3) = 1 and r£4(K) =

Ay =14j, ré(h?) =24}, 14

rA(s) =14j, rA(r”) =2+, G4

rA(H,, ) =rd(H,) + 1, (3.5)
provided

rA([, D=1 (3.6)

This last equality forces us to have r£(¢7,) = 1, which is
inconsistent with r4(K) =0 since {¢7, }Cé CACK. To
avoid a contradiction we need to enlarge our ring C into
C=K[uPhDrPs P15, ], (3.7)
where {¢ Zv} are treated as formal variables satisfying the
cyclic symmetry condition (1.5) and the two other condi-
J

3[2-5%"‘;1‘— <—a)(5;h—+‘)] [by (3.2) and (3.5)]

=2[(u+a>a( oH,, )+ (ha+ah)(
Su

A

) +0u—aY +2(hd+ ahn(

SH
+<9(u—3)[2 =+ (u —3)(
ou

= 2(u3+3u)( oH,,
ou

(u+ a>a(6”"'+ ‘ ) + (hd+ ah)(

oh or

6H,

SH
= (u +6)[(u +a)a( au"‘ ) + (hc9+c7h)(
SH S6H SH

m 9 m m
oh )]“ (s oh 55

SH
= [(u+a)za+2(ha+ah)1( 6"’
Uu

+(u—3)(

8H,,
+ (r'sd + ar's)](

= ) + {(u+NHr'd— [s,r]'}(
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6H,, ) ( 6H,,
+r'd
or

6H,,

—fl—"‘ﬁ—') + r'a(isg"'—“) +59 (‘SH—S”S“‘-‘-) [by (3.1h), (3.2), (3.3), and (3.12)]

oH
=) ¢ pa e
5h )“ or

R

tions (skew symmetry and the Jacobi identity ) guaranteeing
that the set {7, } defines a Lie algebra. With that, we simply
declare

d(ts,) =0, (3.8)
r/é(tzv) =1 for t;’v #0. (3.9)
However, we meet now another difficulty, namely, that
{r£(Ker d|¢)} = Z, as (3.8) and (3.9) show, so that again
we fall short of deducing (3.2) and (3.3) from (3.1u«) and

(3.1s). A brief contemplation leads one to conclude that the
only way out is to conjecture that

oH,
aty,

which restores the needed property 74 (Ker d | ) = 0. For-
mula (3.10) follows from Theorem 1.4 (proven in Sec. V)
and formula (1.26). To summarize, we impose the grading
(3.4) on C, and look for a sequence {H,, } in C satisfying

rA(H,)=m+ 1. (3.11)
Then (3.2) and (3.3) do follow from (3.1u) and (3.1s) for
m >0, when

r£(6H,, , /6h) =r£(6H,, , ,/6r,) =m>0,

and both (3.2) and (3.3) are satisfied for m = 0 as can be
seen from (1.7) and (1.8). Substituting (3.3) into (3.1r),

we get
a(‘SH"’“):ar(‘SH'")_ [r’éHm ] B [S’SH,,,
8s oh or 8s
(3.12)

Now notice that, although we do not possess exact formulas
for 6H,, , /0u and 8H,, , , /s but only for their d-images,
the rhs’s of (3.1u), (3.1h4), (3.1s) involve these functional
derivatives also only as images of 9. Therefore, we can iterate

=0,

all m,ou,v, (3.10)

the bi-Hamiltonian definition B '6(H,,, ,) = B?5(H,,), to
obtain for B*6(H,, , ,),
SH,
+50(%5)
) s
OH, SoH
2'3( "') 2‘3( "'); 3.13
oh )+ r ér T s ( u)

)oes2)]
XN

- ” [by (1.5)]

)+ [(u + 3)(hd + Jh) + (hd + Sh) (u — )

)+[(u+8)s'8+2r’8]( ;I ); (3.13h)
s
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&(5115,,;:1 ) _ [r,(SHg;-e-l ] [by (3.2) and (3.3)]

6H,

8H,, m 6H,,
z&r[2 ou H""a)( oh )]"[r’s] oh "2[

d.
K,
H

H,,
és

8H, SH, ..
LA ISP A W R A
. + {r(u —3) — [r,s]} m b (3.13r)
SH SH,
a(s nrl 42 """') [by (3.2) and (3.12)]
Sh Js
SH 6H, 6H oH SH,
=an|2 7+ oS [ afar( ) - [ 5] - o5
s TN T oh " S5
6H, 6H, 6H, SH,
() ¢ vy 200 ) o] o] 2. 150
ou oh s
The rhs of (3.13) is precisely B>8H ,,, as (1.13) shows. Thus (1.15b) is deduced. [ ]
IV.LIE ALGEBRA .7 (1) AND ASSOCIATED OBJECTS
On the K-module X & K @ K & K we consider the following Lie algebra structure, denoted .¥ (1):
@ @, X1¢’§1)"’X2¢’§”
x 1 x, XX§0 —X{VX,
Y, '\ T, X, Y30 —X{VY,) — (XLY{"-X{PY) + (225" -Z{Z,)
Z,/ \Z, (X, 20 -XVZ) — (X,Z2" -X{PZ))
0
0
QI,X,,Y[,ZIGK, l’= 1,2. (4.1)

Hauzye —zoy) —azy® —zoy) )
MZZ® —Z(°Z,)

Apart from the g-component, the remaining three-dimensional piece of the commutator in (4.1) is a particular case 4 = &
of the following simple fact: If .# is an abstract Lie algebra, then on .#> one has the following Lie algebra structure:

(X, X]

Z,] \Z,

Since both z(4) and .Z" (1) have a common Lie subal-
gebra &2 &V, (the first two components), from Lemma 2.1
we immediately obtain the following lemma.

Lemma 4.1: The following are two-cocycles on . (4):

©,(1,2) =¢1X§l)+X1¢§”, (4.3)
@,(1,2)y = — q),X%z’ + X902, (4.4)
D5(1,2) =, 5. 4.5)

Computing the matrix B (.Z (1)) associated with the Lie
algebra .#° (1), we get with the help of (2.12) and (4.1):

0 du 0 0
_fud hd+Jh q3+3q pd+p
Bz )= 0 gd+dq 0 0
0 pd+dp 0 99 + g
0 0 0 0
0 0 0 0
4.6
o 0 o ga+ag] “®
0 O gd+dq pd+dp
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X\ (X2
(Yt) »(Yz) =({X1’Y2} — [N+ Z2,Z2,] +A1Z,Y,] -4 [Zz:Yx]), X, Y e s, =12
[X,Z2,] - [X,,Z,]1 + A 1Z,,Z,]

(4.2)

Let B, be the matrix corresponding to the two-cocycle @,
[(42) +1],1=1,23. Set

B(A) = B (L (A)) + 4B, + B, + 2B;. (4.7)

The matrix B(A) is Hamiltonian for any A. In particular, the
following matrices are also Hamiltonian:

B'=4""B(A)|i1-0 (4.8)
B?=B(A)|;i_0» (4.9)
which are precisely the matrices (1.16) and (1.17).

We now embark on the proof of Theorem 1.3. Writing
Eq. (1.24) in longhand, we get

8H SH SH
o(Tg)=o[2 (52 + w-a(52)).
oh o ) TIN5,

(4.10u)
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T o0 ) s oo )
—m+l )y Ao hd + dh
3( » (u+9) o + (hd +dh) M

8H,, 6H,,
+(q3+c7q)( )+(p3+3p)( p)

(4.10h)
5H 6H
(q8+8q)(—ﬂ) = (q8+3q)(6—h'"), (4.10q)
S5H S5H
(pd + ap)(—”'—“) + (g9 + 84)(—(;"7“)
6H S6H.
= (pd + ap)( = ) + (g3 + c?q)( = ) (4.10p)
Sh 5p

Equations (4.10) are obviously satisfied for m = 0,1,2, as
seen from (1.19)-(1.22). For m>1, r4(8H,,,,/6h)
= m — 1 >0, so that (4.10u) implies (since Ker d |, = #)

5}_Im+l

6H,, 8H,

=2 u—ada ( ) 4.11)
oh du + ) bh (
Also, since gd+ dq=2q"%3q'"%, we conclude that
Ker(gd + dg)|c, = {0}, and analogously for pd+ dp.

Hence from (4.10q) we obtain

6H,,, 6H,
= , (4.12)
op Sh
and substituting this into (4.10p) we get
6H,,,,/8q=6H,,/5p. (4.13)

We first prove (1.24) and then deduce (1.25) from it.
We prove (1.24) by induction on m. Denote

Suppose we have already found properly homogeneous ele-
ments Ho, .H,, in C/ satisfying (1.24), and want to deter-
mine H,, +1- Wedo it in two substeps: (i) First, from (4.10)
we determine T, , |; and (ii) then we show that there exists
an element in C| of correct grading whose vector of func-
tional derivatives is the thus determined vector T, , ,. This
will conclude the induction step m—m + 1.

(i) Formulas (4.11)-(4.13) determine y,, . ,,d,, .,
and z,, , ,, with the correct grading

PhDmor)=m, ré(z, . )=m—2,
rh(d, ) =m—1

To show that x,, . ,€C{, we have to show that the rhs of
(4.104) is ~0. Since the rhs of (4.10A) is

6H, 8H, 8H, 6H,
3 () () + a0 (%5) + 09 (%)
YN\ T T )T e )T,

it is indeed ~ 0, since, as is well known,

(4.15)

Euaa(gH) ~0, VHeA[1\"]. (4.16)
va

Also, from (4.10h) we see that we can take x,, , , to have
rA(x, , )=m+1 4.17)
Thus we have found a vector T, ., of correct grading satis-
fying
BY(T,..,)=B*T,). (4.18)
(ii) To show that the thus obtained vector 7, , is a
vector of functional derivatives of some element in C;
(which all the components of the vector T, , , belong to), it

is necessary and sufficient to show (see Refs. 11 and 12) that
the Fréchet derivative D(T,,, ) of T, , , is symmetric:

X, D(T, , )V =D(T,,,). (4.19)
_ Vo Denote G,,: = D(T,,). Since B' (1.16) is a nondegenerate
T,=6(H,)= , (4.14)  matrix, instead of (4.19) we show that B'D(T,,, ,)B"is
m symmetric. To do that, we apply the Fréchet derivative oper-
dn ator D to the both sides of Eq. (4.18), obtaining
J
0 0 0 0
. 0 0 0 0
Gusitlo 0 d,,,0+2d0,, 0
0 0 m+la +2Zp(nl)+1 dm+13+2df,,lf,,,
Y0+ 0 0 0 0
— xD Y0 +2p0  z,d+2P d,d+2dP
2 m
=B%G, + o (4.20)
0 0 Ym0+ 2%, 0
0 0 d,d+2d y,d+ 20
Using (4.12) and (4.13), we simplify (4.20) into
B'G,,, =BG, +F,, (4.21.m)
where
Y@+ pP 0 0
I (n (n T
F, = xg Ym a—;2y zma-l(—)Zz,,, d,d+2d., (4.22)
0 0 0
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_Now multiply (4.21.m — 1) from the right by B, and subtract from the result [ (4.21.m — 1) ] multiplied from the right
by B%

-B—le+1§|=(EZGm§l+—B—le§2)_Esz-lﬁz+F‘ml (423)
where
F,.=F,B'—F, B (4.24)

From (4.23) it follows that, since G,, and G, _ ; are symmetric due to the inductive assumption, B 'G,, . ,B is symmetric if
F is. Computing F from (4.22), (4.24), (1.16), (1.17), we find that F vanishes outside the upper left 2 X 2 corner, where
it equals

[—2%n_\3 lc?y,,,c?—ay,,,_,la(u—a) \
Vmd+2907)0 x3—x.) 0(u—3)— (y,,_ 8+ 25 ,)(hd + h)
G OB WD | — (1D + 228, (40 4+ ) (423)
— 2% g —(d,,_,d+2d )(pd+ dp)

Using (4.104) and (4.11)~(4.13), one checks by a lengthy but straightforward calculation that the matrix (4.25) is indeed
symmetric. This finishes the proof of (1.24).

Now we deduce (1.25) from (1.24), using the same arguments which we have employed in the preceding section when
deriving B>. For the Ihs of (1.25) we get

29 (f%ﬁ:r_l_) +u — a)(_Ha'"Zi) [by (4.104) and (4.11)]
(73

6H SH SH
=2[(u+8)6( "’)+(h8+8k)( ’”)+(qc9+8q)( '")]
du Sh ép

ERALRLC )

su—afa
+ d(u ) 5

5H
“ ) + (pd+ ap)(
oq

5H. SH, 5H.,, 6H,,
:Z(ua+au)( - )+[a(u_a)z+2(ha+ah)]( )+2(qa+aq>( 54 )+2(pa+ap)( 5 );

(4.26u)
8H, H 5H,
(u+ a)a(—"'—“) + (hd + 3;,)(%13_) + (g8 + aq)(_'"+'_)
Su bh bq

5ﬁm+ 1
+ (pd@ + dp) 5 [by (4.10h), (4.11)-(4.13) ]

)+ (h5+6h)( oH.,

oh
5H
a( m) aa(
)5}: + (¢d + dq)

6H,,
= (u+3)[(u+3)8(
éu

%)

SH,,
)+(qc9+6q)( 50 )+(pc7+c9p)( 3

6H,, 5H,
3+
op )J"(” + ”)( Sh )]

)+ [(u+3)(hd + Ih) + (hd + Sh)(u — J) + (p3+6p)](

+ (h3+ah)[2

— [+ +z<ha+ah>1(5H oH., )
Su oh

SH,,
) ; (4.26h)
op

5H
+ (u+8)(qe9+c7q)( = )+ [(u+ 3)(pd + dp) + (qa+aq)](

oq

SH
(98+aq)(—?";i) [by (4.11)]

6H,, 6H,,
=2(qd + I (
( 6h )] (qd + 9q)
6H 5H
(p<9+<9p)(—'"—+—‘) + (qé‘+3q)( meol ) [by (4.11) and (4.12)]
Sh 8p
—d d + I
)+(u )( 5 + (gd + dq) 6h

S
= (p8+e9p)[2(
6H,,
)+ [(pd+dp)(u—2) + (qa+aq)1( h

8H,,
d + I —~6(
)+(q + dg)(u ) 5

= (gd + dq)|2 ); (4.26q)

Su

5H,
=2(pd+4 ( ™ ) :
(pd + ap)| — (4.26p)

which is exactly B38(H,,) for B given by (1.18). |
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V. PROOF OF THEOREM 1.4

Since 74(H,,) = m + 1and ® (1.26) preserves the gradings (in C, and C), wesee that 74 (H,,) = rA(H,, s)=m+1,
asrequired in (3.11). We have to check Eq. (3.1). For this we need to compute the functional derivatives of the Hamiltonians

®(H,,). We use the following formula®®:

2D _ peeyo 2L,
5( “es ) 6( e )
where (- -) denotes the vector of basic variables in the corresponding ring. Since
1 0 0 O
01 0 0
D® =1y o 2 s/
0O 0 O r
Eq. (5.1) yields
8H SH
mo_ @( m )’
Su Su
6H,, (6}—1,,, )
=@ ,
Sh Sh
H 8H H,
oH,, =2r<I>( "')+s<l>(6 z ),
or bq op
oH

8H,
m r<I>( m)_
bs op

Using (5.3)-(5.6), we check separately each of Egs. (3.1). For the u-component, we have

617m_,) (617.,,“)
D] =P ———— by (4.10:
a( ot ) oy (5] =®3(Z2EL)  [by (4.10w)]
sH 5T

m i 53 d (5.4
o 5 )] [by (5.3) and (5.4)]

- a2
SH, SH
o o)
Su + ) Su
which proves (3.1u). For the A-component, we have

SH
a(_a'"ui‘_) [by (5.3)]

=®9 (il-%"‘*—‘) [by (4.10h)]
Uu

+(u—3)(

5H, 8H,
= <I>[ d 3( - ) hd + Sh ( =
(u+9) r + (hd + dh) o 54

SH SH SH SH
— w4+ 3322 + (ha+ am(Zim) 4 pa (2B ) 4 gg 22
(#+9) (5u )H + )( oh )“ (&)Ha( 55 )

op

since

rfa(‘SHm )+ s'a(‘SH'" ) [by (5.5) and (5.6)] =r'2ar<1>( il ) + (r'ds +s‘ar)<l>('S ~ ) [by (1.26)]
ér ds 5q op
SH SH
=<I>[(qa+aq)( ’")+(p3+3p)( '")];
8q op

thus, (3.14) is verified. For the r-component, we have
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(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7u)

8H,, SH,,
)+ (qa+aq)( )+ (pa+ap)( )] [by (5.3)-(5.6)]

(5.7h)

1998



6Hm+l

1 6Hm+1)
SlgZmt —7*1 ) [by (5.5) and (5.6
z[s, p ]+8( 5 [by (5.5) and (5.6)1]

= [s,r]¢(£{%"i) +or ¢(9%L) [by (4.12) and (4.13)]
q )4

= [s,r]<I>( oH,, ) +or <I>( o4, ) [by (5.4) and (5.5)] = [ —r, oH,, ]
op h

6‘r( o4, ), (5.7r)
or

6h

which proves (3.1r). Finally, for the s-component, we have

SH 6H, H
r q /4

SH 6H 8H 8H
=4d2 <I>( m ) ascp( il ) by (5.4 5.6)] = az( m ) ( m ) )
r 5% + h [by (5.4) and (5.6)] 5 + s 5 (5.78)

which proves (3.1s). |

Vi. LINEARIZATION OF THE MATRIX 83

LetC, =K [4‘?,0 P,ri" 50 ], /€L, 1< <N, be another differential algebra. Consider the following invertible differen-
tial homomorphism ¥: C— C,:

V(u)=u, Y(h)=0—1—w"—Iss, ¥(r,)=r,, ¥(s,)=s,. (6.1)
Theorem 6.1: In the ring C,, the matrix B (1.13) becomes 2B >, where B is the following affine matrix:

ud + du Q3+ 9Q+19° r'd s'd
~ J + dQ + 193 0 0 r'd
B =|2 : .
or 0 0 —[r] (6.2)
ds ar -]l —Is]

Proof: We have, using (1.13),

1 0 O 0
| —w+d 1 0 — Is’
D(¥) = 0 0 1 0 ) (6.3)
0 0 O 1
1 4@—uw) 0 O
0 1 0 O
t—
DY) 0 0 1 ol (6.4)
0 ~1s 0 1
[2(ud + 3u) Au—3)*+2(hd + k) | 209 29\
[ — (u+3)(wd+du) | —4(u+3)d(u—9) 0 r'g
+ (u+ d)% + (hd + 3h)(u — 3)
DW)B*=|  +2(hd+ oh) +1'3s — is' Is(u — 3) , (6.5)
—s'0Os
20r Ir(u—9) — [rs] 0 —2[r, ]|
\29s ds(u—3)+20r —2[r, 1] —2[s, )/
and then D(¥)B3D(¥)" = 2W(B?), in accordance with formula (1.27). [ ]

Thus we have found coordinates in which our nonlinear matrix B> becomes linear. (In new coordinates the linear
matrices B ! and B 2 remain linear, but we will not need this fact here.) To prove Theorem 1.1 (ii), we will show that the matrix
B? (6.2) is Hamiltonian. Since the matrix B> is affine, the Lie-algebraic route is available. On the space
K*e (K®2) ® (K@ g), consider the following structure of a Lie algebra:
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X, X, X x{"-x{Vx,

X, X, XX —XOX,) — (XD — XX,
fiea || f,e3, N X, f{’ed,— X, f{"ead, +X, Vea,—X,f{"ea,
hea/ \fea X fiPea,— X, f{Vea, +f,/,8[a,a,]

0
0

* f172® {a,,a,] —f271 ® [a,,d,]

0

To avoid checking the Jacobi identity for the commutator
(6.6), we can notice that this commutator is a particular
case of the commutator in the semidirect product Lie algebra

M= MEV(M) (6.7)
ad
for an abstract Lie algebra .#, in the case
M= g (6.8)

where V(.#) is # as a .#-module, but considered as an
Abelian Lie algebra by itself, and g4 is the differential ana-
log of the affine Lie algebra produced by &, with the commu-
tator

[(rea) (ica]

( X|X£1) —Xgl)Xz )
B X, fi"®a,— X, f{Vea, + /1,0 [a,a,] ’
X, fieK, aep, 1=12. (6.9)

On the Lie algebra 2,4, we have the following two-cocy-
cle:

@(1,2) =X, X + X, X (6.10)

If B is the matrix corresponding to the two-cocycle &, and
B(z,4) is the matrix associated with the Lie algebra 2,4,
then the matrix

B*=B(;.4)+4B (6.11)
is Hamiltonian. [ |
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Hamilton’s equations are presented in manifestly covariant form. The resulting equations of
motion are solved via a covariant Hamilton—Jacobi scheme. A covariant correspondence
principle is introduced, and it is employed to quantize the equations.

I. INTRODUCTION

Kalman’s equations' describe in manifestly covariant
form the motion of a classical particle in an external field in
flat space-time. Recently, the author of the present paper
examined these equations and showed that they reduce to
Lagrange’s equations in a specific Lorentz frame.> Thus
Kalman’s equations are the tensorial expression of La-
grange’s equations. This work considers the concomitant
problem of casting Hamilton’s equations into tensor form in
flat space-time. The essential equations (called G equations)
were derived in Ref. 3 and are presented in Sec. II below.
Their solutions are constrained to lie in a seven-dimensional
subspace of the space of coordinates and four-momenta. The
origin of this constraint is shown to be the Minkowski rela-
tion between four-velocity components. In Appendix A, it is
shown that the G equations do indeed reduce to Hamilton’s
equations in a specific Lorentz frame.

Although the development of the tensorial G equations
is a logical continuation of the work of Refs. 1 and 3, this
approach to particle dynamics is somewhat unconventional.
In the standard approach,*® a Hamiltonian formalism is
developed from Lagrange’s equations in a specific Lorentz
frame; the approach is taken in this paper to develop the G
equations from Kalman’s manifestly covariant equations of
motion. It should be noted that the Kalman equations arise
from a proper-time parametrization of the action integral, as
shown explicitly in Ref. 3. Thus the G equations are equiva-
lent to the standard formalism of Refs. 4-6 in the case of
proper-time parametrization.

In Sec. 111, Kalman’s equations and the G equations are
applied to several simple examples, and the corresponding
Lagrangian and Hamiltonian formulations are presented for
comparison.

In the remainder of the paper, the G equations are devel-
oped along two lines. First, in the classical domain, conven-
tional Hamilton-Jacobi theory is extended to apply to the
manifestly covariant G equations. This begins in Sec. IV with
a derivation of the G equations from a variational principle.
Using this method, the G equations arise independently of
the Kalman formulation. In Sec. V, the variational principle
generates canonical transformations of the G equations. Al-
though the tensor formulation closely parallels its conven-
tional Hamiltonian counterpart, there are important differ-
ences arising from the above-mentioned geometrical
constraint.” Finally, the covariant Hamilton-Jacobi scheme
is presented in Sec. VI, and it is used to derive solutions in
several simple cases. The second line of development of the G
equations is in the quantum-mechanical domain. Section
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VII introduces a covariant correspondence principle which,
for the examples of Sec. II1, leads to scalar wave equations.
These are shown to be physically realistic, and all reduce in
the nonrelativistic limit to the appropriate Schridinger
equation.

Il. GENERALIZED HAMILTONIAN FORMULATION

InRefs. 1 and 3, the action functional for.a' particlein an
external field takes the form (limits of integration are re-
moved for simplicity)

S= ff(x, U)ds,

where x, U, and s are the particle’s space-time coordinates,
four-velocity, and proper time, respectively, and f(x,U) is a
scalar function. The relativistic variational principle for
(2.1) in a Lorentz frame yields Kalman’s manifestly covar-
iant equations of motion:

(2.1)

af dp,

9. _Le 2.2

ax“ ds (2.22)
. ( af)]

P, =— v, f-U? . 2.2b
PT + f 0P (2.2b)

As shown in Ref. 3, (2.2) have the following properties: (i)
Kalman’s equations are well defined, despite the relativistic
constraint on the four-velocity®

U-U=9, U0 =1 (2.3)

(ii) the P, of (2.2b) are covariant components of four-mo-
mentum, i.e.,

(P*)=(P°P) = (H,]P), (2.4)

where H is the Hamiltonian and P is the canonical three-
momentum; (iii) Eqgs. (2.2) reduce to Lagrange’s equations
in a specific Lorentz frame (thus Kalman’s equations are the
tensorial expression of Lagrange’s equations); and (iv) Egs.
(2.2) may be recast into a generalized Hamiltonian form.
Since the resulting equations are the subject of this paper,
their derivation is described below in some detail.

The first step involved is recognition that (2.2b) with
(2.3) imply that x and P are interdependent; hence there
exists a scalar equation of the form

#(x,P) =0. 2.5)

Equations (2.2) may be expressed in a Hamiltonian form
provided that the constraint of (2.5) is taken into account.
The resulting manifestly covariant equations are
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dx_ 3G, 3
i ap, P,
—dP. 36 _
ds o ax
G(x,P)=f+ P-U=0,
where u is a scalar Lagrange multiplier arising from (2.5).
In the last of (2.6), the symbol =~ indicates that G vanishes®
weakly*; thus the partial derivatives occurring in (2.6) are
found before imposition of G~ 0. Equations (2.6), shown in
their original form of Ref. 3, may be simplified as follows.
For a particle with no external constraints, there is only one
relationship of the form (2.5); hence ¢(x,P) may be taken to
be identical with G(x,P) in the last of (2.6). With the scalar
A defined as

’

, (2.6)

A=1—yu,
(2.6) then take on the compact form
¢_ix_" =A 9G , (2.7a)
ds aP,
—dP,
P _ )96 (2.7b)
ds ox”
G(x,Py=f+ P-U, (2.7¢)
G(x,P)=0. (2.7d)

Equations (2.7) are henceforth designated G equations in
order to distinguish them from the conventional Hamilto-
nian formulation for several reasons: First, (2.7) are mani-
festly covariant while Hamilton’s equations are not. Second,
the function G(x,P) of (2.7) is a scalar while the Hamilto-
nian H, of (2.4), is the time component of the four-momen-
tum. Third, the existence of A in (2.7a) and (2.7b) means
that G equations are not exactly analogous to Hamilton’s
equations; indeed, they cannot be since setting A = 1in (2.7)
destroys their self-consistency. '

Now consider the functional dependence of A in (2.7).
Equations (2.3) and (2.7a) yield'®

1= (% 26)”

=(— 2.8
P JpP 29

TABLE I. Kalman and Lagrange formulations.

The covariance of the G equations allows only one of the
roots of (2.8) for A. In the particle rest frame, (2.7a) reduce

to
1-(29)" (290
P, P,

Thus, since (2.8) is valid in all frames, only the positive root
is allowed. The scalar A satisfies

sonpy =(26. 26)7

Jap 9P
in any frame. The exclusion of one of the roots in (2.8) isa
necessary feature of the G equations, since a degeneracy in A
would imply nonunique particle trajectories in the “phase
space” (x,P). From (2.7d), particle trajectories lie on the
seven-dimensional surface G~0 in (x,P). This surface is
henceforth referred to as the G surface.

In Appendix A, it is shown that (2.7) reduce precisely
to Hamilton’s equations in a specific Lorentz frame. Thus
the G equations express Hamilton’s equations in tensor
form. The relationship between Kalman’s equations (2.2)
and the G equations (2.7) is analogous to that between La-
grangian and Hamiltonian dynamics: First, (2.2) and (2.7)
are the tensorial expression of Lagrange’s and Hamilton’s
equations, respectively. Further, (2.2) are cast in the space
(x,U) while the G equations are cast in the phase space
(x,P).

(2.9)

{1l. APPLICATIONS OF KALMAN'S EQUATIONS AND
THE G EQUATIONS

To illustrate the manifestly covariant formulations of
(2.2) and (2.7), consider their application to the following
cases of a particle of mass m interacting with various exter-
nal fields: (a) free particle; (b) particle in a scalar field ¢ (x);
and (c) particle, charge e, in an electromagnetic field. Al-
though the resulting equations of motion are well known in
the literature,'! the application of the manifestly covariant
formulations to these cases serves to demonstrate their rela-
tionship to the Lagrange and Hamiltonian formulations.

Kalman’s formulation is presented in Table L. In the
first column, f(x,U) is the scalar integrand of (2.1). The

Kaiman formulation

Lagrange formulation (in Lorentz frame)

System Axy P* Equations of motion Lew,t) P* Equations of motion (3.5)
P’=ym 1(ym)=0
d —m dt
{a) Free —m muU* —(mU,)=0 - _ d _
particle ds Y P =ym dr (ymv) =0
(b) Particle —m— §(x) mepvr L m+ U, —(m+9) Poym+d  Lipmipr=L2
in scalar ds 14 11’ Y 6{
field () -2 P=yimtdy  Llvmtdnl= v
o e’ Lt}
(e) Particle in —meeA U mUsted L (mu =R, U0 T edy+eA Pooymted®  Zim= _e[a_Av+'“
clectromagnetic ds n‘i; a oA
field F,.=0,4, — 3,4, P=ymv+eA E(ymv): —eVA"—e-b-—t—
+ev, curl A
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second and third columns show P* from (2.2b) and the
covariant equations of motion (2.2a).

As mentioned in Sec. II, Lagrange’s equations are
equivalent to Kalman’s equations in a specific Lorentz
frame. It is interesting to compare (2.2) with Lagrange’s
equations for cases (a)-(c). The relationship between
f(x,U) and the corresponding Lagrangian'? L(r,v,) is ob-
tained by equating the action of (2.1) with the expression

S=det, 3.1)

for a specific frame. Equations (2.1) and (3.1) imply

L=f/U=f/y, (3.2)
where
Ul=y=(1—vwy)'/? (3.3)

in a Lorentz frame. In the Lagrangian formalism, the four-
momentum components are

P°= v"gfik—L, P"=%, (3.4)
and the equations of motion are
0 k
ar® _ —dL dP =§l_,. (3.5)
dt ot dt  ox*

In the remaining columns of Table I, Egs. (3.2), (3.4), and
(3.5) are presented for comparison with the Kalman formu-
lation. [ Note that (3.3) is assumed; hence the Lagrange for-
mulation is developed in a Lorentz frame.] Although the
corresponding equations of motion (2.2a) and (3.5) are
equivalent, it is clear that in each case the Kalman formula-
tion displays a structural simplicity lacking in the Lagrange
formulation.

Table II presents the G formulation of (2.7) for the
three cases of interest. In the first column,® the scalar G(x,P)
is obtained from (2.7¢). Next, A is found from (2.9) with
(2.7d), and it turns out that A = | in each case. In the third
column, (2.7a), (2.7b), and (2.7d) are the covariant G

TABLE II. G and Hamiltonian formulations.

equations of motion which are, of course, equivalent to their
counterparts of Table I.

In the remaining columns of Table II, the Hamiltonian
formulation is displayed for comparison with the G formula-
tion. First, H(r,p,?) is found"? from (2.4) with (3.4). Ham-

ilton’s equations
de* _oH dH_oH
dt  gp*’ dt '

are written in the final column.

dp* GH

ar e 89

IV. DERIVATION OF THE G EQUATIONS FROM A
VARIATIONAL PRINCIPLE

This section aims to derive the G equations directly from
a variational principle without reference to the Kalman for-
mulation. (The variational principle is thus analogous to the
modified Hamilton’s principle,’* which establishes Hamil-
ton’s equations independently of the Lagrange formula-
tion.) Using this method, the G equations are given an inde-
pendent status and the variational principle is then used in
the next section to generate canonical transformations of the
G equations.

The action from which Kalman’s equations were origin-
ally derived satisfies (2.1). From (2.7c), S then takes the

form
b
dx*
S=J; [G(X,P) —IP“] ds.

In (2.7), x* are the space-time coordinates and P, are the
corresponding components of canonical four-momentum. It
is convenient to define such an eight-dimensional set (x,P)
as a coordinate set. Thus each of the cases in Table II is
described in a coordinate set. Since the variational principle
in this section is to generate canonical transformations, how-
ever, it is important that the (x,P) appearing in (4.1) do not
necessarily constitute a coordinate set; the eight variables
(x*, P,) are to be treated here as having no particular phys-
ical connotation. Similarly, s in (4.1) is to be treated as an

4.1)

G formulation

Hamiltonian formulation (in Lorentz frame)

System G(x,P) P G equations (2.7) H(re,P,2) Hamilton’s equations (3.6)
. b U
(a) Free P i % ‘;P‘ my v=P/H
particle m nog jm’ + PP aH_,
ds dt
L
dt
(b) Particle —midy+ 2P L Pr=m+ & U” w=r
in scalar (m+ ) 2 H
P, 94 ) o dH _ (m+ &) 36
field ¢(x) r 2 [(m+ 6)* + P-P}'2 Z e
dy ax dr H ot
dp _—(m+ é) vé
di H
(c) Particlein _,,,+£;“_A)_‘&_E’Q s Pl — mU" + A" eA" + [ 4 (P — cA))]'"? V=_L‘__1’A_"_
electromagnetic m 2 ‘ ’ tH—ed™) IAY T
field A mU, )y =eF. U" 2 vy = — AT ]
& (MU0 = eFuU "=
d s OA
F,.=d,4,-4d,4, 2 (1) = — ¥4 - =
+ov, curl A
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arbitrary scalar parameter; it is not necessarily particle prop-
er time. In the integrand of (4.1), s is merely the means of
parametrizing curves in the space (x,P).

Consider now the variational principle itself. In (4. 1),
the eight variables (x*,P, ) undergo infinitesimal variations
(6x*,6P, ) that vanish at the end points of integration but are
otherwise arbitrary. These variations induce the first-order
variation 85 in the action. In the variational principle, 6S is
set to zero,

85 =0, (4.2)
and then the weak condition
G(x,P)~0 (4.3)

is imposed. The weak constraint (4.3) thus reduces to seven
the number of independent variations in (6x*,6P,, ).

Let the integral of (4.1) be stationary, i.e., satisfy (4.2),
on the trajectory x(s), P(s). Then, asin Ref. 3, 6Sis obtained
by comparing (4.1) with a similar integral evaluated over a
neighboring curve x'(s'), P'(s'). Thus

S+885= J [G(xP)——P’]ds, (44)

where

x'#=x*+6x, P,=P,+6P, 4.5)

From (4.5), the first-order variation in dx*/ds satisfies"”
dx* d

dx*
() = £ (ouy -2 2 s
7 — (6x*) o d ( ).
Equations (4.1) and (4.4)—-(4.6) yield, after a partial inte-

gration
P,
.+ (aG d ) 6x"] ds
ox* ds

s =5+ 6s.

(4.6)

b B b
+J G(x,P) d(j” ds — P, 8x*
a A

a

(4.7)

Finally, (4.2), (4.3), and (4.7), with the condition of van-
ishing 6x* at the end points, yield the essential G equations

' _ 96 = ap, 2196
ds ~dp,°  ds ox*’
[Note that A in (4.8) arises from (4.7) as a Lagrange multi-
plier.]

Equations (4.8) have the form of Eq. (2.7a), (2.7b),
and (2.7d). For the choice that s be particle proper time and
(x,P) be a coordinate set, (4.8) obviously have the same
content as the original G equations (2.7) of Sec. II. In that
case,

G(x,P)=0. (4.8)

(4.9)

from which (2.3) follows, hence A in (4.8) also satisfies
(2.9). Inthe general case of noncoordinate sets (x,P), A does
not satisfy (2.9) and the G equations derived here comprise
(4.8) only.

In the above variational principle, it is taken that both
éx and 6P vanish at the end points. In the application of the
principle, however, only the condition of vanishing &x is em-
ployed [see (4.7)]. The condition on 8P is maintained for
the following reasons: First, the variables x and P are to be

ds’* =1, dx* dx”,
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treated in the variational principle in a completely symmet-
ric manner. This is an extension of the conventional treat-
ment, in the modified Hamilton’s principle, which places the
spatial coordinates and three-momenta on the same footing.
Second, the condition that §P vanish at the end points im-
plies that the functional

* dF

S$=5+| — (x,P)ds
ds

a

(4.10)

also generates, via the above variational principle, Egs.
(4.8). Thus S| and S are equivalent. This result is employed
in the following section to generate canonical transforma-
tions of the G equations (4.8).

V. CANONICAL TRANSFORMATIONS OF THE G
EQUATIONS

Suppose the G equations (4.8) hold for the variables
(x,P). The transformations

x' =x'(x,Py, P'=P'(x,P), (5.1)

are defined here to be canonical transformations (CT’s) if,
in the variables (x', P'), the equations

dx"‘zll,aG' —dP,', , G’
ds aP;, ’ ds xm’
G'(x,P')=0, (52)

hold. Equations (5.2) are designated the G’ equations, and
the definition of CT here is an obvious generalization of the
conventional CT’s of Hamilton’s equations.

Consider the variational principle of Sec. IV with the
following action functional:

S = J. [G(xP)———P ]d

—f [G( P)———P ]d
dF
-J;Ti;—(x,P)ds.

Equations (4.1) and (4.10) show that the action of (5.3)
generates both the G equations (4.8) and the G’ equations
(5.2) provided the weak conditions

(5.3)

G(x,P)=0, G'(x',P')=0 (5.4)

are imposed. The theory of CT’s of the G equations can now
be developed by considering (5.3) before imposition of
(5.4). Then, the eight variables (x,P) are treated as being
independent. Once the transformations of the form (5.1) are
found, the constraints (5.4) are imposed and the transfor-
mations are then automatically canonical. Geometrically,
this means that the transformations for independent (x,P)
and (x',P’) are first found, and then they are constrained to
lie on the G and G’ surfaces defined in (5.4).

From (5.3), the integrands satisfy

& p_g=%* . p_g 4+

ds ds ds
The analysis now proceeds as in the standard treatment'* of
CT’s of Hamilton’s equations. One may choose which eight
of the 16 variables (x, P, x’, P’) appearing in (5.1) are the

(5.5)
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independent set. First, suppose x and x’ are the independent
variables, then Fin (5.5) may be considered as a function of
x and x’, and is the generator of the required transforma-
tions.

A. Generator F=F,(xx’)
Equation (5.5) yields
__OF, pr == dF,

oaxe T gxe
The final step in obtaining CT’s of the G equations is to
impose (5.4) (a condition that is, of course, absent from the
conventional CT’s of Hamilton’s equations). The required
CT’s are then the first and second of (5.6) evaluated onthe G
surface (i.e., G=0) which, from the last of (5.6), is identical
with the G ' surface.

It is interesting to note that CT’s prohibit explicit s de-
pendence in the transformations (5.1). Suppose the gener-
ator Fin (5.3) were s dependent, i.e., F = F(x,P,s). In that
case, ' the first and second of (5.6) remain unchanged, and
the last of (5.6) is modified to

, G=G". (5.6)

JF
G =G+ .
+ ds
The constraint (5.4), however, then implies
o, _,,
ds

hence explicit s dependence is excluded from CT’s.

In Secs. V B-V D below, further archetypes of CT’s are
obtained by considering, before imposition of (5.4), the in-
dependent-variable sets tobe (x,P’), (P,x’), and (P,P’), re-
spectively.

B. Generator F=F,(x,P')—x'-P’
Equation (5.5) yields
% x'H* = __an

=2 w92 g=g'. (5.7)
ax* dpP,,
C. Generator F=F5(Px')+x-P
Equation (5.5) yields
— , P — 3 s G = G ! . 5.8
oP, K ax'* >-8)
D. Generator F=FP.,P'y+xP—-x"'P’
Equation (5.5) yields
=% o w_ 9 s_g (5.9)
aP, apP,,

As in case A, the transformation equations of (5.7)-
(5.9) become CT’s on imposition of (5.4). Thus, in each of
(5.6)—-(5.9), all partial derivatives are evaluated on the G
surface (which is identical with the G’ surface). Since the
generator F cannot have explicit s dependence, the CT’s nec-
essarily have the form of (5.1).

For an example of a covariant CT, consider a four-di-
mensional point transformation, i.e., a coordinate transfor-
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mation. Let (x,P) be a coordinate set and consider the CT of
type B with

Fy(x,P") = f*(x) P}, . (5.10)
Equations (5.7) yield for the CT
x* = fr(x)y=x"(x), 1
a ra (5 )
P, = p X .
Ix+ axt

Clearly, (5.11) display a space-time coordinate transforma-
tion and the corresponding transformation of covariant
components of four-momentum.

In Appendix B, it is shown that A, the multiplier in the G
equations (4.8), is invariant under CT’s, i.e.,

A=A, (5.12)

This result is consistent with the statement in Sec. Il that A is
a scalar under coordinate transformations; the latter, with
generator of the form (5.10), are a subgroup of the group of
all CT’s.

In Appendix C, it is shown that if G is a function of P
only, it is possible to generate a CT such that G’ = P}. (This
result is used in the next section.)

V1. DEVELOPMENT OF A MANIFESTLY COVARIANT
HAMILTON-JACOBI SOLUTION TO THE G EQUATIONS

Analogous to the Hamiltonian formalism, the Hamil-
ton-Jacobi method of solution, based on canonical transfor-
mations, is now developed for the G formalism. The aim is to
generate solutions x(s), P(s) of the G equations (4.8) as’
CT’s of the form

x*(s) =x*(x",P"), P,(s)=P,(x,P’'), (6.1)
where (x',P') are functions of s and the initial values of
(x,P).

It is to be noted that CT’s of the G equations cannot be
explicitly s dependent, as shown in Sec. V. Thus, since s de-
pendence on the right-hand side of (6.1) arises only from x’
and P’, it follows that one cannot choose all the x* and P, to
be constant. Instead, a transformation is constructed for
which seven of the eight variables (x'#, P, ) are constant.

To begin, suppose there exists a CT of the form

(X,P) - (x”’P ”)

such that G ” is a function of P ” only, i.e., P " is constant. In
that case, as shown in Appendix C, there exists a further CT

(x",P")—(x",P’)
such that G’ = P|. Consider now the direct CT
(x,P) - (x,vpl)

with generator type B of Sec. V. Equations (5.7) then yield
(after dropping the subscript from F,)

F=F(x,P'), (6.2a)
dF
P =—, 6.2b
B oxm ( )
XM = 9F s (6.2c)
aP.,
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G(x,P)=G' =P} . (6.2d)
From (6.2d), the G’ equations [i.e., (5.2)] integrate to

x"‘=6“°flds+a", P,=8,, (6.3)
wherea*, §,, areconstants (and A = A’, asshown in Appen-
dix B).

Equations (6.3) show that s dependence of the right-
hand side of the required CT’s (6.1) arises entirely from x™.
"The existence of the transformations is guaranteed by the
existence of the generator F(x,P) in (6.2). The generator
itself is the solution of (6.2d) with (6.2b) and the last of
(6.3):

6.4
3 (6.4)

Equation (6.4) is the manifestly covariant version of the
Hamilton-Jacobi equation.

The solutions to the G equations are contained in (6.2b)
and (6.2¢) which are, of course, evaluated on the G surface

G=pF,~0. (6.5)

Inversion of (6.2¢) yield the first of (6.1) which in turn,
with (6.2b), yield the remaining solutions of (6.1).

To illustrate the Hamilton-Jacobi method, the G equa-
tions are solved for several simple systems with one spatial
dimension. In the following examples, the G equations are
cast in a coordinate set with

(6.6)

To begin, a study of the free particle reveals the essential
details of the covariant Hamilton-Jacobi method.

xX=¢ x'=x.

A. Free particle
From Table I1,
Gx,P)= —m+ (P-Py/m, A=1, (6.7)

and the covariant Hamilton—-Jacobi equation (6.4) takes the
form

(—é{)z — (25)2 =m(m+f,) .

6.8)
ot Jx (

Thus the generator F [satisfying (6.2a) with the second of
(6.3)] is given by

F=Bt+x[(B))>—m(m+B,)]">. (6.9)
The solutions to the G equations are finally obtained from

(6.9) withthe CT’s of (6.2b) and (6.2¢), evaluatedonthe G
surface (6.5). Equations (6.2b) yield

Py=pB, Pi= +[(B) —m’]'?. (6.10)
Equations (6.2¢) with (6.3) (and A =) yield

ax _ U'= T [(B)?—m?]'/?

ds " ’ (6.11)

ax _ . _ - [(B)?—m?]V?

a T B, '

[Note that signs + in the generator equation (6.9) lead to
T velocities. ]
From (6.11), UY of (3.3) satisfies
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Ul=y=8/m, (6.12)
hence (6.10) take on the familiar free-particle form
Py, =mU,=p, = const,
(6.13)

P,=mU,= — ymv=const.

B. Particle in scalar field ¢(x)
In this case, Table II shows that
G(x,P) = — (m+¢)+ (P-P)/(m+¢), A=}.
(6.14)
Equation (6.4) for the one-dimensional system is
() - (&Y =+ rom+d+69. (615

Clearly, the solution for Fin (6.15) depends on the form of
the potential ¢(x,1).

C. Special case of B: Time-independent potential

Suppose the scalar field ¢, of example B above, depends
on x' = x only, in some frame 3:

d=¢(x) inZ. (6.16)
In that case, a solution (in Z) for Fof (6.15) is the separable
form

F(t,X,BO,Bl)

=ﬂltifdﬂ(ﬁ,)2 Mt mt+ b+ BV
(6.17)

The solutions to the G equations, given by (6.17) with
(6.2b), (6.2¢), and (6.3), are

Po=H=p,, Pi=—y(im+4¢),
7=Uozﬁ1/(m+¢):

v=—d—”-c-= ¥ [(B)° — (m+¢)2]m.
dt B,

It is to be noted that the first three of (6.18) yield compo-
nents P, identical with those of Table I, as required. Fur-
thermore, direct substitution into the appropriate G equa-
tions of Table II shows that {6.18) are indeed the required
solutions.

In principle, the trajectory x(¢) may be found by inte-
gration of the last of (6.18) subject to the auxiliary condition
on the sign of H:

H=p5>0. (6.19)

In the next example another special case of scalar potential is
considered, for which the trajectory has a sinusoidal form.

(6.18)

D. Special case of C: Linear potential
Suppose ¢ in (6.16) is the simple linear form"’
inX, (6.20)

where a is a positive constant. The particle trajectory in 2,
found from the first and last of (6.18), is

x(1) = [Bysinw(t— 1) —m]/a,

¢=ax

(6.21)
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where
a)=a/ﬂl N (6.22)

and 7, is a constant. Thus the linear potential of (6.20) gives
rise to the simple-harmonic trajectory (6.21).'®

The particle velocity, given by differentiation of (6.21)
[or by the last of (6.18) with (6.21)], satisfies

dx
—_—= t—1).
7 cos o 0)

(6.23)
This result is rather surprising; the particle attains precisely
luminal velocities (|v| = 1) at times

(t—1t) =0, +(T/2), T, £ (3/2)T, £2T...,,
T=2nr/0w=2nmf,/a. (6.24)

Note that this does not indicate any singular behavior of the
system. The total energy of the system is, from the first of
(6.18), constant throughout the motion.

VIL. FIRST QUANTIZATION OF THE G EQUATIONS

This section initiates a heuristic approach to the prob-
lem of quantizing the G equations of motion for a particle. In
a space-time coordinate representation, the (scalar) wave
function ¥ depends on (x), and four-momentum compo-
nents are represented by operators

P = ifid “=ifm™ dp. (7.1)
The central assumption here is that the classical equation
(2.7d) goes over in the quantum-mechanical case to

G(x,P)Y(x) =

where the four-momentum P satisfies (7.1).

In the following calculations, (7.2) is considered for the
three cases of Table II; the operator G(x,P) is obtained from
the classical G function by the correspondence principle. It is
shown that in each case, (7.2) yields a physically realistic
model. Thus Eq. (7.2) may represent a viable starting point
for the first quantization of the G equations.

(7.2)

A. Free particle

From Table 11, the classical G function is

G= —m+ (PP)/m, (7.3)
hence (7.2) with (7.1) yield the Klein—-Gordon equation

(—m* +#O)y =0, (7.4)
where O is the Dalembertian
a 2
O= — 932, =V — (7.5)
s a2

It is to be noted that (7.4) arises from (7.2) and (7.3)
without ambiguities. In the conventional Hamiltonian ap-
proach, the square root in the form of H (see Table II) gives
rise to a formally ill-defined operator

H= [m2 _ ﬁ2V2] 1/2.
Then, (7.4) is usually obtained in the form
[H? + #V? — m*]¥ = 0. Thusambiguities arising from the
interpretation of the square root in the form of the Hamilto-
nian are completely avoided in the corresponding G formal-
ism."®
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B. Particle in scalar field ¢(x)
From Table II, G satisfies

G=—(m+¢)+ (P-P)/(m+ o), (7.6)
hence (7.2) with (7.1) and (7.5) yield
[ — (m+¢)+#0]y=0. (7.7)

It is instructive here to consider the nonrelativistic
(NR) limit of (7.7). This is obtained by first defining®®

¢E¢: e(i/ﬁ)mt’ (7.8)
in terms of which (7.7) take the exact form
(2mé + ¢*)y, — VY,

Y, 3%y,
—2mii—— + # ——=0. 7.9
mift—- + Py (7.9)
In the NR limit, ¢ is small and 3y, /3t slowly varying, i.e.,
a2 a
|¢] <m, ﬁ‘ Y | ¢m ——a'/:‘ (7.10)

Finally, (7.9) with the NR approximations of (7.10) yield
the NR Schrodinger equation:

—# A
vy, i
2m Vs + ¢4, =i at

(7.11)

C. Particle in electromagnetic field
From Table I, G satisfies
G= —m+[(P—ed)-(P—ed)|/m; (7.12)

hence (7.2) yields the Klein—Gordon equation for a particle
in an electromagnetic field?':

[ — m? + (i#id* — eA*) (i3, — ed,) |¢ =0. (7.13)

This equation is reduced by (7.1) with (7.8) to the exact
form

0
[(iﬁV—eA)2—+—ihe 8; +2emA° — (ed°)?| ¢,
. Y, 3%y,
2ified ° — =0. 7.14
+ (2ifie P e ( )

The NR case of (7.14) is obtained as the limit of small and
slowly varying 4 © with slowly varying dy, /3%, i.e.,

led °| <m|4°), h{‘“ ‘<m|A°|
(7.15)
az
APEE)
ar? at

Finally, (7.15) reduces (7.14) to the NR Schrddinger equa-
tion for a particle in an electromagnetic field:

[—( — iV — eA)? +eA°] Y, =~if a(;ﬁts (7.16)

In each case of examples A—C above, (7.2) leads to phy-
sically realistic wave equations. It is now conjectured that
(7.2) provides a viable foundation for the first quantization
of the G equations. The formalism presented in this section is
incomplete, since a full theory of the quantized G equations
would have to contend with several nontrivial problems: (i)
Derivation of equations (2.7a), (2.7b), and (2.7d) as a clas-
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sical limit via a covariant Ehrenfest theorem; and (ii) con-
struction of self-consistent inner products of states. For the
problem of a Klein—-Gordon particle in an external electro-
magnetic field, the conventional nonrelativistic inner prod-
uct

(W) = JW d’r

leads to a violation of the condition of orthogonality of eigen-
states of H with differing energies.??

Viii. CONCLUSIONS

The G equations (2.7) and Kalman’s equations (2.2)
are the tensorial formulation of Hamilton’s and Lagrange’s
equations, respectively. This is shown explicitly by casting
the equations in a specific Lorentz frame. Manifestly covar-
iant versions of canonical transformation theory and Hamil-
ton—Jacobi theory are developed for the G equations. Final-
ly, an outline of a covariant first quantization of the G
equations is given in Sec. VIL
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APPENDIX A: REDUCTION OF THE G EQUATIONS (2.7)
TO HAMILTON’S EQUATIONS IN A SPECIFIC LORENTZ
FRAME

Since (2.7) are defined in a coordinate set (see Sec. III),
Eq. (3.3) for U° casts (2.7a) and (2.7b) into the form

dG dx* JaG

L =1
v=4%p Var = "ap,
(A1)
_yifi: G dh _ 4G
dt at’ dt Ixx

The first of (A1) with (2.4) reduces the remaining equa-
tions of (A1) to

o _ 96 (56)"

dt 9P, \dP,

dPy_dH _ "G(‘?G)~ (A2)
dt dt dt \dp,

dP* aG(6G>

dt  Ix*\apP,

Since the constraint (2.7d) is weak, the partial derivatives in
(A2) are found for independent (x,P) before evaluation on
the G surface. Thus, before imposition of (2.7d), G is treated
as a function of eight independent variables (x,P).

A consideration of the differential,®* dG, of a function G
of N independent variables (£,) [#=0,1,.,(N-1)]

yields the relations

9 _(%. )—1 396 dn O,

9k, oG/ Ok, 0, 3G
for all fixed m,n where m # n. Thus (A3) with n = O result
in
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6G (BG) _ _8§_0 . (Ad)
agm a§0 agm
Finally, application of (A4) [withG = G(x,P)] and (2.4)

to (A2) yields Hamilton’s equations (3.6).

APPENDIX B: INVARIANCE OF A UNDER CANONICAL
TRANSFORMATIONS

It is shown below that A of (4.8) remains invariant un-
der a CT of type A, Sec. V. The relevant transformations are
given by (5.6) (and written here without the subscript on
Fl ) :

P, =£5Fﬂ, P, = —E -F,,
ax* ax't (B1)
G=G'.
Equations (4.8), (5.2), and the last of (B1) yield
dP, '
Gl _ 96 _ _ 96
ds ax* ax*
_ A |4P; (ax'a) _dx (6P;) ]
Al ds \ox/, ds \ox/,1
(B2)

On the right-hand side of (B2), dP,/ds is given by the sec-
ond of (B1):

dP;, dx? dax’®
= —F,,—~F, B3
ds ? ds " T ds (B3)
Further, (B2) for fixed P yields
oP’ 8
( a) = ~F,, _Fa,ﬁ,(gx_) ,
ax” P ax" P
(9x* (B4)
ox*/,
Finally, (B3) and (B4) reduce (B2) to
dp, A [ dx® dx'®
=——|F,—+F,, —|. B5
d A U* ds+ I (B3)
However, the first of (B1) yields
dP, dx“ dx'®
=F F, - B6
ds H ds s T e ds (B6)
A comparison of (BS5) with (B6) shows that
A=A, (B7)

under the CT of (B1). Since any CT can, in principle, be
reduced to the form of (5.6), Eq. (B7) holds for all CT’s.

APPENDIX C: SPECIAL CASE OF THE x-INDEPENDENT
G FUNCTION

Suppose G is a function of Ponly. Consider then a CT of
type B, Sec. V, with generator of the form

Fy(x,P') =TI, (P")x". (C1)
Equation (5.7) yield
i
P, =T, (P"), x*=—70x% G(P) = (€2)

I
Inversion of the first of (C2) yields
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P =p,(P). (C3)
Thus the choice

Po(P) = G(P), (C4)
reduces the last of (C2) to

GP)=G'=P}. (C5)
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The quadratic-Hamiltonian theorem in infinite dimensions
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It is shown that a smooth diffeomorphism on a symplectic Banach space is canonical if it is
canonoid with respect to all dynamical systems whose Hamiltonian functions are quadratic.

I. INTRODUCTION

In classical mechanics a dynamical system on phase
space is called Hamiltonian if there exists a coordinate sys-
tem (g',¢°,-...¢"\P1,P2---Pn ) in Which its evolution equations
can be written in the form of Hamilton’s canonical equa-
tions, i.e., if there exists a Hamiltonian function H(¢'p;)
such that dg”/dt =0H /dp;, dp,/dt= — JH /dq'
i=1,2,...,N. A transformation on phase space is then said to
be canonical if it maps every Hamiltonian system into a
Hamiltonian one; if it maps only some Hamiltonian systems
into Hamiltonian ones the transformation is called canon-
oid. It has been shown in Currie and Saletan’ that it is suffi-
cient for a transformation to be canonical to map Hamilto-
nian systems with quadratic Hamiltonian functions into
Hamiltonian ones. In Marmo, Saletan, Schmid, and Simoni?
we gave an intrinsic proof of this finite-dimensional quadrat-
ic-Hamiltonian theorem and found a similar result for infi-
nite-dimensional linear Hamiltonian systems. In this paper
these results are generalized to nonlinear infinite-dimension-
al Hamiltonian systems on Banach spaces.

itl. THEORY

Let ¥ be a real Banach space and 2: V' XV->R be a
continuous bilinear map. Then ( is said to be weakly nonde-
generate if 2 (v,0,) = Ofor all v,e¥Vimplies v, = 0. In terms
of the induced continuous linear mapping Q% V- V'*, de-
fined by Q°(v,) (v,) = Q(v,,0,), v,,0,€V, weak nondegener-
acy of  is equivalent to injectivity of 2°. The map ( is said
to be nondegenerate if )° is an isomorphism. In most of the
infinite-dimensional examples Q) will be only weakly nonde-
generate.

A symplectic form € on a Banach space V is a weakly
nondegenerate skew symmetric bilinear map; and (¥,Q2) is
called a symplectic Banach space. Let (V,Q2) and (W,Z) be
symplectic Banach spaces. A smoothmap f: (V,{}) - (W,Z)
is symplectic (or a canonical transformation) if f*Z = (),
thatisif Q(v,,0,) = E(Df(x)v,, DA(X)v,) forall x,v,,v,€V. A
smooth vector field X: (V,Q) - (V,Q), is Hamiltonian
if there exists a C' function H: V—-R such that
0%(X(v)) = dH(v), in which case we write X = X};. Equiv-
alently, using the inner product notation [which is defined
the same way as in finite dimensions, namely
U =Q(X,Y), for all vector fields X, Y, Abraham,
Marsden, and Ratiu> and Schmid*] the condition is
ix, ( =dH. Using the identity dH(tw) v = QX (tv),v),
vel, teR, we can express H in terms of X, and ) by
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1
H() — H(0) =f dHw) .
o dt

1 1
= f dH(t) v dt = f QUX,, (1v),v)dt.
(] (4]

Note that unlike the situation in finite dimensions, in infinite
dimensions not every Hamiltonian function A will have a
Hamiltonian vector field X,.

Let X: (V,Q2) — (V,Q2) be a linear vector filed. Then X is
Hamiltonian if and only if X is Q skew; that is, if
Q(Xv,,v,) = — Q(v,,Xv,) for all v,,v,eV. Furthermore, in
that case one can take H(v) = 1Q(Xv,v). Similarly for the
nonlinear case; if X: V-V is a smooth vector field, then
X = X, forsome H: V- Rif and only if DX(x) is Q skew for
all x; in which case

1
H@) = f Q(X(t),v)dt + const.
0

The important property of canonical diffeomorphisms
is that they map Hamiltonian vector fields into Hamiltonian
ones, i.e., a diffecomorphism £ (V,Q}) - (V,Q2) is a canonical
transformation if for all H: V- R, such that X, exists, we
have f*X, = Xy.,. Indeed if X, exists we have f*(dH)
=[Py, Q= ’}vx,f*ﬂ and f*dH =d(f*H) = ixf‘”(l. On
the other hand, there exist transformations that map only
some Hamiltonian vector fields into Hamiltonian ones; such
transformations have been called canonoid (Saletan and
Cromer’®) with respect to the vector fields it maps this way.
The canonical transformations are then those canonoid with
respect to all vector fields. For finite-dimensional vector
spaces it has been shown in Currie and Saletan' that this
definition is stronger than need be; that is, that there exists a
subset (called a sufficiency subset) of Hamiltonian vector
fields such that if a transformation is canonoid with respect
to the vector fields in this sufficiency subset, then it is canon-
oid with respect to all Hamiltonian vector fields, i.e., is ca-
nonical. The sufficiency subset found in Currie and Saletan’
consists of Hamiltonian vector fields whose Hamiltonian
functions are quadratic in a set of coordinates on phase
space. We call this result the finite-dimensional quadratic-
Hamiltonian theorem. In Marmo, Saletan, Schmid, and Si-
moni’ we proved the analog of the finite-dimensional qua-
dratic-Hamiltonian theorem for linear diffeomorphisms in
infinite dimensions. Here we generalize this theorem to non-
linear diffeomorphisms on infinite-dimensional vector
spaces.

Theorem: Let : (V,Q)) — (V,) be a smooth diffeomor-
phism such that Df{x) is l skew forall x. If f*X,, =X ot
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for all functions H: VR of the form H(v) = §2(Avw),
where A: V- ¥V 'is a smooth map such that D4 (x) is 2 skew
for all x, then fis symplectic, i.e., f*Q = Q.

Proof: (1) We compute X;:

QX (x),4) = dH(x)u = di QUA(x + tu) x + 1)

tie=o0
= QMDA (x) x + Ax,u).
Hence
Xy (x) =DA(x)x + A(x).

Note in the special case where A is linear, we have
DA(x)-x = A(x) and hence X, (x) = 24(x).
(2) We compute X, 4:

UX ., (x),u) =d(f*H)(x) u=dH(f (x)) Df(x)u.

For any weV we compute

dH(f(x))-w=g; QUA(f (x) + fw), f(x) + tw)

lt=0

= Q(DA(f(x)) w, f(x)) + UASf(x),0)
= QDA (f (x))f(x) + A(f(x))w).
In particular for w = Df(x)u we get
dH (f(x)) Df(x)u
= — Q(Df(x) [DA(f(x))f(x) + A(f(x))],u),

and hence

2011 J. Math. Phys., Vol. 29, No. 8, September 1988

Xpopy () = — DAX)[DA(f(x))-(x) + A4 (fx))].
(3) On the other hand we have
S*Xy (x) = Df ~'oX,of(x)

and

Xu(f(x)) = DA (f(x)) f(x) + A4 (f(x)).
Therefore if f*Xy(x) =X, (x), then Df~'(x)
= — Df(x); hence — Df(x)* = id and we have Q(Df(x)v,,
Df(x)v)) = — Qv,,Df(x)%,) = Q(v,,v,), which means
that f is symplectic. a
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The spectral transform and Bicklund transformation for a generalization of the coupled Bloch
system arising in nonlinear optics are studied. The equation is related to a singular dispersion
relation and is treated as a representative example of a general method for studying such
equations. The spectral transform is developed through the 3 formalism. The Bécklund
transformation is derived in a very general way and solved to obtain the one-soliton and
breatherlike solutions. The nonlinear superposition formula is also constructed.

I. INTRODUCTION

Recent progress in nonlinear optics'* has shown the im-
portance of the coupled Bloch system

St = (1/4,)8XS™, S8 = (1/4,)S* XS, (L.1)
where the three-vectors S* = 8% (x,t) are the Stokes vec-
tors representing the polarizations of the electric field, and
A 5 !is the strength of the nonlinearity.' The interesting fea-
ture of (1.1) is that it possesses soliton solutions called “po-

larization solitons”' or “polarization domains.”?
Equation (1.1) is a special case of the more general one,

ST =8S*x{((1/A)S7), S, =StTxX(1/1)S™, (1.2)

in which 8* =8*(x,#) and S~ =S~ (4,x,1), 4 being a

complex parameterin D = {1€C,0 < |4 | < » }. The average

is defined as

a(A,z)
A

(L.3)

where the scalar distribution a(4,) vanishes as |1 | - o, is
bounded in A = 0, but is otherwise arbitrary.

We refer to Eq. (1.2) as the generalized coupled Bloch
system, but we emphasize the fact that the question of its
physical meaning is open.

Equation (1.1) is obtained for a(4,/) = —imé(4

— Ap). The averaging appearing in (1.2) has mathematical-
ly the same origin as the inhomogeneous broadening in the
reduced Maxwell-Bloch system® or the caviton equation.*
The common relevant feature of these equations is the fact
that they possess, in the spectral transform scheme, singular
dispersion relations.

We have constructed a general method to investigate
nonlinear evolution equations possessing singular dispersion
relations with the help of the 3 approach.® The system (1.2)
has been shown to be integrable in this formalism.® Here we
study (1.2) in more detail as a simple representative example
of the method sketched in Ref. 5, which we reformulate for
completeness in Sec. II.

In Sec. I1I we establish the matrix local d problem from
which we obtain the integrability of (1.2) by using the gen-

((1/A)S™) = ——1—” dANdAS™ (A,x,1)
21 D

® Unité de Recherche Associée au Centre National de 1a Recherche Scienti-
fique No. UA 040768.
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eral method of Sec. I1. The inverse spectral transform meth-
od to solve (1.2) is therefore constructed.

In Sec. IV we obtain the general formulas defining the
Bicklund transformations for evolutions with singular dis-
persion relations. Only very recently and independently’ has
this method been constructed. In Ref. 7 the (Darboux)
transformation is solved for singular dispersion relations for
the first time, in the only known example—the one corre-
sponding to the Zakharov-Shabat spectral problem (which
leads to the reduced Maxwell-Bloch system,® the self-in-
duced transparency equation,? or the caviton equation,* de-
pending on the chosen reduction). The method that we use
here proceeds through the Boiti~Tu method® and formally
applies for any starting spectral (or d) problem. In some
sense the *“¢ part” of the Bicklund transformation will ap-
pear to be universal for singular dispersion relations.

These results are used in Sec. V to derive the one-soliton
solution to Eq. (1.2), which will explicitly depend on the
arbitrary weight a(A,t) appearing in (1.3). Although this
step consists “‘simply” in solving first-order (22)-matrix
ordinary differential equations, the way to obtain the result
is not so simple, and we shall provide the computations in
some detail. We also obtain, as a special case, a breatherlike
solution.

It is well known® that, as soon as one has a Bicklund
gauge, one can construct the nonlinear superposition for-
mula (Bianchi theorem ). This is done for our case in Sec. V1,
where we obtain a way to construct a new solution from
three other known solutions by algebraic steps. This pro-
vides a means to build recursively an N-soliton solution to
Eq. (1.2).

We examine finally in Sec. VII the time evolution of the
spectral transform corresponding to the evolution (1.2). It
possesses the usual characteristic features common to evolu-
tions with singular dispersion relations: while the evolution
of the discrete spectrum is standard, that of the radiation
component may present exponential growth or damping.
This fact has been noticed as an irreversible evolution in the
case of the self-induced transparency equation.® It means
that the medium, while being transparent to the solitons,
may produce an exponential damping (or growth) of the
radiation in the ¢ direction. In our case the ¢ evolution de-
pends on the weight a(A4,¢). It is then possible to obtain a
bounded evolution of the radiation component.

© 1988 American Institute of Physics 2012



Il. SINGULAR DISPERSION RELATIONS

The first instance of the solution by the inverse spectral
transform of an evolution having a singular dispersion rela-
tion was given in 1974® for the Zakharov-Shabat spectral
problem. Then we had to wait until 1987 to have another
example using instead the Schrodinger spectral problem.*

In the meantime a number of different spectral prob-
lems have been studied, but always in association with poly-
nomial (or, at most, rational) dispersion relations.

We have recently given® a very simple recipe to con-
struct, almost by inspection, the nonlinear evolution equa-
tions associated with a given spectral problem for any singu-
lar dispersion relation vanishing for large values of the
modulus of the spectral parameter. We recall the method
hereafter.

The starting point is a d problem,’'° which we choose to
be matrix and local, having the form
9 w—wR, keDCC, @2.1)
dk
with R(k) given in D, and
V=W, kedD, (2.2)

with W, (k) given and continuous on the boundary dD of D.

By extension of the vocabulary used in the scattering
theory, W(k) is called the “eigenfunction” (to be deter-
mined), and R(k) the “spectral transform.”

We shall always assume that R(k) is chosen in such a
way that the solution of the F:] problem (2.1), (2.2) is given
by the unique solution of the following integral equation
(Cauchy-Green formula):

1 dA

Y(k)=—
(k) 2im Jap A —k

J‘ dA A d/i
217r

The term E(k) is a matrix factor (in general, an exponen-
tial) chosen to make ¥,(4)E ~'(4) bounded on the bound-
ary dD.

Next the distribution R (and consequently W) is sup-
posed to depend on a real parameter ¢ according to
IR

ot
where the matrix-valued function (k,?) is the dispersion
relation. Here () is assumed to be nonanalytic in D (more
precisely, it will be assumed to have a set = of poles or lines of
discontinuity) and to vanish on the boundary dD. (A
straightforward extension to k-polynomial behavior on dD is
possible.®) In short,

d
7 (k) # €

Yo () E ~H(A)E(k)

W(A)R(AYE ~Y(A)E(k).
(2.3)

= [R,Q], (24)

(2.5)
Q(k,t)~0, kedD.

The space variable x is now introduced as an external
real parameter in ¥ only. The problem is to account for this
dependence by using (2.1), (2.4), and the hypothesis
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_a_ R=0.
dx
To that end we define the matrices U(k,x,t) and

V(k.x,t) by (subscripts x, ¢, and k denote differentiation)

(2.6)

U=V )V, V=¥, —vQ)¥y—. 2.7
Equations (2.4) and (2.6) then imply
Up =0, Vi= —VYQ:¥~!, keD. (2.8)

The method for constructing the analytic function Uin
D is given in Ref. 10. In short, it is done by computing ¥
from (2.3), by using the fact that (2.6) implies that ¥
solves (2.1) (with a different bound), and by applying the
hypothesis that the solution of (2.3) is unique. An explicit
example is given in Sec. III, and we suppose here that
U(k,x,t) has been obtained or, in other words, that we have
linked the d problem to the corresponding spectral problem
V. =UW.

To construct the function ¥ we apply the Cauchy-
Green formula (forgetting for a while the x and ¢ depen-
dences):

1 dA

Vik)=— | —— V(4
© 2imJap A —k “
dANdL 3
— V(4 29
217rJ A—k A @ 29

In general, as ) has been chosen to vanish on dD, the
bound (2.2) and the definition (2.7) allow us to prove that V'
vanishes on @D, or at least that the first term of (2.9) vanish-
es (see Sec. IIT). The result is then

Vik) = -—f d’“\d’l ®(A), (2.10)
i
where the distribution stands for
(A x,t) =V(Axt) [% Q(/l,t)] Y—1(Ax,1). 2.11)

It remains to write the evolution of U, obtained by com-
puting U, and V, out of (2.7) and checking directly that

Q. =0=U,—V, +[UV]=0 (2.12)

Inserting in the above equation the expression (2.10)
for V and noting that

q’;(k’x;t) = [U(k’x,t)’(b(k,x,t)]r (2'13)
we obtain
U, (kx,t) = __J‘f dﬂ/\di
2imr
X [U(A,x,t) — U(k,x,t),d)(/l,x,t)]- (2.14)

The above two coupled differential equations constitute
the general form of solvable evolutions associated with a
problem and a singular dispersion relation.

HIl. GENERALIZED COUPLED BLOCH SYSTEM

We apply the general formalism of Sec. II to an explicit
example that will lead to the system (1.2) of solvable evolu-
tion.

The starting d problem on the domain
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D=1{keC, O<]k|< w0} 3.1
is chosen to be
—(%‘P(k,x,t) = W(kx,t)R(k,1), (3.2)
with the bounds
Xexpl(i/k)osx], as |k|-0, (3.3)
W (k,x,t) ~O0(1/k)exp[ (i/k)asx], as |k|— oo. (3.4)

The boundary 3D is naturally made out with the circles cen-
tered in & = 0, with radii p and ¢ in the limits p— 0, €—0,
oriented as shown in Fig. 1.

To compute the matrix U(k,x,t) (the “potential”) we
follow Ref. 10: U being analytic in D {see (2.8)], UV also
solves (2.1) and we compare its behavior as |k | -0 to that of
¥ [which from (2.6) also solves (2.1)]:

Y, ~(i/k?)Ag;A ~'[A + O(k) lexp[ (i/k)oyx]. (3.5)
Now we use the fundamental assumption that the solu-

tion of the 3 problem is uniquely given by the solution of the
integral equation (2.3), which from (3.3) and (3.4) reads
W (kx,t)e = oo
_1 A(x,t) +__ dzl/\d/l
2im

X W(i,x,t)R(A,t)e - (:/A)a,,;.

(3.6)

The solution is then uniquely determined by its behavior on
the boundary, and comparison of (3.5) with (3.3) implies

Y, (kxt) = (i/k)S(x,) ¥ (kx,t), S=AdA~". (3.7)

The above spectral problem is that of Takhtajan,'" used to
solve the hierarchy of “Heisenberg spin-chain” equations
when the dispersion relation is chosen polynomial in k& '

The relation (3.7) has been obtained by analyzing the
behavior of ¥ in the neighborhood of k= 0. We have to
prove that this result is consistent with the behavior (3.4),
which we write

4 *y

p(e,p)

N>

FIG. 1. Boundary of the domain D(e,p)
D itself is given by

= {keC, € < |k | <p}. The domain

D =1lim lim D(e,p).

€—0 p—~ 0
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We ~ WRor ok, t) ~ [(1/K)B + O(1/7k?) ], |k |= oo.

(3.8)

By differentiation of the above behavior with respect to x and
comparison with (3.7) we must have

B, =0. 3.9)
The matrix B may be evaluated by looking at the large &k

asymptotics directly in the integral equation (3.6) in order
to obtain

B= A———ff dANdA W(A)R(A)e  @hox, (3.10)
Making use of (3.7) allows us to derive
B, =A, —i[do4A " 'p, — @,05], (3.11)
with
@1 (x,) = — Jf dA NdZ W(A,x,t)R(A,t)e Ao,
2irmr
(3.12)

The quantity ¢,(x,?) also appears in the expansion
around £ = 0:

pkx,t) ~(1/k)A(x,t) + @, (x,t) + O(k), k-0,
(3.13)
which, by using (3.7), gives
A, =i[doA g, — @,05], (3.14)

and hence (3.9) is proved.

The evolution equation related to (3.7) for a singular
dispersion relation -is obtained by replacing U(k,x,t) in
(2.14) by (i/k)S(x,t). We obtain

dANdA

S,(x,t) = [S(x,t),—l‘—f q)(/l,x,t)] . (3.15)
2imJ Jp

It is important to check here that, for the boundary 4D
of Fig. 1 and the bounds (3.3) and (3.4) of ¥(k), the first
term in the expression (2.9) for ¥ does indeed vanish. Using
the definition (2.7) of ¥V} it is immediately seen that

Qk,t)~O(1/]k]), (3.16)

is a sufficient condition to ensure that the contribution on the
large circle of Fig. 1 vanishes. We are left with

as k|- oo,

f ﬂ——V(/l)
awA—k
.. fz’r €e do
= —7lim ”
«~0Jo €’ —k

X {A,A ~1—4 exp[i e~ "’03x] Q(eeyr)
€

Xexp[—ie‘“’@x]A“] . (3.17)
€

A necessary and sufficient condition for this integral to van-
ish for any value of x is that () be diagonal and bounded for
k = 0. The part proportional to 1 in Q being irrelevant in the
commutator (2.7), we write

Qkt) =wlkt)o;, o(k)<ow for |k|-0. (3.18)

Equation (3.15) and the related equation (2.13) be-
come
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S, (x,2) = [S(x,0),((I/AYF(A,x,1)) ], (3.19)
F (kx,t) = [S(x.0),(i/k)F(kx,t)], (3.20)
where we have defined
F(kx,t) =V (kx,t)o, ¥ ' (kx,t), 3.21)
(G/AFAx)) = —L” dANd]
X— " F(/l,x 1) — 671 w(A,t). (3.22)

We call the above system (3.19), (3.20) the generalized
coupled Bloch system, and we recover Eq. (1.2) for the no-
tation o = (0,,0,,05) and

S= —iS*to, F= —IS™0, (3.23)

This system is therefore solvable by the inverse spectral
transform method. More precisely, its solution can be re-
duced to that of an integral equation in the following way:
for a given spectral transform R(k,0) and the dispersion
relation §)(k,2), we first solve the evolution (2.4) to obtain
[for the choice (3.18)]

R4(k,t) = R%k,0),

w; =a.

(3.24)
Rk, =R“(k,0)exp[2o3f dt’ to(k,t’)] . (3.25)
0

(The superscripts d and a denote, respectively, the diagonal
and antidiagonal parts of the matrix R.) Note that we may
always choose R ¢ = 0.> Then the solution ¥(k,x,) of the
integral equation (3.6) provides S(x,?) with the help of
(3.7), and F(k,x,t) with the help of (3.21). To solve the
integral equation (3.6) we define G=4 ~'W exp[ — (i/
k)o;x], which is the solution of
1,1 dANdA

Glhx,t) =4 + L
et =+ ) A=k

G(A,x,t)

XR(/l,t)exp[ — —2/11 a3x] . (3.26)

The matrix potential 4(x,¢) is then obtained by solving
A4, =((i/k)[05,G] — G, )G !,

A—-o; as x> — . (3.27)

If instead of R (k,0) we had the initial datum S(x,0), we
would first have to compute ¥ (&,x,0) and R (k,0) by solving
the direct spectral problem associated with (3.7). Details on
this question can be found in Refs. 11 and 12.

IV. BACKLUND TRANSFORMATION FOR SINGULAR
DISPERSION RELATIONS

We derive here the general basic formulas for the Béck-
lund transformation without specifying the starting d prob-
lem, that is, without specifying the structure in & of the po-
tential U in the spectral problem (keD)

V. =UWV. (4.1)
The dispersion relation (2 is of course chosen singular, and
the auxiliary spectral problem written in (2.7) reads

¥, =VV¥4+9Q,
with

(4.2)
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V(er’t) = —_‘ff di/\dﬂ’ (D(/Lx’t),
2T

(4.3)
where ¢ was given in (2.11).
The method used is that of Boiti-Tu® and consists in

making the gauge transformation from ¥ to

W' (kx,t) = B(kx,t)V(kx,t), (44)
with the following requirements:
\P; — UI\PI’ ly: — Vl\yl + WIQ’ (4.5)

in which U’ has the same structure in k£ as U, and V' is given
by (4.3), where ¥ is changed with ¥'. The consequence of
this is that B has to solve

B, =U'B— BU, (4.6)
B,=V'B—BYV. (4.7)

It is then immediate to check by cross differentiation of
the above system that if (U,V ) solves the nonlinear evolu-
tionequation (2.12),then (U',¥ ") doesalsoand B definesan
auto-Backlund transformation.

We are interested here in an elementary Backlund trans-
formation corresponding to the simplest nontrivial choice:

B(k,x,t) = ikBy(x,t) + B,(x,t). (4.8)

The first equation (4.6), the so-called x part, holds for
any evolution associated with (4.1). Therefore we shall sup-
pose here that it is solved, which will be done explicitly in
Sec. V for the spectral problem (3.7).

So we examine the ¢ part (4.7). We first insert in (4.7)
the expression (4.3) for ¥ and the analogous one for V'
Then we make use of the following trivial identities:

B(kx,t)y=B(A,x,t) + i(k — A)By(x,1), 4.9)
obtained from (4.8), and
Q' (Ax,t)B(A.x,t) — B(Ax,1)®P(A,x,t) =0, (4.10)

obtained from (4.4) and (2.11). Finally, by identifying the
coefficients of £ ° and k ' we get

3
= Boxn) =0, (4.11)

9 B(xp) = {lf dANd] d>'(/l,x,t)] By(x,t)
ot 2 D

— By(x,t) ’—1- f f dANdL CD(/I,x,t)] .
27 D
(4.12)

Any higher-order Bicklund transformation, corre-
sponding to higher-order kX polynomials in (4.8), can be
solved in the same way.

The above two equations constitute the general form of
the ¢ part of the elementary Bicklund transformation related
to the singular dispersion relation.

Itis worth remarking that the structure of the ¢ part does
not depend on the choice of the starting principal spectral
problem. In that sense it is universal.

V. SOLITON SOLUTION

We solve the Bicklund transformation for the Takhta-
jan spectral problem (3.7) when the related evolution equa-
tion is the pair (3.19), (3.20), or, equivalently, (1.2).
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We shall first solve the x part, which will lead to the
usual structure of the soliton solution for the Heisenberg
ferromagnet.'! The t dependence of the “constants” of inte-
gration will be determined while solving the # part. Although
there is no special difficulty, the computations are not
straightforward and we give below the method of solution
with some necessary details.

By using (4.6) with both the expression (4.8) of B and
the choice (i/k)S(x,t) as potential U(k,x,t), we obtain the
set of equations (coefficients of k!, k% and k ~")

BO,x = 0! (51)
B, =B,S—S'B, (5.2)
B,S—S'B, =0, (5.3)

which defines the x part of the Biacklund transformation re-
lating the two potentials S’ and S.
First of all we remark that we may always choose
Bo(x,t) = l. (5'4)

Indeed (5.1) implies that any solution .S " obtained with a
gauge B made out with a full matrix B ; (xindependent) can
be equivalently obtained from the solution S, corresponding
to a gauge with B, = 1, via

S"(x,t) =B{S(x,t)By . (5.5)
This is also valid for the ¢ dependence because of (4.11).

The question now is that of the choice of the starting
solution (¥,S) from which we shall construct the new solu-
tion (W',S'). Looking for stationary solutions of (3.2) we
note that the pair
So(x,1) = $55(x) + s5(x) 05, (5.6)
Fy(kx,t) = My(k,)o,M 5 '(kt), M3(kt)=0, (57)
solves the generalized coupled Bloch system (3.19), (3.20)
with the corresponding eigenfunction

W, (k1) = exp[—lg f so] M, (k1) (5.8)
0

If we now use (5.3) where S’ decomposes as in (3.6),

S'(x,8) =A'(x,0)0:4 "'~ (x,0), (5.9)
we obtain the following equation for the matrix
N=B['A"

[N,o;] = {(33 — 1oy + so}N- (5.10)
The two sets of solutions for this equation are obtained either
for {s,=1,5,=0, N°=0} or for {s;= — 1, 5,=0, N?

= 0}. No x dependence is then allowed in (5.6), and we
choose

(5.11)

as starting potential in the set of equations (5.1)-(5.3).
For S’ we follow Ref. 11 and seek it in the form

S=03

(5.12)

where 0(x,t) and @(x,t) are real valued. [Note that 4’ in
(5.9) is obtained from S’ by replacing & by 16, and that
A'~'=A4".] The general solution of (5.3) can be written by
using (5.9):

nw 0
B=a(t 9).
! 0 v

S'=o,sinfcos ¢ + 7,sin fsin @ + o5 cos b,

(5.13)

2016 J. Math. Phys., Vol. 29, No. 9, September 1988

We insert this expression in (5.2), together with (5.11) and
(5.12), and multiply the resulting equation by 4 '. The diag-
onal part reveals that |z|? and |v| do not depend on x, and
that 4, log u = — d, log v. We then define a new unknown
real o(x,t) by

p(xt) = po(texpli{o(xt) — p(x,0}],

v(x,t) = vo(t)exp[ — {o(x,t) — p(x,0)}].
The remaining equation resulting from the diagonal part of
(5.2)is

o, =@, cos’(6/2).

(5.14)

(5.15)

After having used (5.14) and the fact that ¢ and 6 are
real valued, the antidiagonal part of (5.2) leads to

Ho(1) =3 (1) (5.16)

(* stands for complex conjugation), and, after having used
(5.15), to

( w0 ) _ 2 . 6 0
€9sin —) = — —sin — cos — e'*.
x Ko 2

Equations (5.15) and (5.17) are the basic equations to
be solved. This is done in three steps: (i) proof that the func-
tion o(x,t) introduced in (5.14) is a linear function of x; (ii)
computation of the solution 8(x,?); and (iii) computation of
the solution ¢ (x,?).

To prove that o, is a constant, we first rewrite (5.15) as

(5.18)

Second, we use (5.17) to express exp[i(¢ — o) ], which is
then differentiated. Together with (5.18) we obtain

(5.17)

@, — 0, =@, sin’(6/2).

(iu2¢x _ai) [l¢7x(1 _ u2)l/2 + ux(l _ u2)—l/2] =0’
X
(5.19)
in which u(x,t) =sin 16(x,t). Upon integration of the
imaginary part of (5.19) we obtain the desired result that
@, (1 — u?) is a constant. We write

ag(x,t) =a(t)x + oy(t). (5.20)

To compute 8(x,t) we insert the above expression in
that of exp[i(@ — o) ] obtained from (5.17), and we simply
write that its modulus is 1. After some simple algebra we get

sin 10(x,t) = a/cosh[a(|2/ue}x + x5) 1, (5.21)
in which x,(¢) is arbitrary and a(¢) is defined by
a®=1—1a*|u,|* (5.22)

The quantities a(t) and u,(¢) have to be chosen such that
a? < 1, the condition of existence of a real-valued solution 6.

To compute ¢(x,t) we insert (5.21) into (5.15) and
evaluate ¢, — a(¢). After some algebra it can be written as
an exact derivative and, finally,

@(x,t) = @o(t) +a(f)x

+ arctan{(a/y1— a?)
Xtanh[a(|2/po|x + x0) 1} (5.23)
To complete the solution of the x part of the Biacklund
transformation, it remains to find the relationship between
@, and o, This is done by computing explicitly
expli(@¢ — o) ] with the help of (5.20) and (5.23), and by
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comparing the result with (5.17). We obtain

expli(@o — 00)1 = — iuo/ |- (5.24)

Therefore the soliton (8,¢) depends on four indepen-
dent functions of ¢ to be determined (a,x4,@q0)- To sim-
plify the notation we fix

Ho(1) = iy(8), YeER, oo(t) =@o(t), (5.25)

§(x0) = a()[2x/7(8) + x(8) ]. (5.26)

The resulting explicit form of B,(x,t) is obtained from
J

—1
cosh? £
Vo, W'~ — o, =p(k)a?
3 P ) 72 £'(ax + o0 [k+y\/1——-—¢;‘r
cosh & ay
in which
p(k) =2/(k% 42k 1 —a% + ). (5.30)

The above expression entersinto B, , in (4.12) when the
dispersion relation is given in (3.18) (and B, = 1):

9 B (xt) =_1_J'f dA NdA w3 (A1)
at 27 JJp

X [ (A,x,0)a; ¥~ (A,x,t) — 03]. (5.31)

This equation, together with (5.27) and (5.29), allows us to
determine the time dependence of the set {a,x,,@0.7}

We remark first of all that the quantity (5.29) vanishes
as |x|— oo. By taking the limit of (5.27) and (5.31) this
gives

a, =0, 7,=0, (5.32)
and hence [from (5.22) with (5.25)]
a, =0. (5.33)
Finally, by using (5.31) explicitly we obtain
ixo(t) = — i ff dANdA w3 (A,)p(A), (5.34)
ot D
)
—o0y(t) = —— dANdA
a 7o(0) 27 JJp

which achieve the derivation of the soliton solution.
The soliton depends on four real parameters
{a,7,x4(0),04(0)) and the weight w; (4,7), which has to be
chosen such that x, () and g (2) be real valued. As an exam-
ple we may set (A = Az +id;)
wz(A,1) = — ing(4,0)6(4,),

where g(A) is L*(R). Then we have

+ o0 1
Xo(t) = Vf dA|pd) f g(/l,t’)dt'] + x,(0),
— 0
(5.37)

and similarly for o,(¢). One can play with different explicit
choices of g as a function of ¢ to make the soliton oscillate
back and forth, make it move significantly only during a
finite time interval, etc.

(5.36)
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(5.13) and (5.14), and reads
=in1 - a + (ay/cosh §)o,

Xexplios(ax + 0,)] + ayo; tanh €.

Note that (5.2) gives S' =0,
W' (k,x,t) reads

V' = (ik + B,)exp[ (i/k)o;x]N, (5.28)

where N is a normalization constant matrix, and allows us to
compute, for future use,

(5.27)
— B, .. The eigenfunction

_t(ax+0) [k+7\/__—7 ltanhg]
cosh & a
1 ?
]
+ itanh £ cosh2§ 5299
P

Another interesting simple case is obtained for

w7 (A1) = —imgy()8(Ag — A0)8(4)). (5.38)
The related evolution [see (2.13), (2.14), and (3.23)] be-
comes

St = (1/4)8(1)ST™ XS, S;7 =(1/k)S*XS™.

(5.39)
The above system is the simplest generalization of the equa-
tion of polarization domains (1.1) obtained here for g, = 1
and k = A,.
There exists another interesting solution if we choose
a=0=3a=1, (5.40)

for which, restricting ourselves for simplicity to the case
(5.36), we have

+
xo,.=rj Afd'lfg(/lt), (5.41)
+ ®
o =] B& yearae ol (5.42)

These particular forms allow us to obtain a stationary solu-
tion by selecting for g(A,f) an odd function of A. Centering
the x axis in x,(0) the solution reads

sinh(2x/y)

cosh?(2x/7)
_ [ sinh(2x/y)
cosh?(2x/y)

S(x,t) = [

sin oo(t)] o,
cos ao(t)] o,

2
n (1 - —___) oy 5.43
cosh’(2x/y)/ 43
This solution represents a breatherlike solution. Such a solu-
tion cannot be obtained for Eq. (1.1), which corresponds to
a delta function for g(4,).
We finally mention that the two poles (ay > 0)

k= — \H—-aziiay (5.44)

of p(k) correspond to the bound states. Indeed we check in
(5.28) that we have

Jérome J.-P. Leon 2017



, ) (k_k:t)e(i/k)x 0
\I/(k,x,t)~t( 0 (k__k:F)e—(i/k)x N’

Therefore, as ay > 0, ¥’ does vanish at both ends of the x axis
fork=k*tork=k".

VI. NONLINEAR SUPERPOSITION FORMULA

As soon as we are able to build a Biacklund transforma-
tion by means of the Boiti~Tu gauge, we also know how to
establish the nonlinear superposition formula.® It proceeds
through the diagram

1
B l()/ \

’Pl B3]’P2.
0 3, (6.1)
}zo,pz Bn,p‘/
\2/

where p, denotes a given set of parameters defining the solu-
tion S(#) obtained from a solution S( j) with gauge B Y. This
gauge is defined in the preceding section by the equations (a
parameter p, is understood)

Bi=jk+BY, (6.2)
B, =S0j) -8, (6.3)
BiS(j) —S()BY =0. (6.4)

The above diagram is equivalent to the equation [with
the correct parameter as indicated in (6.1) ]

B31B10=332320. (65)
Inserting (6.2) into (6.5) we obtain the basic equations

B'+BI°=B+BY, (6.6)

B'B°=B¥B? (6.7)

The Bianchi theorem [i.e., the same solution S(3) is
indeed obtained by following the two ways indicated in the
diagram (6.1)] is easily proved by differentiating (6.6) with
respect to x and then using (6.3).

The nonlinear superposition formula is obtained by in-
tegrating (6.3) and using the result in (6.7) to get S(3):

S(3) =5(0) — B3, (6.8)

BY=[B"*- B"?*[B"-B?]" (6.9)
The matrices B/° are given in (5.27) when S(0) = g, with
parameters p; = {a,,);,%4;(0),04,(0)}, j=1,2, and with
the expressions (5.34) and (5.35) of the velocities.

The above formulas then provide the two-soliton solu-
tion for Eq. (1.2). Depending on the choice of the function
of t, w3 (A,t), the solitons may not separate as ? increases.

The superposition formula holds for any evolution asso-
ciated with the & problem (3.1), (3.4). It holds, in particu-
lar, for the hierarchy of Heisenberg spin-chain equations.'’

VII. EVOLUTION OF THE SPECTRAL TRANSFORM

The evolution of the spectral transform R (k,t) obeying
Eqgs. (3.24) and (3.25) presents interesting features in the
case of singular dispersion relations as shown in Ref. 3.
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We have proved® that for a matrix local 3 problem such
as (3.2) one may always choose, via an appropriate gauge
transformation, an off-diagonal matrix R(k,t).

Moreover, the standard structure of R (in the case of
“good” potentials) is given in Ref. 10 for the Zakharov—
Shabat system and is equivalent to that of our problem.'? It
reads (k F are the N * bound statesin +Imk * >0)

+ +

RO =( . 0_ rt(kné (kz))

r= (k6™ (k) 0

T (O 1) (b k—k,b)
+ 2 0 0 Cp AR

n=1

N0 O
+ 3 (1 o)c:(t)s(k—k;), (7.1)

where the distribl;lt?o‘ns 5% are defined by
S8 (k) = lim fikg £ i€) = * (k)-
Its time dependence is given by (3.25):
R(k,2) = R(k,0)exp [203 J:dta)(k,t)]. (7.2)

Differentiating the above two equations with respect to ¢
we obtain

rt (k06" (k; ))

r (k15" (k) 0
o)t )

NEX)
o/ ¢

(@, + 2w(k,t)0s5) (

N 0
+ Z Sk—kJ) [(a, + 2w(k,t)o;) (0

n=1

e
+ Y 8k—k,;) [(a, + 2w (k,t)0,) ((1)

n=1

L 0 1
-3 6'(k—k,,+)k;,(0 o)c:(t)
n=1
N-
— Z 8'(k—k, )k, (0 g)c,,—(t)=0.

n=1 1

(7.3)

Then, by identification of the coefficients of the different §
and &’ functions, we get the evolutions

kLt=0, (7.4)
rE(kt) = £ 20 (kt)r(kt),

ot =w(ky +i0,t), keR, (7.5)
@, +20(kF.0)cE() =0, +ImkF>0. (7.6)

Up to this point everything holds for any kind of disper-
sion relation §) = wo, in the evolution (2.4). Let us now
examine the case already mentioned in Sec. V: instead of
w(k,t) we give g(k,t) in

a—(j.(a)(k,t) = —img(k,t)6(k;). (1.7)
The dispersion relation is computed by using the Cauchy—~
Green formula [see for instance (2.9) ]. Since g(%,?) vanish-
esas |k | » oo and is bounded in k = O, the integral along the
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boundary dD (Fig. 1) vanishes, and the result is

+ oo dl
—g(4,1),
2 kg( )

keR,

(1.8)

where the slashed integral denotes the Cauchy principal-val-
ue integral. We have also

te dA
kn)t = .J. .
w(k,,t) = +i L A—kE

Note that the one-soliton solution of Sec. V corresponds to
Nt*=N"=1, kif=k* given in (544), and
re(k,ty =0.

Using (7.8) in (7.5) shows that the evolution of the
radiation component may present exponential growth or
damping. For physical interpretation of such a phenomenon
[when g(k,t) is real and time independent], we refer to Ref.
3 when exponential damping {(attenuator) occurs, and to
Ref. 14 when exponential growth (amplifier) occurs.

Having here the freedom of choice of g(k,t), one may
think of a bounded evolution even for the radiation compo-
nent. For instance, an oscillatory g provides not only solitons
oscillating back and forth [see (5.34)] but also a radiation
component that periodically gives (receives) energy to
(from) the medium.

In the case corresponding to wz given in (5.38) and to
the evolution (5.39), the dispersion relation is given by

w(k,t) = irlgy(£)/ (Ao — k)], AR (7.10)

The evolution of the radiation component implies that we
have to impose

ri ('{Oyt) = 03

and reads

w* (kt) = Frg(kt) +if

— o

g(A,b). (7.9)

(7.11)

rE(kt) =r* (k,O)exp[ + 2 . J. dtgo(t)] s A FA,
0

Ao —
(7.12)
Another way to obtain the soliton solution is to use the
nonlinear superposition of elementary Darboux transforma-
tions obtained for B, = (1 £ o;) in (6.1)—(6.3). This has
been done in the review paper.'
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The procedure developed here in 1 + 1 dimensions can
be extended to evolutions in 2 + 1 dimensions.'®

We note also that discontinuous solutions (“‘step-soli-
tons™) can be obtained for dispersion relations with moving
singularities. The corresponding spectral transform consists
of a rational reflection coefficient. '’
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A stochastic framework for quantum mechanics is presented in which the elements are
measurements and amplitudes. The resulting structure provides three stochastic levels: At the
bottom level are the sample points. These may be unobservable, in general. At the next level
are the outcomes of measurements. The amplitude of an outcome is computed by summing the
amplitudes of the sample points resulting in that outcome upon a measurement. At the highest
level are the events of a measurement. The probability of an event is computed by summing the

moduli squared of the amplitudes for the outcomes comprising that event. Using these
guidelines, various probabilities, conditional probabilities, and expectations are defined.
Superpositions of amplitude functions are investigated and superselection sectors are shown to
occur in a natural way. The framework is illustrated in various mathematical models such as
spin-} models, the two-slit experiment, and phase space quantum mechanics. Finally, a theory

of discrete Feynman amplitudes is presented

I. INTRODUCTION

In this work we present a framework for the foundations
of quantum mechanics based upon the concept of amplitude
functions. In the study of traditional quantum mechanics,
two distinct pictures seem to emerge. One picture stems
from what people say and the other picture stems from what
they actually do. People say that the (pure) states of a quan-
tum system are described by unit vectors in a Hilbert space H
and the observables are described by the self-adjoint opera-
tors on H. If the state is given by ¥)H and the observable by
7, then the probability that T has a value in a Borel set AcB
(R) is (ET (4)¢,v) where E7 is the spectral measure for 7.
Moreover, the evolution of the state is given by Schro-
dinger’s equation or its relativistic counterpart. However, in
the modern theory of high energy physics, this is not what
people actually do. Roughly speaking, they begin with an
amplitude function (or amplitude density) f that is not
known precisely but is given heuristically by a Feynman
path integral. Using perturbation techniques involving
Feynam diagrams and renormalization rules, f'is found ap-
proximately. Using this method, the amplitude of a quantum
outcome y is computed by integrating f over the alternatives
that result in y. The absolute value squared of this quantity
gives the probability of y. Using these probabilities, various
physical quantities such as scattering cross sections, decay
modes, and particle lifetimes can be computed.

There are also basic philosophical questions that have
been present since the inception of quantum mechanics.
These questions involve such concepts as completeness, real-
ity, and hidden variables.! In our framework we have an
underlying objective reality consisting of the set of all possi-
ble configurations of a physical system. This objective reality
X depends upon the physical system being described. For
example, X might be the set of trajectories in configuration
space or the set of points in a phase space. An outcome y of a
physical measurement F consists of a set of interfering alter-
natives represented by points in X. The amplitude ¥(y) of y
is found by summing (or integrating) an amplitude density
over the alternatives resulting in y. Then #(p) gives the
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“wave function” corresponding to F. We show that ¢ is a
unit vector in a Hilbert space H and that Fcan be represent-
ed by a self-adjoint operator on H. Using this method the
traditional Hilbert space structure is obtained, but in the
process information about the underlying reality X is lost.
The space X gives a complete description of the physical
system, while H only describes results that can be obtained
from the measurement F. On X we may consider various
measurements of the system simultaneously, while H only
gives a “projection” of reality due to one measurement. As
we shall illustrate, for a nonrelativistic system in which Xisa
phase space, quantum mechanics can be “derived” as an am-
plitude average of classical mechanics.

As pointed out by Pitowski,” there have been several
attempts at accounting for the nonclassical deviant probabi-
lities of quantum mechanics. One can take the nonrealist
view of Bohr which denies that an object can be ascribed
properties independent of observation. One can take the
nonlocal view that explains quantum interference in terms of
certain unknown physical mechanisms. There is the possibil-
ity that classical logic should be abandoned. Finally, one
might abandon classical probability theory. We shall follow
Feynman® and choose the last of these alternatives. Our guid-
ing principle is that quantum probabilities are computed by
summing (or integrating) amplitudes and then taking the
modulus square.

ll. MEASUREMENTS, AMPLITUDES, AND
PROBABILITIES

Let X by a nonempty set. We call X a sample space and
the elements of X are called sample points. A map F with
domain D(F) CX and range Y, = F(D) is a measurement
(or measure bundle) on X if the following conditions hold;

(M1) Y, is the base space of a measure space (Y,
Zr Ve).

(M2) For every yeYr, F~'(y) is the base space of a
measure space (F ~'(y), Z,, i, ).

We call F ~(y) the fiber over y, the elements of Y are
called Foutcomes and the sets in 2 - are F events. Notice that
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#(F)={F~'(B): B3}

is a o algebra of subsets of D(F) CX.

The sample points correspond to the possible configura-
tions of a physical system S. A measurement F corresponds
to a laboratory procedure or experiment that can be per-
formed on S and its domain D{F) gives the sample points
that are relevant to the procedure F. For every xeD(F),
F(x) denotes the outcome resulting from executing F when
S hasconfiguration x. For ye Y., the fiber F ~ ' (y) istheset of
sample points that give the outcome y and for BeZ ., F ' (B)
is the set of sample points that give the event B. The measure
v is an a priori weight for the Fevents that is independent of
the state of the system. In the case of total ignorance, vy isa
uniform measure such as Lebesgue measure, Haar measure,
or the counting measure in the discrete case. Similarly, u, is
an a priori weight for the sample points in the fiber F ~'(y).

A function f: X - C is an amplitude density for the mea-
surement F if the following conditions hold:

(A1) fIF~'eL (F~'(),2,,u,) for every ye¥p;

(A2) F(f)()= f Fdu,eL*(¥p,Zpvp) =H,;
F

Yy

(A3) uF<f>u=f|F<f>|2dvF=1.

We interpret f(x) as the probability amplitude density of the
configuration x. Since F~!(y) is interpreted as the set of
alternatives that result in the outcome y upon execution of F,
F(f)(y) corresponds to “summing” the amplitudes over
these alternatives. Then F( f)(y) gives the amplitude den-
sity at y and the resulting probability density is |F( £) (»)|>.

Let F be a measurement and let f/ be an amplitude den-
sity for F. A set ACX is a generalized (F, f) event if the
following conditions hold:

(E1) ANF~'(p)eZ, for every ye¥y;

(E2) fr(A)(p)= fau,eH,.

ANF='(p)

We denote the set of generalized (F, f) events by € (F, f).
For Ac& (F, f'), we call f.(A4) the (F, f) amplitude density
of A. Notice that

fp(X) =fF(D(F)) = F(f)-

The generalized events are the subsets of X for which a rea-
sonable amplitude density can be defined. In fact, fr(4) ()
is the “‘sum” of the amplitudes over the alternativesin 4 that
result in the outcome y upon execution of F. Interpreting
| fx(A)|* as the probability density of A€ & (F, f ) it becomes
reasonable to define the (F, f) probability of A as

Pry(4) szfr(AH"dvp = | fr (D]
We also define the (F, f) pseudoprobability of Ac & (F, f) as
Piyd) = [£ (07 000y, = fr ), £00)

= (fr(4),F([)).
IfAND(F) =, then clearly fr(A4) = 0. Hence there is
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no loss of generality in assuming that ACD(F) for all
Ae# (F, f). Thus we can identify X and D(F). A nonempty
collection of subsets of X is an additive class if % is closed
under the formation of complements and finite disjoint
unions. Moreover, if .7 is closed under the formation of
countable disjoint unions, then % is a o-additive class. We
denote the complement of a set 4 by A ©and its characteristic
function by y,.

Lemma 2.1: (a) & (F, f) is an additive class containing
& (F).

(b) For every BeZy, fx[F ' (B)] = ysF( f) and

Py [F~'(B)] = P3,[F~\(B)] =LlF(f)|2dvF.

(¢) P, is an additive complex-valued set function on
& (F,f)with P} (X) =1

(d) fr is an additive vector-valued set function on
E(FS).

Proof: Clearly, Xe# (F, f) and

P (X0 = |F(HIP=1.
If Ac& (F, f), then for every ye ¥, we have
ANF~(p) =F T 'WINANF "} (p)eZ,.
Moreover,

[rAY () = f fdu,
ANEF ()
= f fau, — fdu,
F~'(» ANF~Y(p)

=F(f)(¥) — fr(4)(y)eH}.
Hence & (F,f) is closed under complementation. Let
A& (F, f),i=1,..,n, be mutually disjoint. Then for every
yeY we have

(U4)NF Y (y) = UA4,NF1(»)eS,.

Since the 4, are mutually disjoint

Sr(U4) () =3, fdu, =2, fr(4,)(p)eH.

ANF~' ()

Hence & (F, f) is an additive class. Also, it is now clear that
Jr and P, are additive on & (F, f). If BeZ, then

F~'(»), if yeB,

2, if yeB.

Hence F ~'(B)NF~'(y)eZ, and
SelF~Y(B)]) = xpF( f)eH.

Therefore £(FYC&(F, f) and

P F~Y(BY] =P [ F~ (B)] = (xsF(),F([))

.-

We use the notation F,(B) =P ,[F ~'(B)] for BeX .
Itis clear that Py, is a probability measure on 2 and we call
it the f distribution of F. Although P}, is additive on
& (F, f), it has the disadvantage of being complex valued so
it cannot be interpreted as a probability for an arbitrary
Ae& (F, f). On the other hand, P is non-negative, but it is
not necessarily additive and it may attain values larger than

F-Y(B)NF~'(y) = {
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1 on & (F, f). Hence Py, is not a probability measure on
& (F, f) in general. We now show that these difficulties can
be overcome under certain conditions.

Let S C# (F,f) be an additive class. We say that an
amplitude density fis F-orthogonally scattered over . if for
A,Be¥ with ANB=O we have f.(4)Lf-(B) [ie.,
(fr(A4), fr(B)) =0]. We say that f is F orthogonal at
A& (F, ) if fe(A) L1 f-(A4°). Notice that if fis F-orthogo-
nally scattered over .%, then fis F orthogonal at every Ae.% .
Also, fis F orthogonal at A4 if and only if fis F-orthogonally
scattered over {X,,4,4° }. When we say that M is a probabil-
ity measure on an additive class . we mean that u is o
additive. That is, if 4,€.%, i = 1,2,..., are mutually disjoint
and UA4,€.%, then u(UA4;) = 3,u(4,).

Theorem 2.2: Let f be an amplitude density for the mea-
surement F.

(a) fis F-orthogonally scattered over & (F).

(b) For Ae& (F, f), Pr,(A) = P ,(4) if and only if f
is F orthogonal at 4.

(c) f X C&(F,f) is an additive class, the following
statements are equivalent: (1) fis F orthogonal at every
AeS; (2) Prr(A) = Py (A) for every Ae.%; (3) Pr, and
P, are probability measures on .%.

(d) If f is F orthogonal at every Ac& (F,f), then
& (F, f) is a o-additive class and P, = P [ is a probability
measure on & (F, f).

Proof: (a) For A,BeX,, it follows for Lemma 2.1(b)
that fr[F~'(A)] = y ,F(f) and fe[F 7' (B)] = x5 F( f).
Hence ANB = @ implies f=[F ~'(4) L f-[F ~'(B)],

(b) Pr;(A4) = P (A4) if and only if

| fo (D = (fr(A), fr (X))
= <fF(A)9fF(A) + fx(4 )

= || fr (DI + (fe(4), fr(49)).

This last equation holds if and only if fz(4)L f-(4°).

(c) (1)=(2) follows from (b); (2)=(3). If (2)
holds, then P, is non-negative, additive, and Pg(X) = 1.
Toshow that P, is o additive, suppose 4,6, i = 1,2,..., are
mutuallydisjointand UA4,e.%.Sincef|F ~'(y)eL '(F ~'(»),
3,.u,), for every ye Y we have

fr(U4) () =f fdu, =2,.L

U4,NF ()

fdu,

NF'

=3fe(4)(). (2D

Since P is additive, we have

3 Pry(A4,) = Pr (UL 4)<1.

i=1
Hence 22, P.,(A4;) converges to a number that is not
greater than 1. Moreover, f, =2!_ , fx(A4,) is Cauchy in H
since

n 2
| 3o || = 1scur ol

=PFJ(U?=mAi) = z PFJ(A:')
and the last summation approaches O as m,n— . Thus f,
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converges to an element geH in the L ? norm. It follows*
that there exists a subsequence of f, that converges to g a.e.
[v£]. Now from Eq. (2.1) we have f, - f-(U4;) a.e. [v/]
s0 g = fr(UA,;). Hence

lim 3 fr(4) =fr(UA,)

ek =y

in the L2 norm. Therefore
2

RAZH

i=1

S P4 = lim 3 Ppy(4,) = lim
n—oo ;1 n— oo

i=1

= “fF(UAi)HZ = PFJ(UAi)-
(3)=(1). Suppose (3) holds and 4e.%. Then
1=Pp (AVAC) = || fr(4) + f(4)?
= [ fe (DI + | fr (4 )* + 2 Re( f(4), fr (4))

=1+ 2Re{ fr(A), fr(4°)).
Hence

Re( fr(4), fr(4°)) =0.
Moreover,

PL.(d)= (fe(A), fe(A) + fr(4°))

= [ fe (DI + (fr(4), fr(49)).

Thus ( fr(A4), fr(A°)) is real 50 fr (4)L fr(4°).

(d) Suppose that fis F orthogonal at every A€& (F, f).
We know from Lemma 2.1(a) that & (F, f) is an additive
class and from (c) that P, is a probability measure on
& (F,f). To show that & (F, f) is a o-additive class, let
A€ (F, f),i=1,2,.., be mutually disjoint. Now for every
yeY, we have

(UA)NF~'(p) = U4, NF~1(p))eZ,.
Moreover Eq. (2.1) holds. Applying the same argument as
in (c) we conclude that f-(UA,)eH,. Hence
UA,€& (F,f). O

Corollary 2.3: Let #€& (F, f) be an additive class. If f
is Forthogonal at every Ae.%, then f; is a g-additive vector-
valued set function on ..

If Ac& (F, f) with fr(A4)#0 and BeX . we define the
conditional (F, f) probability of B given A by

dve s fr@I

P..(B A)Ef (A)2 =
Bl | e A S = T T

Notice that P.(:|4) is a probability measure on 2. Al-
though Py ,(4) cannot always be interpreted as a probabili-
ty, we see that Pp.(B|4) can be so interpreted. We now
show that P,.;(B |4) has the usual properties of a condition-
al probability.
Lemma 2.4: (a) Pr;(B|X) = Pr;(B) for all BeX,.
(b) If BeZ ., AcE (F, f), then F ~!(B)NA€& (F, f),

fF[F”l(B)ﬂA ] =Xﬂfp(A)
and
Prs(B|A) = Prs[F~'(BYNA1/Pr(A).
(c) If B,CeX , then
P B|F~'(C)) = Pr(BNC)/P(C).
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Proof: (a) Applying Lemma 2.1(b) we have
Prr(BIX) = lxs FCOIP/NFOOI?
= FJ[F_I(B)] =PFJ‘(B)-

(b) Since
T @010 = | fu,
F~"(BYNANF~'(»
ANF~'(y)
we have
P, F~ (BYNA ] = [yafs (DI = Pry(4)Py/(B|A).
(c) This follows from (b). O

We denote by L 2(F, f) the set of functions g: D(F) —C
satisfying the following conditions:

(F1) g~ "(B)e& (F, f) for every BeB(C);

(F2) gf|F ~'(MeL (F~'(y), =,,u,) for every ye¥;

(F3) fr@ = gfdureHy.
F=Y(»

We call - (g) the amplitude density of g. Notice that for
Ac¥& (F,f) we have y,eL?(F, f) and fr(x,) =fr(4) so
fr(g) generalizes the amplitude density of generalized
events. We denote by L2 (F,f) the set of functions g:
D(F)-C satisfying (F2) and (F3). It is clear that
L2 (F, f) is alinear space. However, L 2(F, /) need not be
linear since it is not necessarily closed under summation.’

ForgeL % (F, f) we define the (F, f) pseudoexpectation
of g by

EFf(g) = (fF(g)’F(f)> = (fF(g)’fF(1)>’

where 1 = y, . It is clear that E,(g) is linear on L2, (F, f)
and E. (1) =1. Since Ep.(y,)= P (4) for all
Ae& (F,f),weseethat £, .7 is the natural linear extension of
P ;. Unfortunately, E,;(g) need not be real when g is real
valued and E.;(g) need not be non-negative when g is non-
negative. We now show that these difficulties do not occur
under certain conditions. Suppose geL 2(F, f). Then

&, (F.f)=1g""(B): BeB(C)}

is a o subalgebra of & (F, f). If fis F orthogonal at every
Ae& ,(F, f), then by Theorem 2.2(c), Py, .7 is a probability
measureon &, (F, f) so(g~'(C), & (F, f),Pg, ;) becomes a
probability space. We then define the Lebesgue integral
J8(x)Pr,(dx) in the usual way.

Theorem 2.5: (a) if geL *(F, ) and fis F orthogonal at
every Ae& , (F, f), then

Er(@) = [e0Py (an.

(b) Ifg: Y — Cis 3 measureableand gF( f )eH[, then
goF satisfies the conditions of (a) and

Er;(g)=E;;(goF) = | g(»)Pr,(dy) = (F(f),F(f)).

Proof: (a) Suppose g is a simple function g = 2¢:Xap
c;€C, A,€%  (F, f),i=1,..,n. Then by Theorem 2.2(c) we
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have
Er;(8) = 2¢:Egy(x4) = 2¢;Py(4))

=2, Prp(4;) = Jg(x)PFJ(dx)-

A standard limit argument now gives the result.

(b) It follows from Theorem 2.2(a) that goF satisfies
the conditions of (a). Applying (a) and a change of vari-
ables we have

E; (goF) = | g(y)Pr,(dy).

Since

P,/ (B) = f FC) dve
B

for all BeZ, we have dP,/dv, = |F(f)|* The Radon-
Nikodym theorem gives

dP
Jg(y)PFJ(dy) = fg(y) dvFJ

F

dvp = |gIF(f)|? dve

= (F(/).F(f)). O

Under the conditions of Theorem 2.5, E  has the desir-
able properties of an expectation.

Corollary 2.6: Suppose f is F orthogonal at every
Ae& (F,f) where geL*(F, f).

(a) If g: D(F) >R, then E,,(g)eR.

(b) Ifg: D(F) >R™, then E.,(g)eR™.

In certain quantum mechanical models we do not have
the F-orthogonality condition of Theorem 2.5(a), so we
must use the general form for E,, even though it does not
always have satisfactory properties. [Alternatively, we
might say that E.,(g) does not exist or that g is not an
observable function.] This same difficulty occurs in tradi-
tional quantum mechanics when one does not properly sym-
metrize a set of operators.

We can also define pseudoconditional expectations in a
natural way. Let Ac& (F, f), geL % (F, f), and define

fr(gl) () =f gfdu, .
F='(nNna

The (F, f) pseudoconditional expectation of g given A is de-
fined as

(fr(glA), fr(1|4))
Prp(A)
_ (fr(gld), fr(4))
|| fe (D2
Notice if g = y -5, for BeZ, then
Sexe- v |4) = Xr- oy fr(4)
and
Ecr(Xr-1n) |4) = Pr,(B|4).

E,(gld) =

llil. CATALOGS AND AMPLITUDE SPACES

In Sec. II we considered single measurements on a sam-
ple space X. The present section discusses collections of mea-
surements on X. For example, an important class of mea-
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surements are those whose outcomes are real numbers. More
precisely, an observable is a measurement F where Y €B(R)
and 2 = Y-NB(R). In quantum theory it is usually essen-
tial to consider several observables in order to describe a
physical system.

A catalog o/ (X) on a sample space X is a nonempty
collection of measurements on X. There are two ways that
one can proceed in applications of this theory. Given a sam-
ple space X and a collection of complex-valued functions
F = { f;:iel’} on X, we can form the catalog o7 (X,.# ) (ifit
exists) of all measurements on X such that each f; is an am-
plitude density for every Fe.o (X,.7 ). Or one can begin with
a catalog .« (X). A function f: X - C is an amplitude density
for o7 (X), if fis an amplitude density for every Fes/ (X).
Denote the set of all amplitude densities on &/ (X) by
F (o). We say that a catalog & (X) is complete if there are
sufficiently many measurements to distinguish different
sample points. That is, for every x5y in X there is an
Feg/ (X) such that F(x) #F(y).

This framework generalizes the operational statistics
framework of Foulis and Randall.® A catalog corresponds to
a quasimanual in operational statistics and a measurement
corresponds to an operation. A trivial example of a complete
catalog is given by a measure space (Y¥,2,v). Let X = Yand
let F: X—Y be the identity map. On F~!(p) = {y} let
3, = (2,{y}} and define u,({y}) =1. Moreover, let
(Y, 2pve) = (Y,2,v). Then o = {F} is a complete cata-
logon X. Notice that ¥ (&) isthe unit sphere of the Hilbert
space L%(Y,2,v).

Let <7 (X) be a catalog. The set of functions f X—C
satisfying (A1) and (A2) of Sec. I for all Feo/ (X) and

(A3) | AI=IFH) e, = IG(H)lx, for all FGes (X)
is called the amplitude space of <&/ and is denoted H(./).

The elements of H(.«/') are called amplitude functions. No-
tice that

H(«) ={af aeC, f£F ()}

and if feH(«/) with || f||#0, then f/| flle¥ («). Of
course, if feH( o/ ) then afeH (<) for every acC. However,
if fgeH(«/) we need not have f+geH(«/). If
af + BgeH( ), f,geH (), a,PeC, we call af + fg a su-
perposition of fand g. We now characterize pairs f,geH (/)
for which superpositions are possible. For f,geH (%) we
write fsg if for every F,Ges/ (X) we have

<F(f),F(g)>HF = (G(f)9G(g))HG .

Notice that s is a reflexive, symmetric relation and fsg im-

plies (af)s(Bg) for all a,B<C.
Lemma 3.1: Let f,geH(«/). Then fsg if and only if

Sf+8 f+igeH(A).
Proof: For Fe/ (X) we have

IFCf+ )1 = IFCHOI? + IF@)I1?
+2Re(F(f),F(g)) . 3.1

Hence, if fsg, then f+ geH(</). Moreover, f5(ig) so
S+ igeH(«). Conversely, if f+ geH(<), then from Egq.
(3.1) we have

Re(F( f),F(g)) = Re(G(f),G(g))
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for every F, GeZ (X). If in addition, f+ igeH(.«/), then
since ’

[FCf+ i) = IlF(f)II2 + IIF(g)II2 + 2 Im(F( f),F(g))
we have

Im(F(f),F(g)) = Im{(G(f),G(g))

for every F,Ge</ (X). Hence f5g. 0O
Corollary 3.2: For f,geH(.2/') we have fsg if and only if
af + PgeH(.«/'), for every a,BeC.

For f,ge ¥ (), Feo/ (X), the F-transition amplitude of
ftogis

Te(f8)=(F(f),F(8))4, -

Notice that fsg if and only if T ( f£,g8) = T ( f:g) for every
FGeo . '

For AC H( /') we write
A*={geH(/): gsf for all fed}.

A set ACH() is a superposition set (or s set) if ACA”.
Every s set is contained in a maximal s set. Moreover, 4 is a
maximal s set if and only if 4 = 4 * (Ref. 7). Denote the set
of maximal s sets by M(H). Let AeM(H). If fed, acC, then
(af)sgfor every ged. Since A is maximal afed. If f,geA, then
[+ geH(«/) and (f+ g)sh for every hed. Again, by maxi-
mality, f+ ged. Hence A is a linear space. For f,geA, define
{f.g) = {(F(f),F(g)) for every Fe. Then it is clear that
( f,g) isan inner product on 4. Thus each AcM(H) forms an
inner product space. Moreover, it is clear that for every
AeM(H) and Fe/ , F: A — H is a linear isometry. The pair
(H(),s) gives a partial inner product space.” One can com-
plete (H(.</),s) in a natural way to obtain a partial Hilbert
space. Such structures generalize direct sums of Hilbert
spaces.” We call the sets AcM(H) superselection sectors.

We can apply our work in Sec. II and compute probabi-
lities and expectations for a catalog &/ = &/ (X). Let
F,Geof and let fe5 (). If AeZ; and G~ '(A)e& (F, f),
then Pr,[G ~'(A4)] isinterpreted as the “probability” of the
G event 4 upon execution of an F measurement. Operation-
ally this means that if a G measurement is executed followed
by an F measurement then Pr[G ~ 1(4)] is the probability
that G results in an outcome in A. If Ae3;, BeX,, and
G ~'(A)e& (F, f) then Pr{B|G ~'(A)) is the probability
that an F measurement results in an outcome in B given that
a previous G measurement resulted in an outcome in 4. If G
is an observable with GeL 2 (F, f), then E. 7(G) isinterpret-
ed as the “expectation” of G determined by an F measure-
ment. In general, this differs from the ordinary expectation
E;/(G) of G.

If feH (o), then we have seen that /' can be represented
by a vector F( f) in the Hilbert space H. In particular, if
JEF (), then ||F( )| = 1, so F( f) is a traditional quan-
tum state. Thus after an F measurement, the amplitude den-
sities “reduce” to vectors in H,. We now show that observa-
bles reduce to operators on H after an F measurement is
executed. Let Fe.os and suppose that g: Y- — R is injective,
3 » measurable, and gF( f )eH . Then goF is an observable
and
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Sfr(goF) =gF(f)eHy .
Moreover, E,(goF) = (gF( f),F( f)). Define the self-ad-
joint operator g on Hy by (g¥)(y) =g(»)¢¥(y). We then
have f»(goF) =gF(f) and Eg,(g°F) = @F(f),F(f))
for all fe.% (&) with F( f)eD(g). We say that the observ-
able goF is F represented by the operator g and write
(goF)~ = g. In particular, if F itself is an observable, then
letting g be the identity function g(y) = y we have F=3
More generally, let Fe. and let G: D(F) —»R. Define the
transformation G by setting

Dy(G) ={F(f): GEL*(F, f), feF («)}CH:

and for F(f)eDO(é), EF(f) =~fF(G). Then for all
F( f)eDy(G) we have Ey,(G) = (GF( f),F( f)). Define
D(GY{F(f): 04 fH(), F(f/|| f|)eDo(G)}U{0} .
Now G'is easily extended to D( G) asfollows: If (F(f)eD( G)
then f'=af for aeC, F(f)eDy(G). Setting
GF(f') = aGF( f) itis easily seen that G is well defined on
D(G).IfSCH(«) isa superselection sector we have seen
that F S— H. is a linear isometry. Then D(G)NF(S) is a
subspace of H and G is a linear operator on this subspace.
Thus G is represented by the linear operator G (depending
on S). In general, G is not essential self-adjoint even if its
domain is dense. In particular, this work applies to observa-
bles.

IV. TWO-SPINS

In this section and the ones to follow, we shall illustrate
our theory in terms of various physically relevant models.
We begin with a model that corresponds to measuring the
spin of a spin-} particle in two different directions. Let
x, =4, x, = — }and form the sample space

X={(x,x): i,j=1.2}.

Then X is the set of all possible configurations of the system
where (4,}) designates a spin of § in both directions, (}, — })
a spin of § in the first direction, and — } in the second direc-
tion, etc.

If F, G are the observables that measure the spin in each
of the two directions, we have F(x;,x;) = x;, G(x;x;) = x;.
Then Y, = Y; = {}, — 4} and assuming we have no prior
knowledge about the spins we take 3I.=3,

= {@,{4},{ = 4},Y¢} and v; = v; are the counting mea-
sures. Moreover,

F7'1) ={G.1.6, - H}
and

Hr-12
is the counting measure on F ~'(4). A similar definition ap-
plies to the other fibers. We now define the complete catalog
o ={F,G}. If fe% (o/) we can represent f by the 2 X2
matrix M, where (M) ; = f(x,;,x;), ijj = 1,2. We then have

a b
M, = s G,0,C, ’ 4.1
£ [c d a,b,c,deC 4.1)
where
la+bP+lc+d*=la+c?+|b+d|*=1. (4.2)

Notice that
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F(f)=(a+bec+d)eH;, G(f)=(a+cb+d)eH;.

We now compute probabilities and expectations for
JeF () of the form (4.1). Since

PFJ[F—I(%)] =la+b 2,
Pe[F' (=Pl =le+df,
Pe[6 '] = la+cf,
Po,/[G7'(— D] =1b+d[,
Pr, and P are indeed probability measures on & (F) and

%(G), respectively. Since fr[G'()] = (a,c),
fe[G ()] = (bd) we have

P [GTIP] =lal* + el
PG (=] =6+ 1d .

In general, Py, is not a probability measure on & (G) since it
need not be additive. Similarly,

PrG7'D] =laf* + |cf* + ab +cd,

PG (= D] =161+ |d|*+ba+dT.
In general, P ;- is not a probability measure on & (G) since it
may have complex values. However, as we know, the condi-

tional probability is a probability measure. These have the
following values:

PrAF = DIG ' D)= |al*/(a]* + |e*)
PrAF (= DIG ') = e/ (la]* + |c[*),
PedF'DIG' (= P)=1617(b P+ 1d|*),
PrAF~'(= DIG'(= D)= d /(6> +|d|*) .
To compute expectations, first note that
Se(F) =(@(a+b),— J(c+ ),
Sr(G) ={§(a—b)i(c—a)).
We then have from (4.2)
Epf(F)=lla+ b= {lc+d|*=|a+b|>— §.

This is reasonable since — }<Eg,(F)< }; and in traditional
quantum mechanics, one gets the same result. Moreover,

Erf(G)= J(a—b)(@+b) + Y(c—d)(T+d)
{— (6> +|d|*+ab+cd).

This is not very satisfactory since it may have complex val-
ues. Finally, we have

EpAF|G (D)) = (Ja]* — |e|)/2(|a)* + |e]?)
and
EcdFIGTH (= PY=(bP = [d|))/2(|b |+ |d ) .

As with conditional probabilities, the conditional expecta-
tions have reasonable values.

To give a concrete example, suppose f&# (.27') has the
form

M __[ cos 8/2 —e"‘m]
Tl —ising/2 2]’

Then Pg,(}) = 1, Pg;( — }) =0, so the spin is | in the G
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direction with certainty. We also have

P 3lG~'()))=cos*8/2,

E (FIG~'()))= jcos 6, E;.(G)=1}.
These are the usual quantum formulas when the angle
between the two directions is . The first equation says that if
a G measurement is made so that we are sure that the spinis }
inthe G direction, then the probability that the spinis }in the

F direction is cos” 6 /2. However, if we do not perform a G
measurement first, then we obtain

Prr(}) = sin?6/2, Ep(F)= — jcos6.

Moreover, we have the following unusual results:

[1 0 0 1 00 00

0 of [0 o]’ [1 o]’ [0 1]’

[ ae’® 0 0 ae'®

0 (1 —az)”z]’ [(1 —-a)'? 0

1 ae'® (% _ aZ)l/Zei¢ ae'®
_(%—az)”ze_"" —ge~® ]’ [_(%_02)1/2e—i¢

Proof: It follows from Theorem 2.2(c) that fis .« scat-
tered if and only if P, = P}, on & (G) and P, = P, on
& (F). Applying our above computations we conclude that
is .o/ scattered if and only if the entries in M satisfy

ab+c¢d=0, ac+bd=0. (4.3)

It is clear that all considerations are independent of a multi-
plicative factor of modulus 1, so we shall ignore such factors.
It is easy to check that if M has one of the above forms, then
its entries satisfy (4.3). Conversely, suppose fe.% (.#) and
the entries of M satisfy (4.3). If one of the entries in M is 0,
then either all the entries, except one, are 0 or two diagonal
entries are nonzero. In the first case we have the first four
forms and in the second case we have the next two forms.
Now suppose all the entries are nonzero. We can assume
without loss of generality that @ > 0. From the first equation
of (4.3) we have ¢ = — ab /d. The second equation then
gives |d | = a. Hence, d = ae® for some 0<a <27. Then
¢ = — be®. We can then assume that M has the form

a b
M, = [ — be™

ae”

Applying (4.2) gives b =03 —a)"? 0
b = (} — a*)'%¢" for some 0<f3 < 2. Multiplying by a fac-
tor of modulus 1 gives the last form. Proceeding as before
with d = — ae™ gives the next to last form. a

The probabilities and expectations given by the first six
forms in Theorem 4.1 are trivial: Using our previous formu-
las, we obtain the following probabilities and expectations

for the last form in Theorem 4.1:
Pe[F7'(D] = 1+2a(4 —d*)?cos(6—4),
PFJ[F_I( —P]=1-20 —a?)'? cos(6 — ¢) ,
Pos[GT'(D] =14 —2a(} —d®)'?cos(8+¢),
Pos[G™H(—= D] =1 +2a(} —a*)'*cos(6+¢),
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(i - aZ) l/2ei¢

PrAl|GTH( = D=4 Pr G~ D]=2,
EFJ(FlG_l( - %)) =0, EFJ(G) = - i,
Prl67' @] =0 PL[67'(—p]=1.

We say that fe.% (&) is o scattered if fis F-orthogo-
nally scattered over & (G) and is G-orthogonally scattered
over & (F). It follows from Theorem 2.2(c) that fis =/ scat-
tered if and only if Pr, P(, P, P i are probability mea-
sures on & (F) and & (G). It is therefore of interest to char-
acterize the o -scattered amplitude densities.

Theorem 4.1: An f€.% () is . scattered if and only if,
except for a multiplicative factor of modulus 1, M, has one of
the following forms:

], 0<0<2m O<ac<l,

. , 0<6, d<2m, O<a<l/f2.
ae—:e

r

Per[GT' D] =Prs[G (= D] =4,
PrAF =" (DIG T D) =PrAF (= DIG (= )

=2a?,
PedF ' DG (= PD)=PedF~'(— DIG'W)
=1-2a%,
Eq;(F) =2a(} —d*)'?cos(6— @),

EFJ( G) =0,

EgdF|G ') =2 — |,

EcdFIG7'(— D)=} —24°.

Another interesting class of amplitude densities is those
that have superpositions with all others. We say that
JeF () is central if fe (o' ). The corollary to the next

result characterizes central amplitude densities.
Theorem 4.2: Let f,ge.% (.«) and suppose

a b a b’
Mf:[c ar Mg:[c’ d']'

Then f5g if and only if

(a—d)y(B'—T)+ (b—c)(@ —d’)=0. (4.4)

Proof: The following statements are equivalent

(1) fs8,

Q){F(f),F(g)) = (G(f),G(8)),

) {(a+bec+d)(a+b'\c+d"))
=((a+chb+d),(@+cb' +d)),

(4) Eq. (4.4). o

Corollary 4.3: An fe# () is central if and only if M,
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has the form

a b 2 1
Mf_{b a]’ la+ bl =5
Proof: If M, has the above form, then clearly (4.4) holds

for every ge.# (&), so f'is central. Conversely, if f is cen-
tral, then (4.4) holds for every ge.% (). If g has the first
form in Theorem 4.1, we conclude that b = c. If g has the
second form in Theorem 4.1, we conclude thata =d. [

Notice that Corollary 4.3 states that fis central if and
only if fU) =fA—4— ) and fG3,— D=f{—} 1.
Thus centrality is equivalent to a symmetry between spin §
and spin — J. This is also evident in the next characteriza-
tion.

Corollary 4.4: An f£¥ (o) is central if and only if
F(f)y=G(fYand F(f)(}) =F(f)(— }).

Proof: Observe that F(f) =G(f) is equivalent to
b=c and then F(f)(}) = F(f)( — }) is equivalent to
a=d. 0

Notice that F( f) = G( f) means that f does not distin-
guish between the two spin directions. Moreover,
F(f)Y(3) = F(f){ — }) means that fshows no preference
between spin { and spin — .

Note that an f&.% (.« )° is not .o scattered except for
trivial cases. Also, since F(f)(})=F(f)(— 1) for
JEF ('Y, it follows that span % (a)° is a one-dimensional
subspace of every superselection sector of H(.27'). A typical
JfeF () has the form

_ . _12]|c086/2 sin8/2]
My =201 +sin6)] [sinG/Z cos 672

where 0< 8< . This fcorresponds to an experiment in which
the angle between the two directions is 8. Using an fwith the
form (4.5) we obtain the following probabilities and expec-
tations:

P [F'\D] =P [F~'(— D] =4,
Pos[G ' D] =Py [GT'(— D] =1,

PeAF ' (DG () =cos?* 6/2,

PedF (= PIGT'(Y)=sin’6/2,

Ep (F)=Eg,(G) =0,

ExdF|G7'())= —EpdF|G~'(— {)) = }cosb.

These are the usual formulas of traditional quantum me-
chanics for this situation. The following formulas do not
have traditional counterparts. Notice that the first of these
does not make sense as a probability,

Prr[GT')] =Pre[G™ (= D] =1/2(1 +5in6),
PG D) =P [G™ (= D] =4,
E(G) = Eg,(F) =0.

(4.5)

V. DIRECTION-SPIN

Let S? be the unit sphere in R* and form the sample
space X = §%X {}, — }. If we think of a point in S as desig-
nating a direction in space, then X gives the set of all possible
spin configurations for a spin-} particle. Define F:
X-{}, — 1} by F(u,s) =s. Let 3 be the power set on Y,
and let vy be the counting measure. Endow the fibers
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F~'( +1) = 8°%{ + |} withtheirnatural Borelsets X _ ,,
and Lebesgue measures iz , ,,, . Then Fbecomes a measure-
ment on X that weinterpret as the spin measurement. Define
G: X—-S? by G(us)=u. Let Z;=B(S?) and let
ve = b dx, where dx is Lebesgue measure and b = 1287/
9(4 + ) is a normalization constant. Let 2, be the power
set on the fiber
G~ (u) ={(u}),(u,— )}

and let i, be the counting measure. We interpret the mea-
surement G as the direction measurement. We now form the
complete catalog «/ = {F,G} on X.

If fe% ('), then fu,s) is the amplitude density that
the spin is s in the direction «. In the last section we gave a
fairly complete analysis of the two-spin experiment. For bre-
vity, we shall now only consider amplitude densities corre-
sponding to traditional quantum states and shall only com-
pute the usual probabilities and expectations. A direction
ueS? is specified by a pair (6,¢), where 0<8< is the polar
angle and 0<¢ < 2 is the azimuthal angle. Define f: X—C
by Aul)=acos@/2, flu,—})=asinf/2, where
u = (6,4), and @ = 3y2/16r is a normalization constant. It
is easy to check that /&% (/). We can interpret f as the
amplitude density for a particle that initially has spin | in the
(0,0,1) direction.

For 0 <8< let 0 <€ <min(6,7, — 6) and define

By, ={(8',4)eS% 0 — e<8'<0 + €}.

ThenB, €3;and4,, = G ~'(B,.) €€ (F, f). By defining
A=Ay NF~'(}) we have

1 [}
e (3)= | Sdmp=a cosLdu,,
2 P A5 2

By applying the integral mean value theorem, there exists a
0’ with 8 — €<0'<0 + € such that

Sr(dg)(3) =a(cos 0°/2)p 5 (45,).
Using a similar method we have

Sr(dg ) (=4 =a(sin0"/2)p,5(A45,),
where 8 — e<8" <0 + €. Hence
PFJ(AG.G) = nfp(/fa,e )”2

=a*[p)/2(A4 )] (cos® 8'/2 +sin” 6" /2).

We then obtain

Prr(ldoe) = [fr(46) D |2/ Prr(dg)
= (c0s® 8'/2)/(cos* 8'/2)
+ (sin? 8"/2).

By defining

Pr,(3]0) = lei_f‘g Prr(3|doe),
we obtain

Ps;(3]0) = cos? 8 /2.
Similarly,

P (—1|6) =sin® 6 /2.

These are the usual results in traditional quantum mechan-
ics.
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Moreover,

fF(F|Ag,€)(§) = %fF(Ae,e)(%)'

Se(Fldg ) (=1 = —4fp(dg)(—=D).
Hence

Epp(Fl|Age) = (fr(F|Ase), fr(Aoe))/ Prs(doe)
= (cos’8'/2 —sin*0"/2)/2
X (cos?8'/2 +sin®> 8" /2).
Defining

EFJ‘(Fle) =1in; EFJ(F'AG,G)’

we obtain
Ep (F|0) =}(cos* 6 /2 —sin* 6 /2) =} cos 6.

Again, this is the traditional result.

VI. TWO-SLIT EXPERIMENT

This section presents a simple model for the two-slit ex-
periment. There is a source s of identical noninteracting par-
ticles. To the right of s there is a screen with two slits fol-
lowed by a detection screen. If a particle moving to the right
from s is not absorbed by the first screen, it goes through one
of the two slits and is eventually absorbed at a point x on the
detection screen. For simplicity, we assume that the screens
are one dimensional and infinite in extent. Let the origin O of
the detection screen be halfway between the two slits and let
X,, X, be points on this screen directly to the right of slit 1 and
slit 2, respectively.

We assume that if a particle is absorbed at x then it has
only two possible paths from s to x; one path goes through
slit 1 and the other throughslit 2. The set of all relevant paths
is described by the sample space

X={(x,/): xeR, j = 1,2}.

The sample point (x, j) designates the path from s to x going
through slit j, j = 1,2. Define F: X—>R by F(x,j) = x. Let
2r = B(R) and let v be the Lebesgue measure dx. On the
fiber F ~'(x), let u, be the counting measure. The measure-
ment F gives the absorption location. Define G: X—{1,2} by
G(x,j) =j. Let vg be the counting measure on the power set
of {1,2}. On the fiber G ~!(j), let Z; = B(R) X {} and let
K; = bdx, j= 1,2, where b> 0 is a normalization given by

b?= (2ma,)~""?|a|[1 + exp[ — (|a|d)?*/2a,]].

The letters a, a,, d denote geometric and physical constants
that are determined by the experiment and are assumed to be
known. In fact, d = |x, — x,| and @ = a, + ia,€C, a,,a, > 0.
The constant a, depends on the various dimensions in the
experiment and a, depends on the frequency (momentum)
of the particles. Of course, the measurement G gives the slit
through which a path travels. We now form the complete
catalog .« = {F,G} on X.
Let f: X— C be defined by

f(x,j) =cexp[ —a(x—x;)?],
where ¢ > 0 is the normalization constant given by
¢’ = |a|/2mb>.
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It is straightforward to show that fe.% (.«'). We shall see
that f gives distributions that one expects for this experi-
ment. Since

F(f)(x) = c[exp[ — a(x — x,)?]
+ exp[ —a(x —x,)*]1,
the probability density for F becomes
IF(SY 0
= cH{exp[ — 2a,(x — x,)*] + exp[ — 2a,(x ~ x,)?]
+2exp[ —a,(x — x;)?*]exp[ — a,(x — x;)?]
Xcos a,[ (x — x,)2 — (x — x,)%]}.

This gives the typical interference pattern for the two-slit
experiment. For the measurement G we have G( f)())
= (|a]/2a)"'?, j = 1,2. Hence

Pop(1) =Pgp(2) = |G(SH(DP =4

so the particle travels through each slit with equal likeli-
hood.
Since

felG ()1 (x) = flx,1) = cexp| —a(X—x|)2],
we have

P [G()] =c2J-exp[ —2a,(x — x,)*1dx

i[1 + exp[ — (|a|d)*/2a,]17".

Similarly, Pr,[G ~ (2)] has this same value so we do not
obtain a probability measure, except in the classical limit
d— wor|a|*/2a,— «.However,for BeX ., Pr (B |G ~'(1))
does give a probability distribution. This is given by

[G~'(D)](x)|* dx
P [G~'(D)]

— (.z_gl)l/zf exp[ — 2a,(x — x,)?]dx.
B

a

PFJ(BIG—I(I))=f |fF

This is the classical Gaussian distribution obtained by clos-
ing the second slit.
Again, if BeZ . we have

S [F~YB) (1) =bcf expl — a(x — x,)*)dx
B
and
JeF'(B)](2) = bcj expl — a(x — x,)?]dx.
B

Hence
PGJ[F_I(B)]
=|fe[F' B I P+ | f6[F~H(B)1(2)

2
=ﬂ[ f exp[ —a(x — x,)*1dx
2rLlJe

2
f exp[ — a(x — x,)?] ]
B

Notice that this does not give a probability measure. How-
ever,

+
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Po1|F~'(B)) = | fo[F 7' (B)I()|*/Ps,[F~'(B)]

|fB exp[ —a(x —xl)z]dxlz

- |55 expl — a(x —x)21dx|? + |5 expl — a(x — x,)*]dx|*

A similar expression holds for P;,(2|F~'(B)) and
Pg /(- |F ~'(B)) gives a probability distribution.

If the reader finds the normalization constant & in this
and the previous section unnatural, it can be eliminated.
Then f becomes an amplitude density for F, but not for G.
However, all the (F, ) probabilities, conditional probabili-
ties and expectations can still be computed.

Vil. PHASE SPACE MODEL

This section presents an amplitude phase space model
for a simple quantum system. The system consists of a single
nonrelativistic, spinless particle constrained to one dimen-
sion. (The model can easily be generalized to three dimen-
sions.) We take for our sample space the two-dimensional
phase space

X =R?={(q,p): q,pcR}.

Define the measurements Q: X— R, P: X >R by Q(q,p) =g,
P(q,p) =p,andlet, =2, = B(R),dv, = dq,dv, = dp.
On the fiber Q7 '(gq) =¢XR we let 2, =¢XB(R),
du, =dp, and on P ~'(p) = RXp we let 2, = B(R) Xp,
du, = dq. Of course, Q,P correspond to position and mo-
mentum measurements, respectively. Then .« = {Q,P}isa
complete catalog on X. If /&% (.#') we have

0(f)(q) = ff(q,mdpevm,dq),

PFY(p) = ff(q,mdqeL 2(R,dp)
and [|Q(N)]| = [|P(O]l = 1.

Simple examples of amplitude densities can be con-
structed as follows. Let

del 2(R,dx)NL '(R,dx)
with

j|¢|2 dx=J-|¢|2dx=J¢dx=J‘¢dx=l.

Then f(q,p) = ¥(g)¢(p) is an amplitude density for .o7. We

then have Q(f) (¢) = ¥(q) and P(f) (p) = ¢(p). Therefore,
for AeX,, BeX, we have

Pos(A) =Py (A4) =f [¥(q)|* dg,

BB =P (B = [ 16 dp.
B
Moreover, since

Fol P~ (B)1(q) = ¢(q)L¢(p)dp,
£10-' (1) = $(p) f ¥(@)da,
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we have

Py [P7(B)] = U $(p)dp
B

2

’

2

>

PoflQ (] =

f Y(q)dg

A

Py, P~ (B)] = f $(p)dp,
B

Py 10" (4)] =L¢(q)dq.

In general, we see that P,,, Pp, are not measures and
P4 /.P ;; are not real valued. Hence fis not F orthogonal on
& (G) or G orthogonal on & (F).

The conditional probabilities become

| fo [P~ (B)]|’dg

PoBIQ'(4)) -—~L|¢(p)|2dp'

Hence Q and P are stochastically independent relative to f.
The pseudoexpectations become

Ep)(Q) = f V(@) 2 dg, Ep(P) = f plé@)|? dp.

Moreover, since

fo(P) = fpf(q,p)dp = ¥(q) fpet(p)dp,

we have

Po 4P~ (B)) = =J; [¥(q)|* dg,

Eop(P) = (fo(P),Q(f)) = fp¢(p)dp,

E, (Q)= f q¥(q)dy.

Notice that the latter two pseudoexpectations need not be
real valued.

Although the amplitude densities just considered served
as illustrative examples, they are unphysical. We now con-
struct a class of physical amplitude densities that correspond
to the traditional quantum states. For

veL *(R,dg)NL '(R,dg),

we denote the Fourier transform by

(7.1)

) = 2y~ 172 f H(qre— ™" dg

and the inverse Fourier transform by

W(q) = 2mhi) /2 f v(p)e’? dp.
We say that fe.5 (&) is regularif f, (4 XR)" = fp (4 XR)
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and f, (RXA)A = fp (R X A) for every AeB(R). It is shown
in Ref. 8 that f'is regular if and only if
(1) for every peR,

fgp) = Qu#)~'2Q( f)(g)e %" ae. [q],
(2) for every geR

fgp) = QrR) 1200 f) (p)e " ae. [pl.

It is not clear that regular amplitude densities exist and from
(1) and (2) we see that if they exist, they must be nonmea-
surable. Nevertheless, it is shown in Ref. 5 that for every ¢
satisfying (7.1) there exists a regular f'such that Q( /) = ¢.
Intuitively, the regular f are those for which the Fourier
transform of position is momentum. Moreover, ¥ = Q( f) is
a traditional quantum state.
Let f'be regular with Q(f) = 1. We then have

PNH(p) = Jf(q,p)dq

= (2mh) 12 f P(g)e™ *"dg = P(p).

Hence for every AeB(R) we have

Poy(4) = f U2 dg, Prgd) =f ) do,
A A

which are the usual quantum mechanical formulas. More-
over, we have

SolP7' (A ]1(g) =ff(q,p)dp = ()~
A

XJ () dp = (x.0) ().
A

Hence

Pos P A = [ (ra?) I = a9l =L [9(p)|? dp.

We can thus get information about Pby measuring Q. Notice
that P, [P ~'(-)]isa probability measure. It follows that f
is Q orthogonal on & (P). In fact, fis Q-orthogonally scat-
tered on & (P). Indeed, suppose 4,BeB(R) and ANB =.
Then (RXA)N(RXB) = and we have

JoP7I ()], folP~'(B])
= «Xﬂ})v(l’ﬂ%v) = (XA@)XB&) =0.

Similarly,

Prfl0 0] = [ 100 dg
and f'is P-orthogonally scattered on & (Q).
If A,BeB(R), then
PodA|P=H(B)) = |lxufo [P~ B/ | fo [P~ (B
= s Qa®) 1/ a9l

Similarly,

Ppdd |P 1 (B)) = |y (xa ) I/ llxa ¥l
It is shown in Ref. 5 that these reduce to the traditional von
Neumann-Liiders formulas
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Py 4 |P~(B))

=tr[EXA4)E"(B)P,E"(B)]/[tr E*(B)P,],
Ppd1Q~1(B))

=tr[E"(4)E%(B)P,E®(B)]/[tr E(B)P,],
where P, is the one-dimensional projection onto ¥ and
E2,E” are the spectral measures for Q and P, respectively.

In the sequel, we shall assume that 3 is a Schwartz test
function and that f is regular with Q( f) = 3. We then ob-
tain
EpP|Q7'(A)

= (fP(P |Q _I(A)),f,‘a(Q —I(A))>/PPJ[Q _](A)]

= @fp(Q@ ' (), [o(@ T AN/ Ny ¥

= [ plocaw an{[ 1o aq) "

In particular,

Ep (P) = Jper'(p)Izdp.

Similarly,

E,/(0) = fqlrﬁ(q)lqu-

We also have

fo(P)(g) = pr(q,p)dp
= Qmh)~'? fpi//(p)e"”’/” dp

— (Zﬂﬁ)_l/z( — it _d_)f ;b(p)eiqp/ﬁ dp
dgq

Let R(./) CH(2) be the set of all scalar multiples of
regular amplitude functions. Then it is clear that R(.</)
CR(47)°, 50 R() is a linear subspace of a superselection
sector of H(./'). We can then represent @, P as operators 0,
Pon H, = L*(R,dq) as follows:

Ov(q) = q¥(q),
Py(q) =P(Q)(N(g) =fo(P)(g) = ( — iﬁfq—)zﬁ(qx

If we define 7’1,7/(17) = pz?;( p), the following theorem holds.*®

Theorem 7.1: If G(q,p) = 2a,,,q"p" is a polynomial,
then

fo(G) (@) = 2a,,0"P (),

fr(G) (p) =24, P" (@) (p). O

It follows that any polynomial G(g,p) = 2a,,,q"p" can
be represented on L*(R,dg) by the operator
G = Za,,,Q™P". Moreover,

EQJ(G) = <Eamnémi> n'ﬁ:'/’),

EPJ‘(G) = (Eamnﬁné m¢,¢>‘
Thus, the pseudoexpectation of G depends on which mea-
surement is executed. For example, let G(q,p) = gp. We
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then obtain the following version of the Heisenberg commu-
tation relation:

Eo/(G) — Epf(G) =([Q.P19) = ifi
The reason that E, (G) and E-(G) are complex valued is
that fis not Q orthogonal or P orthogonal on the ¢ algebra
{G ~'(4): 4eB(R)}. The usual uncertainty relation can be
obtained by taking variances.

We now consider Schridinger’s equation. Suppose the
classical Hamiltonian is

H(g,p) =p*/2m + V(¢g).
If the system is closed, then we have conservation of energy
H(q,P) =FE. (7.2)

Now suppose fe.% () is regular with ¢ = Q( f). Taking
the Q-amplitude average of (7.2) gives
SolH(gp)] =fo(E). Using the linearity of f, and
Theorem 7.1 we obtain

H(Q.Pyy = (p*/2m) + V(D) = E.

Of course, this is the time independent Schridinger equation
and E,y form an eigenpair for the operator H(Q,P).

Now suppose the classical dynamics is generated by the
Hamilton equation

L (7.3)

dt dq

We assume that for any time 7R the system is described by a
regular amplitude density f(q,p,f) with corresponding vec-
tor ¥(q,t) = Q( (g,t) and moreover, fand ¢ are differen-
tiable with respect to 7. Suppose (7.3) holds in the Q-ampli-
tude average in the sense that

4 fpf(q,p,r)dp -9 f H(q,p)f(q,p,t)dp. (7.4)
dt dg

Then (7.4) has the form
d a3
£ = -2 £ (H).
dth(P) 3 Sy (H)

Applying Theorem 7.1 gives

d ( . dl/!) a = =
dt ! dg dg (@ Py
Interchanging the order of differentiation in (7.5) gives
a ( . a¢) Jd =~ =
—{ = —— H(Q,P)Y.
3 o 9 (Q.P)¢
Integrating both sides of (7.6) we obtain (except for a con-
stant that we can set equal to 0)

(7.5)

(7.6)

Y e
%t — H(Q,P)y.
= QP

This, of course, is the time-dependent Schrédinger equation.
We concluded that Schrodinger’s equation is an amplitude
averaged version of the Hamilton equation of classical me-
chanics.

If we use the other Hamilton equation dq/dt = JH /dp
and take the P-amplitude average we obtain

d a
EfP(Q) = gfp(H).
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Proceeding in a similar way, we obtain the Fourier trans-
formed time-dependent Schrddinger equation

Lo P oa .
kP < Vi .
& at 2m¢+( 2

Vill. DISCRETE FEYNMAN AMPLITUDES

We now illustrate the theory developed in Secs. II and
111 by presenting a model for a quantum random walk. As
we shall see, this gives a discrete counterpart to the Feynman
path-integral formalism.

Let § be a nonempty set. We interpret .S as a set of
“states” that a quantum particle can occupy. The elements
of S may represent discrete positions, momenta, spins, or
other physical quantities. A function f;: S XS—Cis a one-
step transition amplitude if for every s,,5,€S we have

3, filsus)fi(s2,8) = 2, fi(s,s) fi(s,5,) =6,,,. (8.1)

Equation (8.1) is a type of unitarity condition. We interpret
f1(5,5") as the probability amplitude that a particle moves
from s to 5’ in one time step and we interpret j-‘, (s,5') as the
probability amplitude that a particle moves from s’ to s in
minus one time step. Alternatively, if a particleis at 5’ at time
n, then f,(s,5') is the probability amplitude that it was at sat
time n — 1. We then can interpret f, (s,,s)]”, (s,,5) as the
probability amplitude that a particle moves from s, tos, vias
in zero time steps. It follows that =_ f,(s,,5)/, (s,,s) is the
total probability amplitude that a particle moves from s, to s,
in zero time steps. It is clear that this should equal &, , .
Similar reasoning applies to the other equality in (8.1).

We denote the set of one-step transition amplitudes on .S
by 7(S). We say that an f,€T(S) is stochastic if for every
5,€S we have

2] f1(50s8)| < o0 and T, £, (54,5) = 1. (8.2)
Equation (8.2) means that a particle that is initially at s,
moves somewhere with amplitude 1. We denote the stochas-
tic f,eT(S) by T,(S).

An n path from s, to s is an (n 4+ 1)-tuple

(5058 130esSy _ 1,808 H Y,

Let 7, (s,5) be the set of n paths from s, to s and let
P, (55) = U, 2, (508). For fi€T(S) and

X = (85,5 15ees5, _ 1,5)ED , (50,5),
we define the amplitude f(x) of x as

Fx) = fils51) [i(50:52) i (8, - 18)- (8.3)
The n-step transition amplitude from s, to s is defined as
Jo(50:8) =6, and

S (50,8) = Z{f (x): x€Z , (50,5) }, (8.4)

It is not hard to show that the summation in (8.4) converges
so f, (54,5) exists. The next result shows that probability is
conserved and that an amplitude Chapman-Kolmogorov
equation holds.

Theorem 8.1: If £,€7(S), then

n>l.

)L o) P =2,| £, (5,5)|* =1, neN, (8.5)

fn (SO,S) = 2s’ fm (SO!s,)fn—m(slaS)9 myneN: m<n.
(8.6)

Proof: See Ref. 10. a
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Let N be a large positive integer and form the sample
space X ={x: xeZ y(s,)}. For j=1,..,N, define F;:
X-Y, =F;(X)=Sby

Fi(SsS 158N 155n) = S

Let 3; be the power set on Y; and let v; be the counting
measure on Z;. For se¥}, let 3, be the power set on F;~ 1(s)
and let , be the counting measure on X, . Then F; is a mea-
surementon X, j = 1,...,N,and & = {F;: 1< j<N}isacom-
plete catalog on X. The sample points represent discrete tra-
jectories over a time period N for a quantum particle that
starts at s,. The measurement F; gives the state of the particle
at time j,j = 1,...,N. We now show that the amplitude f
defined earlier provides an amplitude density for ..

Theorem 8.2: If fieT,(S), then fe¥% (&) and
F,(f)(5) =f; (50,5)-

Proof: Applying (8.2) and (8.6) we have for n<N,

2 [a(s68) =22, f, 1 (51,8)fi(5',5)
=3, fi_ 1SV (88 =2, f,_1(5,,5).
It follows by induction that
2. 1058) =1 (8.7)
Let F;'(s) be a fiber for F;. It follows from (8.2) that
SeL '(F;7'(s),2,,u,). Moreover,
F(f)(s) = Z{ f(x): F;(x) =5}

= f;(50:5) 2y frv_;(5,5).
By applying (8.7) one obtains
F(f)(s) = f;(50,5).
From (8.5) we conclude that F,eL 2( Y,,%;,v;) and
|F; ()| = 1. Hence feF (). O
Let 2, be the collection of subsets BCX such that
3 ,.5| f(x)]| < . For BeZ,, define f(B) by

S(B) = Z,.p f(x).
If 4,BeZ, with f (B)#0 we define

f(4|B) =f(ANB)/f(B).

When we write f (A |B) we always assume that f(B)3#0.
Using these definitions, F;, j = 1,...,N, becomes an ampli-
tude Markov chain in the following sense. For any 4; CS we
have

SIFTADF N (4;,_)N---NF 7 1(4)))

j—1

=f(F;"(4)|F;_\ (4,_))). (8.8)
To prove (8.8), let s,,...,5;,€S. We then have
f(Fj—l(sj)le__ll (s;_ 1)”"'01"1_1(51))

_ SIF7s)N-NF 7 (s))

B f(Fj_—ll (s, yn--NFr- l(s]))

S80S 158) 2y [ (85,8")

B S(SgpesSi— 1 )20 fr—jr 1 (855_158")

_ _SIETNS)NF N (s520)

=fi(s;_1:5) = FE s )

=fF7 (s)|F2 (s_1)) (8.9)

If we sum (8.9) over the s;€4,, i = 1,..., j, one by one we
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obtain (8.8). In general, F; is not a Markov chain in the
classical sense.

As in previous sections, we can compute various proba-
bilities and expectations for the measurements F;, j = 1,...,N.
The simplest of these is

Pp(A) =3, f;(so9) (8.10)

Of course, (8.10) gives a probability measure. If n< j, we
have

PF}/[Fn_l(B)] = ESIE!EB./;(SO’S’).,}_"(s”s),2~
(8.11)

In general, (8.11) does not give a probability measure and f
is not F; orthogonal on & (F,). Physically, this is because
the generalized event F 1(B) interferes with the later mea-
surement F;. However, if j<n, we have

PF;f[F'l- 1(B)] = zslzyegf}(SO,S)f;,_j(S,s') |2

= 2| fi(s09) |*Zgen| fo—j (5D
(8.12)

Notice that (8.12) does give a probability measure and
hence f is F; orthogonal on & (F,). This is because the
generalized event ', ' (B) does not interfere with the earlier
measurement F;. The corresponding conditional probabili-
ties become

Pr A4 |F 7 '(B))
=24 Zgen [u (505 ) - n (5,5) IZ/PFH«
X[F-'(B)], n<j
Py, A |F 7 \(B))
=2y |f}(so’s) lzzyeau;:—j(sys') |2/PF,,f
X[F,'(B)], j<n.
The main problem in this theory (as in traditional quan-
tum mechanics) is to find an explicit expression for f;, (s4,5).

Fixing s,eS, we define the discrete wave function
¥, (s) = f, (50,5). It follows from (8.6) that

Yoy (5) =2, £1(5,9)9,(5). (8.13)

We call the difference equation (8.13) the discrete wave
equation. 1t is shown in Ref. 10 that for certain £}, (8.13) isa
discrete analog of Dirac’s equation.

Lest the reader question the existence of stochastic one-
step transition amplitudes, we now give some simple exam-
ples (others are given in Ref. 10 and later in this section.) If
S = {s,,...,5, } is finite, then f,€T, (S) is equivalent to a sto-
chastic, unitary matrix with entries f(s;,s;). Examples of
these are

. i+ avdi 1 1— (W3)i
s am e
=¥ 1 1—(V3)i 14 (1v3)i

We now present a dynamical model whose one-step
transition amplitude is a discrete analog of a free Feynman
amplitude. We shall work in a two-dimensional configura-
tion space and the extension to three dimensions will be
straightforward.

Let a and 7 be positive integers such that for any integer
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0 <t<n, wehave
at #0 (mod n). (8.14)

(For example, let a =3, n = 16.) Let a be an angle with
radian measure 27/n and let k, be a unit vector in R”. Let
ky,....k,_, be unit vectors in R” such that k; -k, = cos ja,
J=1,..,n — 1. Thus each k; forms an angle a with its prede-
cessor j = 1,...,n — 1. Let VCR? denote the set of points of
the form g = Ze;, ¢;,e{kq,....k, _; }. We think of V as a dis-
crete configuration space and form a discrete phase space

S=1{(qk;): qeV,j=0,.,n — 1}. (8.15)

The g¢’s correspond to discrete positions and the k;’s
correspond to discrete momenta. (Actually, the k;’s give the
momenta directions; the magnitude will depend on a.) We
define the discrete Feynman amplitude g,: S X S—C by

gl((q’kr)’(q + kr’kl)) = n_l/zexp[iaﬂ.(t - r)2/n]
(8.16)

and g, is zero, otherwise. Equation (8.16) says that if a parti-
cle is at ge ¥ and is moving in the k, direction, then it moves
to g + k, and can then change direction with the given am-
plitude.

Lemma 8.3: If g, is a discrete Feynman amplitude, then
8:€T(S).

Proof: 1t is clear that (8.1) holes for 5, = s,. Now sup-
pose that s,5,€S with s5,%#s,, We can assume that
s, = (q,k,), s, = (gk,), where r#t and
g, +k, =q,+ k,.Sinceam+#0 (mod n) fora0 <m < n we
obtain
2,81(5,,5)81(52,8)

n—1

= 2 gi((q,k,), (g, + kr!kj))gl((qZ’kt)’(ql + kr’kj))

j=o
- "i' exp[imr(j—r) ]exp[ —zaﬂr(J-—t) ]
j=0

iam(r* — t2)] “s ‘[ [I”Zaﬁ(t— r)”

=n"! exp[

=[n"! exp[zavr(r2 —t2/n])
X [1 —exp[i2am(t—r)/n]]™!
X [1—exp[ — 2am(t—r)]] =0.
In a similar way, it follows that for s, #s,,
3.8,(55)8,(s,5,) =0. O

We now show that as n — «, the discrete Feynman am-
plitude approaches the traditional free particle continuum
Feynman amplitude in a certain sense. Let

x={(q0) _,“), ,(an )}

be an r path, where ¢, +k; =¢,,,, t=0,.,r— 1. Let
B, =2w(j, —j,_,)/n, t=1,...,r, and suppose that the 3,
are small (or close to 27). This will be the case if n is large
and the path does not turn very far. Then the distance
between ¢, , , and g,_ , becomes

”qt+1 —qz—1”2
=llg_ +k,_  +k —q_.I
=242k k,  =2+2cosp,

=2+2(1-B%2)=4—-B2
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Hence

324 - ”qr +1 — 941 “2

If v, denotes the particle’s “velocity” at time ¢, we have

v%:”qu- 1 — 4 ”2/4
Thus 8 2=4(1 — v?). Then the amplitude of the path x be-
comes
gx)=n""" exp[imrn“ > Gi—Jio )2]
t=1

- r/2

= exp[zan(41r) i Bf]

=1

~n~"? exp[ian‘n"l S - v?)
t=1

. av?
r=1 2
If we let a correspond to the mass of the particle (which
would be an integer in certain mass units), then the summa-
tion corresponds to the integral of the kinetic energy over the
path. In this sense g(x) approaches the free particle contin-
uum Feynman amplitude.

In general, g, need not be stochastic. However, for cer-
tain n, we shall show that g, multiplied by a constant of
modulus 1 is stochastic.

Lemma 8.4: If n is even, then for any t = 0,...,n —
have

n=! iaﬁ(s—t)z] St (ian'sz)
D exp[ - = ) exp )

s=0 s=0

Proof: If t{0,...,n — 1}, then

il ia#(s—t)z]
5 oo

s=0

= ia7r(t—s)2]
= z exp[—————n

s=0

n—1 . 2
+ z exp[taﬂ(sn— 1) ]

s=1

=n" r/2eianr/1r cxp[ - z?mr_'

1, we

On the right-hand side of the above equation, replace t — sin
the first sum by n — j and replace s — ¢ in the second sum by j
to obtain

"i‘ex [taﬂ'(s— t)? ]

n—1 n—t—1
_ 2 exp[zan-(n j)] exp(zaﬂ])

j=n—1 n

n—1 _
=S exp[tmr(n 2nj +_])
n

j=n—1t

n—t—1
LS )

ji=0

n—1
= z exp(lavj ) . a
n

j=o

In the sequel, we shall assume that n has the form
n = 2* for some positive integer k and that a is odd and
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satisfies (8.14). Let
2k _1 i
iamj
o= enle)
Jj=0
Lemma 8.5: Under the above assumptions we have
I [2"/ 2gtan/t k even,
k7 |ak2¢iem sgn(cos am/4), Kk odd.

Proof: It is not hard to show that I, satisfies the recur-
rence relation I, , = 21, . Since the initial conditions are
I, =1+ €% and I, = 2¢“™*, we obtain

2k /2 ia1r/4’
Ik = l €

2(k— l)/2(1 + eia‘n’/Z),

k even,
k odd.
However,
2(k — l)/2(1 + el'aﬂ/2) — 2(k — l)/2eia17/4(eiafr/4 + e ia‘n'/4)

— 2(k — l)/2eia1r/4 cos a7T/4

= 2%72¢la™/4 sgn(cos am/4)
and the result follows. O
We now define f: § XS—-Cby
e~ g (5),5,), k even,
f‘l(sl’sz) = — iam/4
e sgn(cos am/4)g,(s,,s,), kodd.

It follows from Lemmas 8.3-8.5 that f,€T, (S). We denote
the constant multiplying g,(s,,5,) by b.

Let N be a large positive integer and form the sample
space X = {x:xeZ y (s,) } on the discrete phase space S giv-
en by (8.15). Forj = 1,...,N, define Qj: X-Y = Vand P;:
XY ={kg.tk, 1} by Qi (x) =g;, p;(x) = k,, where

X = ((qo’ki" ),-~~,(q1v,k,-N))-

Then Q;,P;, j = 1,...,N, can be made into measurements in
terms of counting measures in the usual way and .« = {Q,,
P;: 1< j<N} is a complete catalog on X. We see that Q; gives
a position measurement and P; gives a momentum measure-
ment at time j. Let f; be the discrete Feynman amplitude
defined above. Define the function f: X—C as in Eq. (8.3).
We now show that /6% ().

Letting f; (s,,s) be the j-step transition amplitude de-
fined as in Eq. (8.4), we have

-J

(bn—l/Z)j—l Z

bpenrt;

7 r=1

Theorem 8.6: For j =0,...,N, we have = _|¢,(¢)|* = 1.

j—2
[exp ¢y (=t ) exple(tiy —u)’]:q=qo+k, + - +k, | +ku].

Pi(f)k,) = Z{f(x): Py(x) = k,} = 2, f{50,(4:k,)),
(8.17)

0, () () = Z{x): Q;(x) = g} = 2, fls0,(9:k,)).

(8.18)
Let ¢, (s) = f; (sp,5) be the discrete wave function and let
#;(r) = Z,9¢;(¢.k,) be the momentum wave function and
¥; (9) = 2,4, (q,k, ) be the position wave function. Since the
summations have only a finite number of nonzero terms
there is no problem with convergence. It follows from (8.17)
and (8.18) that

P(f)k)=8;(n, Q(f)(q) =1q.
It follows from (8.19) that &% (&) if and only if for
J=1,...,N we have

2,|¢j(r)|2=2q|1/1j(q)|2= 1. (8.20)

To prove (8.20) we consider the discrete wave equation
(8.13). In the present case, (8.13) becomes

¢j (q,k,) = 2; fl((q - knk,),(q,k,))lﬁj_ 1 (q - knkt)

= bn~"?Z expliam(r — 1)*/nly,_, (g — k,,k,).
(8.21)

(8.19)

By summing (8.21) over geV we obtain
¢;(r) =bn~""?% expliam(r — t)*/nlg, _, (1). (8.22)

By applying Lemmas 8.4 and 8.5 and summing (8.21) over
k,, r=0,...,n — 1, one obtains

(@) =Z,¢;,_ (g —k,.k,). (8.23)
Define the n X n matrix
M, = bn=""?[expliam(r — t)*/n}]. (8.24)

It follows from Lemma 8.3 that M is unitary. Moreover,
(8.22) becomes ¢; = M@, , and iteration now gives ¢;
= M ‘¢, Since @, is the unit vector ¢,(r) =8, and M/ is
unitary, we conclude that ¢; is a unit vector. Hence the first
part of (8.20) holds.

If s, = (gosk. ), then initially we have

Yo(g:k,) = 5(q(.,k.,)(q,k,)'

Applying (8.21) and iterating (8.23) with ¢ = iam/n gives
the following expression for ¢; (¢):

(8.25)

Proof: We obtain this result by varying the initial condition. Let ¢{*’(¢) denote the #; (¢) with initial condition (go,k,, ).

Then

S 1P = 2,4 (@ (),

where ¢{* is given by (8.25). By rotational symmetry, we conclude that

2q I'pj(u)(q) IZ = 2q |¢IJ(U)(q) lz'

More precisely, there is a bijection between the paths from g, + k&, and the paths from ¢, + &, that preserves the amplitudes.

We then have
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nZ () =Z,. 14" (@

j—2

=n'"73, Y exple Y (4, —t,Jrl)z]exp[c(tj_1 —u)?]

LTI /o r=1

ji—2

X Y explc (t;—t;+|)2]exp[6(t;_,
t

T r=1

Jj—=2
2—~j 2
=n""/ z expcz -t 1) E
fyenly r=1 thenl]_ o

ji—3

=n3‘j z exp cz (tr—tr+l)2] z €xp
[ tlent]_ 3

2 r=1

— u)z]

ji—3

exp[c Y (z; —t;+,)2]exp[2(tj_2 —t_1)?]

=1

j—4
c z (2, —t7 4 )z]exp[E(tjf_3 - tj_z)z]

r=1

=n""'%,, explc(t, — t2)2]2” exp[c(t{ —1,)’] =2, 1=n. O

The following theorem enables us to find an explicit
expression for ¢;.

Theorem 8.7: For r =0,...,n — 1, the eigenvalues of M
are A, = exp( — iamr*/n). The corresponding unit eigen-
vectors are

e’ =n" l/2( l,e — i2a7rr/n,e — l(2)21rar/n,."’e —i(n— l)21rar/n)'

Proof: The jth entry of Me, is
.M, (e,), =bn= '3, expliam(j — 1)*/n]

Xexp( — 2amtr/n)

n—1-~j
=bn"Y? D exp(iamt?/n)

1= —j

xXexpl — 2aw(t +j)r/n]
= bn~ 2 exp[ — iaw (P + 2jr)/n]

n—1—j
X > ’ expliam(t — r)*/n].

t=~j

By Lemmas 8.4 and 8.5, the last summation becomes

S expliam(t —j—r)*/n] = n'’?p,
r=0

It follows that (Me,); = 4, (e,);. ]
Corollary 8.8: For j=0,...,.N, t =0,...,n — 1, we have
n—1

() =n"" Z exp[2mar(u — t)/n]
t=0

Xexp( — iamjr*/n).

Proof: Expanding the initial momentum wave function
¢;(r)=4,, in terms of the orthonormal basis e,,
r=0,..,n — 1, we have

#o = Z,{dose,)e,.
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I
Hence applying Theorem 8.7 gives
¢, = Mg, =2, (e, )M ‘e,
=3, (¢oe, ) Je, =n'?Z, 7™ ") e,
Again, by Theorem 8.7 we have
¢, (1) = n"'Z, €™ "exp( — iamjr/n)e 2"
=n~'3, o2 = D/"exp( — iamjr/n). 0

Using Corollary 8.8 we can compute various momentum
probabilities. For example,

P, (k)= P(f)(k)|*=¢;()|?
= n"2|2, exp( — iamjr*/n|?).

It appears to be quite difficult to simplify (8.25) to obtain an
explicit expression for ;(g). One can further investigate
discrete Feynman amplitudes for a particle moving under
the influence of a potential.'®
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Conditions for the convolution of two Wigner distributions to be itself

a Wigner distribution
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The convolution of two Wigner distribution functions (WDF’s) is always non-negative, but
not always a WDF, as Jagannathan et al. [Phys. Lett. A 120, 161 (1987)] have shown. In this
paper conditions are given that are sufficient, and probably necessary, for such a convolution
to be a WDF, and a new characterization of Gaussian WDF’s is obtained as a by-product.

I. INTRODUCTION

Recently, Jagannathan ef al.! looked at an interesting
problem. Consider a spinless quantum mechanical system
with n degrees of freedom. In the Wigner—-Weyl phase-space
formulation of quantum mechanics,? the states of such a sys-
tem, both pure and mixed, are represented by certain contin-
uous functions defined on the corresponding classical phase
space, the Wigner distribution functions (WDF’s).>* The
problem then is the following: If Py(g,,....,9, 0150, ) is @
fixed WDF, then what are necessary and sufficient condi-
tions for the convolution

Py*P(q,p) = fPo(q —~q,p—p)P(p)dp'dq (1.1)

to be a WDF whenever P is one?

The convolution Py*P has an interesting physical inter-
pretation. If P, is taken to be a state associated with an appa-
ratus, then Py*P can be interpreted as being the state that
results when one uses that apparatus to make a measurement
on a system in the state P. (See Ref. 1 and the references
listed there.)

When P, is a Gaussian, Py*P can be used to produce the
“smoothed” or Husimi’** distribution function, which
turns out to be entire in (g,p) and pointwise non-negative.’
Actually, the fact that Py+P is pointwise non-negative is not
peculiar to Gaussian Py’s; it occurs whenever both P, and P
are WDF’s.'?

There are two main results that Jagannathan er al. ob-
tained in Ref. 1. The first is that whenever P, is a pointwise
non-negative WDPF, the convolution Py Pis also a pointwise
non-negative WDF, provided Pis itself a WDF. Put another
way, they found that a sufficient condition for Py*P to be a
WDF for every WDF Pis that P, be a non-negative WDF.

The second result is that not every WDF will work when
used as a P,. Indeed, they construct WDF’s P, and P such
that Py*Pis not a WDF, although it is, of course, a pointwise
non-negative function.

In this paper, I will obtain another set of conditions suf-
ficient for P, to result in Py*P being a WDF whenever Pis. I
will use these conditions to construct an example of a WDF
P, for which Py« Pis a WDF if Pis, but which is not pointwise
non-negative. These conditions allow for P, being a non-
negative WDF, and so they include the sufficient condition
found in Ref. 1. Indeed, it is quite possible that the set I give
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is necessary as well as sufficient for P, to produce the desired
result.

The conditions I obtain will follow in part from the
KLM conditions, which are necessary and sufficient condi-
tions for a function defined on phase space to be a WDF,?
and which are themselves based on Kastler’s concept of a
function of #-positive type® and on the notion of a symplectic
Fourier transform.? In Sec. II, I will establish notation, dis-
cuss symplectic Fourier transforms, and then introduce a
class of functions that I call of #-positive type. When the
parameter 7 = #i, one again obtains Kastler’s class of func-
tions of #-positive type. When 7 = 0, one recovers the famil-
iar class of functions of ordinary (Bochner) positive type.
The latter class arises in connection with classifying states in
classical mechanics. Other values of 7 would have the phys-
ical significance of a scaled, or even negative, #i. Here, these
other 7’s play only a mathematical role, albeit an important
one. I close Sec. I1 by stating the KLM conditions, and then
briefly comparing them with the conditions necessary and
sufficient for a function to be a classical state.

Constructing the example mentioned earlier requires
knowing the values of % for which a Gaussian will be of 7-
positive type. In Sec. III, I will find these values, and as a by-
product I will obtain a very simple, easily applied characteri-
zation of those phase-space Gaussians that are WDF’s.
Simon et al.” have recently characterized these using Wil-
liamson’s normal form of a non-negative matrix under sym-
plectic transformations.® What they obtain is a characteriza-
tion that relies heavily on symplectic invariants of a matrix,
and that is somewhat more complicated and harder to apply
than what I obtain here. With some work, one can show that
the characterizations are equivalent, although I will not do
that in this paper.

In Sec. IV, I state and establish the main results of this
paper. To do this, I need to take a careful look at the set of all
7 for which a given function Fis of -positive type. This set,
which I term the Wigner spectrum of F, and its properties
are essential for obtaining and even stating the main results;
Wigner spectra may eventually prove to be useful in semi-
classical theories.

Section V is a discussion section. It contains a brief sum-
mary of the results from Sec. IV, and also an argument—but
not a proof—making it plausible that the conditions derived
in Sec. IV are necessary as well as sufficient for the map
P PP to take WDF’s to WDF’s. Indeed, what I do is
reduce the question of necessity to two open technical ques-
tions involving Wigner spectra.

© 1988 American Institute of Physics 2036



Il. THE KLM CONDITIONS

The KLM conditions, which comprise a set of condi-
tions that are necessary and sufficient for a phase-space func-
tion to be a WDF, are named after their discoverers, Kastler,
Loupias, and Miracle-Sole.>*® In order to state them, I have
to introduce the idea of a symplectic Fourier transform. To
do that, I need the notation that was introduced in Ref. 3.

A point in phase space will be denoted by z; that is, let

Z=(qys..sqnsP1s+-sPx ) = (Q,P) . 2.1)
[ This differs from Ref. 1, where z = (g + ip)/v2.] Next, set

o(zZ)=qp—pa= Y (gp;—pjq), (22)
i=1

which is an antisymmetric, bilinear form defined on phase
space. Here o is a familiar object from classical mechanics,
and is called a symplectic form.'® In terms of matrices, o
looks like

o(z7) =2"87, (2.3)

where z,2’ are to be regarded as column vectors, z7 is the
transpose of z, and

Bz((;nxn _(—)Inxn).
nxn nxn
In (24),1,,, and 0, are the usual » X n identity and zero
matrices, respectively. \

For later reference, I want to poirit out that a symplectic
matrix is a 2nX2n matrix that preserves o. That is, S is a
symplectic matrix if and only if

0(8z,57') = o(2,2), (2.5)
for every pair of points z,z’ in phase space. Equivalently, S is
symplectic if and only if "

S™BS=8. (2.6)

The phase-space volume element will come up in a num-
ber of different places in this work. To avoid endlessly re-
peating the usual expression for this volume element, let
2.7

The symplectic Fourier transform of a phase-space
function g(z) is defined by

24)

dv(z)=dq, --- dq, dp, -*- dp, .

g(a) =fg(z)e“"""’ dv(z), (2.8)

where a = (0,v) = (1;,...,4,,,0y,...,,, ) is a point in the dual
of phase space; it is related to the usual Fourier transform via

g(a) =g(uyv) = (Fg)(v,—u). (2.9)

Because of this simple relationship, many of the usual prop-
erties of the Fourier transform carry over to symplectic
Fourier transforms, with only minor modifications being
necessary. For example, the inversion formula becomes

g(z) = fg(a)e“’"'“’ dv(a) . (2.10)

1
( 2 17.) 2n
Another equally important formula is the one that re-
lates pointwise products and convolution products. If fand
g are functions defined on phase space, then the convolution
of fand g is
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Fg(2) Eff(z')g(z —2)do(), @2.11)
and the symplectic Fourier transform of f g is
Fe@) =fa)za) . 2.12)

The final ingredient needed for stating the KLM condi-
tions is the concept of an #-positive-type function.>*°® For
my purposes, it is better to regard #i as a parameter rather
than a fixed physical constant. Consequently, I will define 7-
positive-type functions; these reduce to fi-positive-type when
one sets 77 = %, and to (Bochner) positive-type functions'?
when 7 =0.

Let Fbe a function defined and continuous on the dual
of phase space. The function F will be termed of %-positive
type if, for every finite set of points {a,,...,a,, } in the dual of
phase space, the m X m matrix M with entries

(in/2)o(a,a)
M, =F(a; —a,)e el

is self-adjoint and non-negative.

A function P(a) is the symplectic Fourier transform of a
WDF P if and only if it satisfies the KLM conditions

(i) P(a) is continuous and of #-positive type,

(i) P(0) = 1.
Similar conditions also characterize classical states, which
are simply probability measures defined on phase space:
P(a) is the symplectic Fourier transform of a probability
measure if and only if these hold:

(i) P(a) is continuous and of O-positive type,

(ii') P(0) = 1.
Since functions of O-positive type are identical with
Bochner’s class of functions of positive type, and the condi-
tions listed are nothing more than a restatement of Bochner’s
famous theorem,? I will call (i’) and (ii’) the Bochner con-
ditions.

(2.13)

lit. GAUSSIANS

Gaussian distributions play a prominent role in classical
statistical mechanics. In the phase-space formulation of
quantum mechanics, they arise in connection with the
ground state of an harmonic oscillator.? As I pointed out in
Sec. I, Simon et al.” have recently characterized those Gaus-
sians that are also WDF’s. In this section, I will find all % for
which a given Gaussian has a symplectic Fourier transform
of n-positive type. Using the results I obtain, I will then em-
ploy the KI.M conditions to characterize the Gaussians that
are also WDF’s. What I obtain will be conditions that are
equivalent to the ones in Ref. 7, but that are simpler to state
and easier to apply.

A typical Gaussian centered at a point z, = (qq,,p,) has
the form

P,(z) =7~ "(det 4)"/? exp( ~ (z — 2,) TA(z — 2))

3.1
where A is a real, symmetric, positive definite 21 X 2n ma-
trix. This A must be positive definite—i.e., have only positive
eigenvalues-——to ensure that P, (z) is integrable. The factors
in front of the exponential normalize P, so that
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JPA (2)dv(z) =1. (3.2)

The symplectic Fourier transform of P, is easy to calculate;
the result is

P,(a) = exp( — la"Ba + io(a,z,)), (3.3)
where, with B as in (2.4),
B= —p47B8. (3.4)

Note that P, (0) = 1, so that (ii) of the KLM conditions is
always satisfied.

I now want to look for all values of 77 that make P, (a) of
7-positive type. Clearly, P, is continuous, and it will be of 7-
positive type if and only if the matrix in (2.13) is self-adjoint
and non-negative. By inserting (3.3) into (2.13) and then
doing a little algebra, one finds that

M, = P, (aj)i’A (a)* expllay (B + inBla;).  (3.5)
In deriving (3.5), I used the assumption that A4 is a real,
symmetric matrix to find that B is real and symmetric, which

in turn allows me to replace ajTBak by aj Ba;.
Let N be the matrix with entries

Ny, = exp(lal (B + inB)a;). (3.6)
Observe that M and N are related this way:
M=DND', N=D'M(D™")', 3.7

where D = diag(P, (a,),...P,(a,,)) is invertible because
7’,, (a) never vanishes. From (3.7), one sees that M is self-
adjoint and non-negative if and only if N is.

The self-adjointness of N is an obvious consequence of B
being a real, symmetric matrix and S being a real, antisym-
metric matrix. Only the non-negativity of N requires discus-
sion.

Recall that N is non-negative if and only if, for every set
of m complex numbers {4,,...,4,,},

Y AFAN>0. (3.8)
k=1
To simplify the notation slightly, let
J=B+inB. (3.9)

Using this in (3.6), and then inserting the resultin (3.8), one
gets

3 A exp(—%— a,fJaj)>O. (3.10)
Sk=1
Next, replace the exponential in (3.10) by its power series,

and then split off the zeroth-order term; (3.10) becomes

m 2 w© m A %]
24 +2[2 L=

j=1 v=1 k=1 M

(-;—a,{J,,)V]>o. (3.11)

I claim that a necessary and sufficient condition for P, to
be of n-positive type is that the matrix J be non-negative. To
see that this is sufficient, first observe that the m X m matrix
L with entries

L, =ajJa; (3.12)
satisfies
> AfLydc=aVa, a= Y Ata,. (3.13)
Sk=1 k=1
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Hence, if J is non-negative, L will be, too. But if L is non-
negative, the matrices with entries that are powers of
L, — L%, Lj,etc., will also be non-negative: Each of them
is the Schur product (see Ref. 3, p. 3, and Ref. 12) of non-
negative matrices, and so each is itself non-negative. This
means that

Y AtA(aida;)>0,

k=1

(3.14)

for every v>1. Dividing (3.14) by 2*v|, summing from
v = 1t0 0, and adding the term |24, |%, one recovers (3.11).
Since the @’s and A ’s are arbitrary, one has that P, is of 7-
positive type.

Conversely, suppose that (3.11) holds for arbitrary a’s
and A ’s, and in particular, when m = 3, for

Al=1’ /13—_-1.—1,

al=€b,, a3=0,

12=i,
02=€b2,

where € > 0 and both b, and b, are just arbitrary points in the
dual of phase space. Inserting these in (3.11), dividing out
€, and then letting -0, one gets

3
S AFA (b TJ6;)>0.

k=1
This is equivalent to

(b, + iby) (b, + iby)>0. (3.15)

Since b, + ib, is an arbitrary 2n-dimensional complex vec-
tor, J is non-negative, which is what I needed to complete
the proof of the assertion.

The set of all 7 for which J = B + inB is non-negative
has simple structure. First of all, if 9 is in it, then sois — 7.
The reason for this is that Jand J7= B — ipB have the
same eigenvalues, and so the non-negativity of one is equiva-
lent to that of the other. Second, if 0<r<1 and if % is a value
that makes Jnon-negative, then r7 is also such a value. This
follows from observing that

B+igrB=(1—-r)B+r(B+inph)

is non-negative because 0<r<1 and both of the matrices B
and B + inf are non-negative. Taken together, these facts
imply that the set has the structure [ — 14,7,], Where 7, is
the largest value of 7 for which J is non-negative.

As an example, take 4= (1/c)l, and note that
B= —¢B?=cl Thus

J=cl+inB. (3.16)

The eigenvalues of if are + 1, and so those of Jare ¢ + 7.
Thus J>O0 for 7 if and only if

nel —cocl. (3.17)

The question of whether P, is a WDF hinges on
whether # belongs to the set described above, that is, on
whether P, is of #-positive type. My analysis shows that this
will be the case if and only if

J= —BA~'B+iHB (3.18)
is non-negative. Since — 8> =3, and 87 = — B,one may
rewrite (3.18) as

BTIB=A""+ifB,
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which will be non-negative if and only if Jis. Thus one has
that P, isa WDF if and only if 4 ~' + i#if is a non-negative
matrix. In the special case treated earlier, namely 4 = ¢~ '1,
P, will be a WDF if and only if #i<c.

Two comments are in order. First, one can show that the
condition that B 4 ifi8 be non-negative is invariant under a
linear, symplectic change of coordinates in P, (z). Second,
one can put the conditions for P, to be a WDF in a form
identical to that of Ref. 7. I omit the details.

V. SUFFICIENT CONDITIONS ON P,

One of the important results that Jagannathan et al.!
obtained was that for the map P—Py*P to result in a
pointwise non-negative WDF it is sufficient for P, to be a
pointwise non-negative WDF itself. They established the re-
sult by exploiting the connection between WDF’s and den-
sity matrices.

There is another way to get the same result. From
(2.12), one has that

m~~ —~ o~
PyxP(a) = Py(a)P(a) . 4.1)

The fact that P, is a WDF implies that P,(a) satisfies the
KLM conditions, so T’O(a) is continuous and of #i-positive
type, and 7’0( 0) = 1. On the other hand, P, is non-negative,
S0 7’ must be of O-positive type (i.e., of ordinary “Bochner”
positive type). What needs to be done is tg show that
Py(a)P(a) satisfies the same conditions that P, does, since
these guarantee that P *P is a non-negative WDF

Since P, and P are WDFs, they are normalized so that
7’0(0) PO) =1. Obviously, Po(a)P(a) 1S, too. What re-
mains is the more difficult task of showing that Po(a)P(a) is
both of 0-positive type and #i-positive type.

Asin the case for 7’0 above, a function F(a) may be of -
positive type for several values of 7. It is useful to collect all
these values into a set, and to examine the properties of that
set. Hence let % (F) be the collection of all real 7 for which
Fis of p-positive type. I will call %" (F) the Wigner spectrum
of F, and I will now examine a few of its properties.

First of all, if'S is a symplectic matrix, then the functions
F(a) and F;(a) = F(Sa) have the same Wigner spectrum;
that is,

¥ (F) = #'(F,) . (4.2)

Recall that if Fis of 7p-positive type, then the m X m matrix M
with entries given by (2.13) must be self-adjoint and non-
negative for every finite set {a,,...,a,, } of points in the dual of

phase space. Let b, =S ~'a,, b, =8 "'a,,....b,, =5 "'a,,,
and note that, because S is symplectic [see (2.5)],
o(a,,a;) = a(b,b;) . (4.3)
From (2.13) and (4.3), one sees that
M, = Fg(b, — b,)e (Dbt (4.4)

However, M is already non-negative and self-adjoint, and
the set of b’s is clearly arbitrary, so F, is of -positive type
and ne ¥ (F,). Since F = (Fg)g-1, if ne# (Fs), the argu-
ment above shows that e %~ (F), which proves that (4.2) is
true.

The invariance of the Wigner spectrum under linear
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symplectic transformations has a simple but important con-
sequence. [fne# (F),then — ne ¥ (F).LetS = — I.This
is clearly a symplectic matrix, so e # (Fs). Thus, for every
set {a,,...,a,, } in the dual of phase space, the matrix N with
entries

Ny =Fs(a; —a; Ye! P A (4.5)
is non-negative and self-adjoint. Since F(a) = F( — a) and
o(ay,a;) = —o(a;,a, ), one may rewrite (4.5) as

Ny = F(a, — a;)e” 72w (4.6)
From (4.6), one sees that

(N Ty = Fla; —a)e™ 7720, (4.7)

Taking the transpose preserves self-adjointness and non-ne-
gativity, so N T has both of these properties, and it has them
for every finite subset {a,,...,a,, } of the dual of phase space.
Clearly, F'is of ( — 77)-positive type, and thus — ne % (F).

There is an important connection between the Wigner
spectrum of a product of two functions and the “sum” of the
spectra of those functions. If F,G are continuous functions
defined on the dual of phase space, then

W (FG)DW (F)+ ¥ (G). (4.8)

The set on the right in (4.8) comprises all real numbers of
the form 7 + %', with e %" (F) and 7'€e #"(G). To see that
(4.8) holds, observe that for every set {a,,...,a,,}, both
m X m matrices M—given by (2.13)—and M ', with entries

M =G(a, —a,)e""P7 (4.9)

are non-negative and self-adjoint. The Schur product of
these matrices is the matrix M ” with entries

_/k - Mij{k
(4.10)

and it is also a non-negative and self-adjoint m X m matrix
(see Ref. 3, p. 3, and Ref. 12). Once again one sees that the
product FG is of (7% + %')-positive type; hence
7 + n'e¥ (FG), and (4.8) holds.

The Wigner spectrum has one other interesting proper-
ty: #°(F) is a compact (closed, bounded) subset of the real
numbers. Since this plays no role in the present discussion, I
will not include a proof of this statement.

I now can complete the task of showing that Py*Pis a
non-negative Wigner function for every WDF P, provided
that P, is a non-negative WDF. Recall that I had reduced the
problem to showing that P,(a)P(a) was both of O-positive
type and of #i-positive type. In the language of Wigner spec-
tra, I want to show that both O and # are in %~ (7’07’).

This is easy to do. Here P, is of O-positive type and of #-
positive type. Consequently, by the discussion above, it is
also of ( — #i)-positive type. Hence it is true that

{05, —#YC ¥ (P,) . (4.11)

On the other hand, all that is known about P is that Pis a
WDF. Again, from the KLM conditions one has that Pis of
fi-positive type, and, as above, that Pis also of ( — #)-posi-
tive type. Again, the following holds:

i ')/2 2
=F(a; —a,)G(a; — a, yel{1 M/ 2etae)

(4.12)
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From (4.8), (4.11), and (4.12), one gets that
¥ (B,P) 2{ — 28, — #,0,5,2%} ,

and so Py*P is a non-negative WDF.

One can also use a similar demonstration to show that if
P, and P are WDF’s, then P+ P will be pointwise non-nega-
tive, although it may not be a WDF. " By Bochner’s theorem,
P *Pbeing non-negative is equivalent to F’O(a )7’(a) being of
O-positive type. If P, and P are WDFs, all that one knows is
that 4 #iand — #areinboth W(T’o) and # (P).By (4.8),
one then has that

¥ (P,P,) D{ — 2#,0,2#} . (4.14)

Since 0e#~ (f’of‘), T’o(a)i’(a) is, as required, of O-positive
type, and Py*P is a pointwise non-negative function.

Notice that # is missing from the right side of (4.14).
This absence is reflected in there being WDF’s for which
Py*Pis not a WDF, which was found by Jagannathan et al.!

An obvious thing to do now is to let P, be an arbitrary
WDF, and then try to determine what numbers %~ (7’0)
must contain in order that Py*P be a non-negative WDF for
every WDF P. As before, letting both Py and P be WDF’s
guarantees that Py(a)P(a) is properly normalized; i.e.,
7’0(0) - P(0) = 1. Thus all that needs to be done is to obtain
conditi_gns on ¥ (7’0) that ensure that 0 and # both belong to
¥ (P,P).

Suppose that

W(ﬁo) 2{77’ - 7’9ﬁ! - h} .

(4.13)

(4.15)

Since P is an arbitrary WDF, the only information known
about it is that % (P) satisfies (4.12). Using (4.8), (4.12),
and (4.15), one gets

¥ (PoP) {0, + 2%, + (p + %), + (n ~#)}. (4.16)
If n =0, (4.14) results. If 7 = 24, then
¥ (PP) 210, + 24, + 3%, + #}, (4.17)

and P,Psatisfies the KLM conditions, making P;*Pa WDF.

What all this means is that, for P, *P to be a non-negative
WDF for every WDF P, it is sufficient that % (P,) contain #
and either 0 or 2#4. This, of course, raises the question of
whether there is a WDF P, for which 0¢ % (P,), and
2%i€ %" (P,). If one exists, it would provide us witha WDF P,
that takes on both positive and negative values, but that
forces Py*P to be a non-negative WDF whenever P is a
WDF.

Such a P, does exist, as I will now demonstrate by an
explicit construction. To simplify matters, I will work with a
quantum mechanical system having one degree of freedom.

The construction begins with the WDF that represents
the first excited state of an harmonic oscillator with m = 1
and w = 1. From Ref. 2 (see p. 143), one has

Py(z) = — (1/mh) (1 —2|z|*/H)e—1*%, (4.18)
where |z|* = p*> + ¢°. A straightforward, rather standard
computation gives

Py(a) =(1 — (#/2)|a)?)e M4, (4.19)

Two things are clear about P,,. First, 0 does not belong
to the Wigner spectrum of Py, because Py (z) takes on nega-
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tive values, and, second, # and — #i do belong to it because
P, isa WDF.

Carrying out the next step requires adding yet another
property of the Wigner spectrum to the list given earlier.
This one relates to how it behaves when a function is
“scaled.” If A is a positive number and if F is a continuous
Sunction defined in the dual of phase space, then

W (F(Aa)) = A>¥# (F(a)). (4.20)

Establishing (4.20) can be done in a way that is quite similar
to the ways used for the other properties, and so I will not
bother to do it here. My main reason for introducing this
property is that it enables me to obtain that

+ ¥ (P4 (3/2 a)),

but that 0¢ % (P, (V3/2 a)).
The third step involves the Gaussians discussed in Sec.
II. For P, with A = ¢~ '], z, = 0, the Wigner spectrum of

P, was actually found in Sec. III; it is the interval in (3.17).
That is,

(4.21)

¥ (exp — (¢/B)]al?)) = [ —e,c]. (4.22)
Choosing ¢ = #i/2 in (4.22) results in
¥ (exp( — (#/8)|a|?) = [ — #i/2,#/2] . (4.23)

The last step is to form the product
By(a)=P, (Y3/2 a)e ™ ""* = (1 — (3#1/4)|a|?)e M2
(4.24)

Observe that from (4.8), (4.21), and (4.23), P,(a) has both
fiand 2fiin its Wigner spectrum. This is enough to guarantee
that P,(z), the inverse symplectic Fourier transform of P, is
a WDF, and that the map P— P;*P takes WDF’s to non-
negative WDF’s.

But P,(z) takes on negative values. A straightforward
computation yields

Py(2) = (1/37%) (3)z|>/2%i — 1)e— 1/,

which is negative for all z sufficiently small.

The significance of the existence of a P, of the form
(4.25) is that it shows the conditions given in Ref. 1 for the
map P—Py*P to take WDF’s to non-negative WDF’s are
only sufficient, and not necessary ones. Although I cannot
give a proof, I believe that the sufficient conditions derived
here are in fact necessary, too.

(4.25)

V. DISCUSSION

The main result of this paper is this: If P, is a WDF, the
map P— Py*P takes WDF’s to WDFs if either O or 27 be-
longs to the Wigner spectrum of P,. By way of comparison,
the chief result of Ref. 1, in the language introduced here, is
that P— Py*P has the desired mapping properties if O is in
7’0’5 Wigner spectrum.

In other words, Oe %~ (7’0) is a sufficient condition for
P P*P tobehave as required. The existence of the WDF P,
given in (4.25) shows that the condition derived in Ref. 1 is
not a necessary one, since %~ (7’0) contains + 27 but not 0.

Of course, it is natural to ask whether the sufficient con-
ditions derived in Sec. IV are necessary as well. I think they

Francis J. Narcowich 2040



are, and 1 will now present an argument that supports my
belief.

There are two propositions that, if true, would imply
necessity, The first is that (4.8) holds with the inclusion
replaced by an equality; that is,

W (FG) =¥ (F)+ ¥ (G) . (5.1)
The second is that there is a family of WDF’s P, (z) defined
for all sufficiently small € > 0 and satisfying
W (PIC[—tfi—€ —fi+elUlfi—efi+e]. (5.2)

That necessity is a consequence of these two is not hard
tosee. If P isa WDF such that Py*Pisalsoa WDF aslong as
Pis, then, by the KM conditions, Py(a)P(a) is always of #-
positive type. Thus

#iey (PP) . (5.3)
In particular, from (5.1) one has that, for each of the P.’s,

he (BP,) = # (Py) + #(P.) . (5.4)
Combining (5.4) and (5.2) and letting €0, one arrives at

fie (Py) +{ — i}, (5.5)
which is possible if and only if either 0 or + 27 belong to
¥ (P,).

This argument reduces the question of necessity to
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showing that (5.1) and (5.2) are true. Since both proposi-
tions are plausible, necessity is plausible, too. Of course,
whether or not these propositions are true is an open ques-
tion.
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Berry phases for spin are defined for any closed loop made by a vector changing direction in
three-dimensional space. A sequence of rotations moves the vector along the loop. Each
rotation is around the axis perpendicular to the moving vector. The Berry phases come from
the eigenvalues of the unitary operator for the product of these rotations. The angle of the
product rotation is shown to be the solid angle enclosed by the loop. The proof uses the
ordinary language of quantum mechanics. The product is calculated from the commutation
relations for spin. A general framework is set up to define Berry phases for other
transformations and states like those for rotations and spin. The integral formula is derived.
Alternatives for dynamics are shown to provide different applications and interpretations of
the same mathematics. An example is used to show how one Hamiltonian may be simpler than
others. Adiabatic evolution is obtained in the limit as a coupling constant goes to zero, so the
adiabatic changes are made by a weak perturbation that acts over a long time. The Berry phase
is the same whether the coupling constant is large or small. A rationale for the definition of
Berry phases is obtained from any of the alternatives for dynamics. It is particularly clear in
both the limit of adiabatic evolution, where the Hamiltonian does not contain the operator that
generates Berry phases, and the opposite extreme where the Hamiltonian is the operator that
generates Berry phases. The latter is illustrated with an example for spin. The general
definition of Berry phases and the method of calculating them are illustrated by obtaining
Berry phases from Lorentz transformations. They are similar to those obtained from rotations.
A vector traces a loop on a unit hyperboloid instead of the unit sphere. In place of the solid
angle, the Berry phases contain the analogous measure of the area enclosed by the loop on the
hyperboloid. The sign is opposite what it is for rotations. The general definition is shown to fit
any unitary representation of a semisimple Lie group. The complete set of commuting
operators is chosen to contain a basis for a Cartan subalgebra of the Lie algebra of generators.
If a sequence of transformations by unitary operators in the group representation takes each
operator in the Cartan subalgebra around a loop in the Lie algebra back to the same operator,
it can be made by unitary operators in the group representation that have all the properties
required for the definition of Berry phases. The loops are made by vectors moving in a real
space, the Lie algebra. The motion of the vectors must maintain the lengths and angles defined
by the Cartan metric of the Lie algebra. The Berry phases are determined by one loop made by

one suitably chosen operator from the Cartan subalgebra.

I. INTRODUCTION

A Berry phase'~ for spin is the result of a sequence of
rotations. Consider a familiar example.">*%’” We watch the
spin component k(#) + Sin the direction of a unit vector k(o
that changes as a function of time. This component has a

constant value. At each time# the spin state is represented by
an eigenvector of k( t) + S. Between times O and T the vector
k( t) goes around a closed loop, so k( T) is the same as k(O)

We can guess what happens. From time ¢ to 7 + At the
state is changed by a rotation that takes k(1) to k(z + Ar).
The sequence of these rotations from time O to time T takes
k(O) around the loop back to k(O) The product of all these
rotations is a rotation that does not chang\e k( 0),soitisa
rotation around the axis in the direction of £(0). The state at
time 0 is not changed by this rotation because it is represent-
ed by an eigenvector of k(0) +S. The product rotation just
multiplies this state vector by a phase factor. The phase is
minus the angle of the product rotation multiplied by the
eigenvalue of k(0) - S. This is the Berry phase.
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There are some guestions to be answered. Which rota-
tions? At each time ¢ there are many different rotations that
take k(t) to k( t + At). Which one do we use? We choose the
most direct one, the rotation around the axis perpendicular
to k(t) and k(t + At). This is part of our definition of Berry
phases. A different choice would put another rotation into
the sequence. It would be a rotation around the axis in the
direction of k(¢). Its angle would add to the angle of the
product rotation, so it would change the Berry phases. The
definition of Berry phases excludes it. This definition of Ber-
ry phases is described in Sec. II A. With the choice of rota-
tions thus 'made, the Berry phases are determined by the loop
made by k(2) between times 0 and T. We can start with a
given loop and construct the sequence of rotations.

How do we multiply these rotations? The angle of the
product rotation is the solid angle circumscribed by £ (¢) asit
goes around the loop.'® This is purely a property of rota-
tions. It is proved in Sec. II B by a method that uses the
ordinary language of quantum mechanics. The rotations are
described by their representation in terms of spin. The loop is
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divided into infinitesimal loops and the product of the rota-
tions for each infinitesimal loop is calculated from the com-
mutation relations for spin.

A general framework is set up in Sec. II C to define
Berry phases for other transformations and states like those
for rotations and spin. The generalization of our choice of
the rotation from k(#) to k(t + At) is the condition intro-
duced by Anandan and Stodolsky to make the transforma-
tions unique.’

Does our definition of the Berry phase agree with Ber-
ry’s integral formula? Certainly. The integral formula is de-
rived in Sec. II D.

What is the role of dynamics? All this can be formulated
without any reference to dynamics, without considering
time or a Hamiltonian. That is what we do in Secs. II A—
II D. Then in Sec. II E we describe alternatives for dynamics
that provide different applications and interpretations of the
same mathematics. One Hamiltonian may be simpler than
others; an example of Aharonov and Anandan® is used to
illustrate that.

Adiabatic evolution is obtained in the limit as a coupling -

constant goes to zero, so the adiabatic changes are made by a
weak perturbation that acts over a long time. The Berry
phase is the same whether the coupling constant is large or
small. The limit is needed only to get adiabatic evolution.

A rationale for our definition of Berry phases is obtained
from any of our alternatives for dynamics. The definition fits
the dynamics, whichever the dynamics may be. The ratio-
nale is particularly clear for two kinds of dynamics. One is
obtained in the limit of adiabatic evolution where the Hamil-
tonian does not contain the operator that generates Berry
phases. The other is at the opposite extreme where the Ham-
iltonian is the operator that generates Berry phases. The lat-
ter is illustrated with an example for spin. It is a modification
of an example of Aharonov and Anandan that forgoes the
simplicity of their Hamiltonian but makes the Berry phases
stand out more clearly. This is a particularly clean example
of Berry phases produced in evolution that is not adiabatic
with states that are not represented by eigenvectors of the
Hamiltonian.

In Sec. II1, our general definition of Berry phases and
our method of calculating them are illustrated by obtaining
Berry phases from Lorentz transformations. In Sec. IV, the
definition is shown to fit any unitary representation of a
semisimple Lie group. The results are described in the first
paragraphs of Secs. IIT and IV.

Il. BERRY PHASES AND ROTATIONS
A. Berry phases

Here we consider Berry phases for spins. They are the
same for helicities, so they are the same whether the particle
with spin is nonrelativistic or relativistic or whether it has
nonzero or zero mass.® Berry phases are described in a more
general framework in Secs. II C-II1 E.

Consider a spin represented by matrices S. Letk(g) bea
real three-vector that depends on a real variable g so that k is
a differentiable function of ¢. Let k(q) be the unit vector in
the direction of k(g). Then k(q) + S represents the projec-

2043 J. Math. Phys., Vol. 29, No. 9, September 1988

tion of the spin in that direction.

We can change k(q) to k(q + Ag) with a rotation
around the axis perpendicular to k(q) and k(q + Ag),sowe
can change k(q) +Sto k(q + Agq) « S with the unitary oper-
ator for this rotation. To describe this rotation we write k for
k(q) and Ak for (dk/dg)Ag. Then k + Ak is k(g + Aqg).
The axis of the rotation is the direction of k X Ak. The angle
is the magnitude of k ~?k ) Ak. The unitary operator for this
rotation is e ~ * “*Xx4%"S Tt changes k(g) + S to

]’;(q + Aq) cS=e "kxAk-SI}(q) . Sek kX Ak-S .@2.n
Suppose that as g runs from 0 to Q the vector k(g) goes
around a closed loop C, so k(Q) is the same as k(0). For
each interval Ag between 0 and Q we have a rotation around
the kX Ak axis from k(q) to k(q 4+ Ag). The sequence of
these rotations from 0 to Q takes k(0) around the loop back
to k(O) The product of all these rotations is a rotation that
does not change k(0), soit is a rotation around the axis in the
direction of k(O) The unitary operator for this rotation is
— kS where ¢ is the angle of the product rotation. It is
the product of the operators e ~ % ~%X4k"S from 0 to Q.
Let |m) be a normalized eigenvector of IAc(O) « S for the
eigenvalue m. Then

— KO S|y — o= imd| ) | (2.2)
The Berry phases 7,, (Q) are defined by
e @ =g ime, (2.3)

They are determined by the loop C made by IAc(q) as g runs
from O to Q, because it determines the sequence of rotations.

The angle ¢ of the product rotation is the solid angle 0
circumscribed by k(q) as k(q) moves around the loop C, the
solid angle that will be on your left if you go around the loop
with k(q) This is proved in the next section. It gives

eirm(Q) =e—imﬂ' (2.4)

For any sequence of rotations, the product is a rotation.
Let k(0) be a vector along the axis of the product rotation.
Then the product rotation does not change k(0). The se-
quence of rotations takes %(0) around some loop back to

k(O). The loop may be trivial. It may come back to k(O)
more than once. In any case, the product rotation is repre-
sented by the unitary operator e ~ #*(© S with ¢ the angle of
the product rotation. For an eigenvector |m) of k(O) S we
have a phase ¥, (Q) defined by (2.2) and (2.3). A sequence
of rotations used to define Berry phases is distinguished by
one special feature: each rotation between a k(g) and
k(g + Aqg) is around the kX Ak axis. Then ¢ is the solid
angle ().

This feature is the key assumption in our definition of
Berry phases for spin. There are many different rotations
that take k(q) to k(q + Agq). We choose the rotation around
the kX Ak axis. A different choice would put a rotation
around k(g) in front of the rotation around k X AK. It would
have no other effect. To see this let R(0) be the rotation
through the angle |0| around the axis in the direction of 8. In
partlcular, let R(0) be the rotation around k X Ak that takes
k(q) to k(q + 4Ag) and let R(0’') be another rotation that
takes k(q) to k(q + Ag), so
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R(0)k(g) = R(0)k(g) . (2.5)
Then . .
R(8)™'R(0"Yk(q) = k(q) . (2.6)

That means R(0) ~'R(0") is a rotation around IAc(q). Since
R(0') =R(0)R(6)'R(0) (2.7)

we see that choosmg R(0’) instead of R(0) would just put a
rotation around k(q) in front of R(9).

The rotation around k(q) would not move k(q) along
the loop. It would not change k(q) + S. It would be repre-
sented by a unitary operator that commutes with k(q) +S.
Nevertheless, it would change the Berry phase. We explain
how in language we can also use to generalize from rotations
and spin to other transformations and states. Let

dk

G(gq) =k kX —-8S, (2.8)
dq

SO

— ik TkXxAk+S iG(q)Aq
s

e =e” 2.9)
and let U(q) be the product of these operators e ~ ““*¢ from 0

tog,so U(0)is 1 and

U(g + Aq) = e~ C@%y(q) . (2.10)
From (2.1) we can see that
k(g)+S=U(q)k(0) -SU(g)". (2.11)

The unitary operator e ~ #*® S for the product rotation is
U(Q). Itis the product of alt the e ~ 2% from 0 to Q. From
(2.2) and (2.3) we see that the Berry phases y,, (Q) are
defined by

U(Q)|m)y = e P |m) . (2.12)

Consider how U(Q) would change if R(0) were
changed to R(9’) for an interval Aqg at a particular value of g.
A rotatlon around k(q) would be put in front of the rotation
from k(q) to k(q + Ag). Let the angle of the rotation
around k(q) be 6(g)Aq. Then the unitary operator for this
rotation is e ~ #(949%(2)*S Tt would be put into the sequence
of operators that are multiplied together to make U(Q), so
U(Q) would be changed to

U'(Q) = U(Q)U(g) e~ 3@8dka Sy 4)
= U(Q)e—""(‘lmql?w)-s. 2.13)

If there were similar changes for the other intervals Ag, alto-
gether U(Q) would be changed to

Q ~
U'(Q) = U(Q)exp( i f 5(q)dq k(0) .s).
0

From (2.12) we see that the Berry phases 7,, (@) would be
changed to

Q
Yo Q) = Y (Q) —mfo 5(q) dq .

Thus we see that an important part of our definition of
Berry phases is the assumption that each rotation from a
k(q) to k(q + Agq) is around the k) Ak axis. We can de-
scribe this assumption in a form that is easy to generalize. A
change from R(9) to R(0’) would mean a change from

(2.14)

(2.15)
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dk

0=k‘2kxAk=k"2kx-Z—Aq (2.16)
q
to
' -2 dk A
0=k kxd—qu+k(q)6(q)Aq- (2.17)
Then G(q) defined by (2.8) would be changed to
G'(g) = k kX ‘;—;‘-s +8kg S, (218)

This is what would be allowed if we did not assume that each
rotation from a k(q) to k(g + Aq) is around the k X Ak axis.
The only requirement would be that § is a differentiable real
function of g. What we are assuming is that 6(q) is zero for
all g from Oto Q. From (2.11) we can see that U(g) |m) is an
eigenvector of k(q) + S for the eigenvalue m, so

(m|U(9)"'G’ () U(g)|m) = mb(q) . (2.19)

What we are assuming is that this is zero. In terms of G(q),
what we are assuming is

(m|U(q)~'G(g)U(g)|m) =0

for all m and all g from O to Q.

This is the form of the assumption that we will genera-
lize. The rationale for it will be described further in the gen-
eral framework in Sec. II C and in terms of dynamics in Sec.
ITE.

(2.20)

B. Rotations

Here we establish the property of rotations that we used
to obtain the Berry phase. Consider the sequence of rotations
that moves the direction of the vector k around the closed
loop C from k(0) back to &(0). The product of these rota-
tions is a rotation that does not change k(O), so it is a rota-
tion around the axis in the direction of k(0). Suppose each
rotation between a k and k + Ak is around the axis in the
direction of k X Ak. Then the angle of the product rotation is
the solid angle () circumscribed by k as k moves around the
loop C, the solid angle that will be on your left if you go
around the loop with k. That is what we have to prove.

We prove it first for an infinitesimal loop at k(0), then
for an infinitesimal loop that is removed from k(0) except
for a connecting path. Finally we show how the infinitesimal
loops can be joined to form an arbitrary loop.

Let k(0) be 2 and let Cbe the infinitesimal loop made by

Ak =¢€x, Ak=7p,
Ak = —e€x,
where X, J, 2 are unit vectors in the x, y, z directions and ¢
and 7 are small real numbers. There are four rotations in the

sequence. To second order in € and 7 the vectors k ~*k X Ak
that specify the rotations are

(2.21)
Ak = —7p,

IXeX=¢p,

CHex)Xnp= —nx+ ez,
CGHex+mp)X(—€x)= —€ep+enz,
E+ )X (—np) =n%,

— ik T’k X Ak+S

(2.22)

so the operators e
are

that represent the rotations
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e~ i€S, , einS. — ienS, ,

eiGS'2 — ienS, , e~ nS, . (2.23)

The product of these four rotations is the rotation repre-
sented by

e nSs, eieS, — ienS, einS. — ienS, e~ i€S,

=1 —2enS; + en(S,S, — S,S))
=1 — 2enS; + ienS;
=1—ienS; =e M=~ 0%, (2.24)

This is the rotation by €7 around the z axis. Since the solid
angle € is e and k(0) is 2, the product rotation is the rota-
tion through the angle €2 around the axis in the direction of
k(0).

This will not be changed by any change in the length of k
or the component of Ak in the direction of k as k moves
around the loop. The cone of directions traced by k is all that
matters.

Now consider aloop C made by a path that takes k(0) to
k(P) , an infinitesimal loop at k(P), and a path right next to

the first segment that takes k(P) back to k(O), as shown in
Fig. 1. The product of the rotations for the infinitesimal loop
at k(P) is the rotation through the angle ) around the k(P)
axis, with {2 the solid angle of the infinitesimal loop at k(P)

The product of the rotations along the path that takes &(0)

to k(P) is a rotation that takes k(O) to k(P) Let it be repre-
sented bye — S - The product of the rotations along the final
segment that takes k(P) to k(O) is the inverse of this rota-
tion. The product of the rotations along the entire loop Cis
the rotation represented by

8-S — iQk(P):S,— 8-S ink(0)-S

e Se e =e~ (2.25)

because
“"’sk(O) Se® S = k(P) -S. (2.26)

The product rotation is the rotation through the angle
around the axis in the direction of k(O), and ) is the solid
angle enclosed by the entire loop C.

All that remains is to show how infinitesimal loops can
be joined to form an arbitrary loop. First, consider a chain of

kP FIG. 1. The loop C around an infinitesimal
solid angle € that is removed from k(0).
kO
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I

a7

ko ko k) k(0)

FIG. 2. Joining infinitesimal loops to form a long thin loop.

loops joined as shown in Fig. 2. The product of the rotations
along any one of the little loops is the rotation around the
k(0) axis through the angle equal to the solid angle enclosed
by the little loop. Then the product of the rotations along all
the little loops in succession is the rotation around the k(O)
axis through the angle equal to the sum of the solid angles
enclosed by the little loops. This is the same as the product of
the rotations along the larger loop. The rotations along ad-
Joining segments are inverses of each other and cancel out.
Therefore the product of the rotation around the larger loop
is the rotation around the & (0) axis through the angle equal
to the solid angle enclosed by the larger loop.

The result is thus established for long thin loops. The
proof is completed by putting long thin loops together as
shown in Fig. 3.

C. Generalization

The basic outline of what we did for rotations and spin
states can be used to define phase changes for other transfor-
mations and states. It might also provide a method to calcu-
late the phases. We set up a general framework here.

Consider a complete set of commuting Hermitian oper-
ators 4,,4,,... with an orthonormal basis of eigenvectors. Let
m label the different sets of eigenvalues a'),al?,... of
A, ,A,,... and for each m let |m) be the eigenvector of 4 ,Az,...
for the eigenvalues a'",a?,..., so

k)
FIG. 3. Joining long thin loops to form an arbitrary loop.
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(2.27)

Since the set of operators 4,,4,,... is complete, m is the only
label needed for the basis of eigenvectors.

Let V(g) be unitary operators that depend on a real
variable ¢ which runs from 0 to @, with ¥(q) differentiable
as a function of q.

Suppose ¥(0) is 1 and

A;|m) =al|m) .

V)4, V(@) " =4, (2.28)
for each of the operators 4,,4,,... . For each g and each of the
operators A ,4,,... let

A, (q) =V( Q4 V()~". (2.29)
In particular

A4;(0) =4, =4,(0) . (2.30)

The set of operators 4,(9),4,(q),... is the basis of our con-
struction. It forms a loop as ¢ runs from O to Q. This is the
generalization of the loop made by k( q) or k(q) + S for spin.
We could introduce the operators 4,(g) directly, without
using the ¥(q). We just need to describe the properties the
A;(q) should have. We could do that in terms of their spectra
and differentiability as functions of ¢. It is simpler to state it
this way. As ¢ runs from O to Q, the changes in the operators
A;(g) have to be changes that can be made with unitary
operators V(q) that are differentiable as a function of q. Be-
sides that we require only that the 4; (¢) satisfy (2.30) witha
complete set of commuting Hermitian operators A; that
have a basis of eigenvectors.

Let U(q) be unitary operators that are differentiable as
a function of ¢ between 0 and Q and let

"Edq“ U(9) = G U) . (231)
Then G(q) is Hermitian and

U(g + Agq) = e~ S P%y(q) . (2.32)
Suppose U(0) is 1 and, for each ¢ from O to Q,

Uq)4;U(g) ' =4;(q) (2.33)
for each of the operators 4,,4,,... and

(m|U(q)~'G(q)U(g)|m) =0 (2.34)

for all m. There are operators U(g) with these properties;
they do exist. They are unique. Thus the U(gq) arc obtained
from the 4; (¢). That is proved in the Appendix. If the V(q)
satisfy the last requirement (2.34), then they are the U(g);
otherwise they are replaced with new operators U(q).

From (2.32) we see that since U(0) is 1 we get U(Q) by
multiplying the e ~ 9?29 in a sequence from O to Q. From
(2.30) and (2.33) we sce that U(Q) commutes with all the
operators 4;. Since these operators make a complete set,
U(Q) must be a function of them, so

U(Q) = e~ #AvAz-D (2.35)
with ¢ a real function of real variables.

For each m we have

U(Q)|m) = e~ 4@ "\ my (2.36)

The Berry phases y,,, (Q) are defined by
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—ig(atD,aD, )

7D _ o ) (2.37)

They are determined by the loop of operators 4; (¢), because
it determines the U(q).

Condition (2.34) isa generallzatlon of our assumption
for spin that each rotation from a k(q) to k(q + Ag) is
around the k X Ak axis, as explained at the end of Sec.IT A. It
is essentially the same as the condition used by Anandan and
Stodolsky.” The rationale for it in terms of dynamics is de-
scribed in Sec. I1 E. To see the role it plays, consider what we
would have without it. In the Appendix we show that if con-
dition (2.34) were removed G(g) could be changed to
G'(q) =

G(q) — Y d.(U(g)|m)(m|U(g)~", (2.38)

with the d,, real functions of q. In
e~ iG’(q)AqU(q) |m)
= ¢~ G PN (g) | m) (2.39)

the phase d,,, (9) Ag would be arbitrary. It is not needed. It is
not part of the change of the state represented by U(g)|m).
If G(q) satisfies (2.34), it does not produce such a phase. It
does not produce a change of U(g)|m) proportional to
U(q)|m). The change

AU(g)|m) = — iAgG(g)U(q)|m) (2.40)

is orthogonal to U(g)|m). It is a change of the state. The
Berry phase comes from these changes of states around the
loop.

The phase d,,, (¢) Ag from each interval Ag would add to
the Berry phase. Consider the effect of changing G(g) to
G'(q) in an interval Ag at a particular value of ¢. A new
factor would be put into the sequence of unitary operators
that are multiplied together to make U(Q), so U(Q) would
be changed to

U'(Q)=U0@QUg)!
x exp(i S, (0)8qU() | m) m|Ug) )
XU(q)

= U(Q)exp(ide (q)Aq|m)(m|). (2.41)

Contributions from other intervals Ag would add to this one.
Altogether U(Q) would be changed to

Q
Q) = U(Q)eXp(i » fo d,,,(q)dq|m)(m|). (2.42)

The Berry phase y,, (@) defined by (2.36) and (2.37) would
be changed to

0
Ym(Q) =7m(Q) +f d.(q)dg. (2.43)
0

This is excluded by condition (2.34). It implies that the d,,,
are all zero. That makes G(g) unique. It gives us unique
unitary operators U(g) and Berry phases y,, (Q).
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D. The integral formula

To make another bridge to familiar ground we show
that Berry’s integral formula' for the Berry phase follows
from our definition. We do this separately because it requires
different language.

For each g we have a complete set of commuting Hermi-
tian operators 4,(g),4,(q),... . For each m let |m;q) be a
normalized eigenvector of the operators 4,(g),4,(q),... for
the set of eigenvalues a,a'?,..., so

4;(9)|myg) = a.)|mgq) . (2.44)
In particular, since

A,(0) =4, =4,(0), (2.30)
let

|m;0) = |m) = |m;Q) . (2.45)

For each g we have an orthonormal basis of eigenvectors
|m;q). We assume the phases are chosen to make the vectors
differentiable as functions of gq.

We can see that

A,()U(g)|m) = U(q)4;|m) = alU(g)|m) , (2.46)
so U(g)|m) 1is an eigenvector of the operators
A,(q),A4,(g),... for the set of eigenvalues a’,a’?,... . There-
fore

Im;q) = e~ "™ U(g)|m) , (2.47)

with y,, a real function of g for each m. Let y,, (0) be 0. We
have

Im) = |m;Q) = e~ " P UQ)|m), (2.48)
so

U(Q)|m) =" P|m) . (2.49)

Comparing with Egs. (2.36) and (2.37) we see that the
¥m (@) defined here is the same as the y,, (Q) defined there.
It is the Berry phase.

From (2.47), (2.31), and condition (2.34) we get

d d
[ (mygl—| myq) = —v,.(q), 2.50
z<mq\dq‘mq> dqy (q) (2.50)
SO
e d
7’,,.(Q)=if <m;q‘— m;q>dq- (2.51)
o dq

This is Berry’s integral formula for the Berry phase.! We
know the Berry phase does not depend on the phases of the
vectors |m;q) because we obtained the Berry phase before we
introduced these vectors. The value (2.4) of the Berry phase
for spin can be obtained directly® from this integral formula
(2.51) by using (2.9) and (2.10) with (2.47).

E. Dynamics

All this has been formulated without any reference to
dynamics, without considering time or a Hamiltonian, but
applications that bring in dynamics are close at hand. Here
we describe alternatives for dynamics that provide different
applications and interpretations of the same mathematics.

Let the time coordinate 7 be ¢/g and let the Hamiltonian
be
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H(t) =8G(q) + Y E.()U(g)|m){m|U()~", (2.52)

with g a real parameter and the E,, real functions of z. In
particular, we will be interested in the case where g is 1 and
the limit where g goes to 0.

If the state at time O is represented by

¥ (0)) = |m), (2.53)
the state at time ¢ is represented by
¥, (1)) =e ™ “"PU(q)|m), (2.54)
where w,, (0) is 0 and
—‘iwm(t) =E,(1). (2.55)
dt
This is the solution of the Schrodinger equation,
i%|¢m(t))=H(t)|¢m(t)), (2.56)

as one can easily see from (2.31). From (2.32) we have

¥ (1 + A)) = ¢~ "M —16@Aa|y (1))

=e_iH(”A’|¢m(t)) . (2.57)
From (2.32) and (2.33) we get
A( + A ) ___e-iH(t)AlA.( )eiH(l)At’
qu 7 s (2.58)
l'—d—tA,-(Q) = — [4,(9),H)] .
At time T = Q /g the loop is complete. Then
¥, (1)) = e~ " U(Q)|m)
—e” l'w,,,(T)e — ip(AA,,...) |m>
—e — iw,,,(T)e —_ i¢(af,!’,a§3),...) m)
= m DD\ y (0)) . (2.59)

The motion is cyclic for the states represented by the vectors
|m) because they are eigenvectors of U(Q). In general it is
not cyclic for other states. In the Heisenberg picture the mo-
tion is cyclic for the operators 4,,4,,... . In general it is not
cyclic for other operators.

For spin we have

|9, (£ 4+ BE)) = e~ FnO%e -k TRXAKS|y (1)) (2.60)
and
hl,m(]-.)) — e—iwm(ﬂe_i¢l}(o).slm>
=e U De=imy_(0)). (2.61)

The motion is cyclic for the states represented by the vectors
|m) because they are eigenvectors of the unitary operator for
the product rotation. The motion of the spin from time 0 to
time T is not entirely cyclic. The spin matrices are rotated.
Only £(0) - S is unchanged.

Suppose gis 1 and all the E,,, are zero. Then g is time and
G(q) is the Hamiltonian so

[0(2 + A1) = e~ “C@2 (1))

and

[¥()) = U(g)|[¢(0))

(2.62)

(2.63)
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for any state. In particular, w,, (T) isOin (2.59) so the Berry
phase stands out by itself. For spin

[9(z + An)) = e~ * TRxES[y(p)) (2.64)

for any state; the motion is just rotation around the kX Ak
axis from k() to k(z + Ar). The Berry phase stands out
alone in (2.61) because w,, (T) is zero.

Suppose terms with nonzero E,,, are added to the Hamil-
tonian. They change the dynamics but do not change the
Berry phase. These terms commute with 4,(g),4,(g),... so
they have no effect on the loop made by 4,(¢),4,(g),...; they
cancel out of Egs. (2.58).

The E,, terms may make the Hamiltonian simpler. A
nice example of this is discussed by Aharonov and Anan-
dan.® They consider a spin and show that the Berry phase of
the loop made by

k(t) +S =, sin 6 cos wt + S, sin @ sin wt + S; cos 6

(2.65)
is a result of the dynamics generated by the Hamiltonian
H=0S,. (2.66)
To see this we only need to check that
i-%fc(t)-s= —[k()-SH], (2.67)

which is Eq. (2.58)for a spin when g is £. By itself G(g) isnot
so simple. From (2.8) we get

G(g) = wsin 8( — 8, cos 0 cos wt

- 8, cos @ sin wt + S5 sin 9) . (2.68)

In the limit as g goes to zero the state vectors |1, (1))
become eigenvectors of the Hamiltonian H(¢) with eigenval-
ues E,, (¢). They could be realized in adiabatic evolution for
a slowly changing Hamiltonian. Thus we recover the dy-
namics originally used to calculate Berry phases."? In the
limit, when gG(gq) is gone, the Hamiltonian only produces
the phases w,,. It does not change the state represented by
|, (1) ); it only multiplies the state vector by a phase factor.
The terms that remain in the Hamiltonian have no effect on
the Berry phase; it does not depend on the E,,. The Berry
phase is produced by the changes in the state described by
e~ 9@%and U(q). Before the limit is reached, the Hamilto-
nian provides a model for these changes: they are made by a
weak perturbation gG(q) in H(¢) that acts over long times
q/g. The Berry phase is the same whether g is large or small.
The limit is needed only to get adiabatic evolution.

A rationale for our definition of Berry phases is obtained
from any of our alternatives for dynamics. The definition fits
the dynamics, whichever the dynamics may be. To define
Berry phases we assume G(g) satisfies condition (2.34).
That excludes the additional 4, terms of G'(g) in (2.38).
These terms can be included as E,, terms in the Hamilto-
nian. They contribute to the dynamical phases w,,, not the
Berry phases 7,,. The definition of Berry phases is a conven-
tion that splits the Hamiltonian into two parts. Condition
(2.34) is equivalent to

(m|U(q) 'H()U(g)|m) = E, (). (2.69)
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It implies the E,, are mean values of the Hamiltonian. This
identifies the E,, and w,, with dynamics.® It distinguishes
the E,, terms of the Hamiltonian from the part that gener-
ates Berry phases.

This is particularly clear for two kinds of dynamics. One
is adiabatic evolution. In the limit as g goes to zero, the
E,. (¢) become eigenvalues of H(¢). The Hamiltonian has
only E,, terms. There is no need to split it. It does not contain
the operator G(g) that generates Berry phases. The ,, are
easily identified because they are the only phases produced
by the Hamiltonian.

The rationale for our definition of Berry phases is also
particularly clear when there are no £, terms in the Hamil-
tonian. Suppose ¢ is g. Then the Hamiltonian is just G(q).
Again, there is no need to split it. The Berry phases do not
have to be separated from other phases. They stand out alone
in (2.59), for example, in (2.61) for spin. We have an exam-
ple of this kind of dynamics for spin. Let ¢ be g and let H(¢)
be the G(g) given by (2.68). It produces the Berry phases of
the loop defined by (2.65). This is a particularly clean and
clear example of Berry phases produced in evolution that is
not adiabatic with states that are not represented by eigen-
vectors of the Hamiltonian.

ill. BERRY PHASES FROM LORENTZ
TRANSFORMATIONS

Here our general definition of Berry phases and our
method of calculating them are illustrated by obtaining Ber-
ry phases from Lorentz transformations. They are similar to
those obtained from rotations. Instead of the three spin ma-
trices that are generators for rotations, we use two genera-
tors for Lorentz transformations and one for rotations. In-
stead of a vector making a closed loop on the unit sphere, we
consider a vector making a closed loop on a unit hyperbo-
loid. In place of the projection of the spin in the direction of
the vector, we have a linear combination of the three genera-
tors specified by the vector. This reduces to the rotation gen-
erator at the beginning and end of the loop.

We find the unitary operators required by the general
definition. They represent transformations of the vector
around the loop. They transform the rotation generator to a
linear combination of the generators at each point on the
loop and back to the rotation generator at the end of the loop.
When the loop is complete, the unitary operators have not
changed the rotation generator, so they have not changed a
state represented by an eigenvector of the rotation generator.
The state vector is changed by a Berry phase.

We calculate the Berry phases by combining infinitesi-
mal loops the same as for rotations. Instead of a solid angle,
which measures the area of a loop on the unit sphere, we get
the analogous measure of the area enclosed by the loop on
the unit hyperboloid. The sign is opposite what it is for rota-
tions. All this is described in Sec. II1 A. The formula for the
values of the Berry phases is proved in Sec. III B. The same
Berry phases have been considered by other methods in var-
ious contexts.’**
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A. Description

Consider an irreducible unitary representation of the
two-dimensional Lorentz group. The generators are Hermi-
tian operators K, K, J; that satisfy the commutation rela-
tions

[Kzrls] =iK,,

{Js’Knl = iKz: [KHKzl = —U3 .

(3.1
There is an orthonormal basis of eigenvectors [m) of J, la-
beled by the eigenvalues m, so
Jslm) = m|m) . (3.2)
Let k(q) be a real three-vector that depends on a real
variable ¢ which runs from 0 to Q with k(q) differentiable as
a function of ¢. Suppose
- kl(Q)z - kz(Q)2 -+ k;(q)z =1
and '
k(0) = (0,0,1) =k(Q) . (3.4)

As g goes from O to @ the vector k(g) goes around a closed
loop C on the unit hyperboloid described by (3.3).
Let

(3.3)

A(q) = k(K| + k(@) K, + k3(g) 5 . (3.5)
Then
A(0) =J;=A4(Q) . 3.6)

We write k for k(g) and Ak for (d k/dq)Aq. Thenk + Akis
k(g + Ag). Let

G(q)Ag = (kAk, — k0K,
+ (k3Ak‘ - klAk3)K2

— (kAky — kAT . (3.7)
Then
A(q + Aq) — emiG(q)AqA(q)eiG(q)Aq’ (38)
because
ilA(q),G(g)Aq] = (Ak)K, + (Akz)Kz + (A3,
(3.9)
You can easily check this and check that also
(/D) [A(q),(Ak K, + (Ak)K, + (Ak3) ;]
= G(q)Aq. (3.10)

Let U(q) be the product of the operators e ~ ““*? from 0
to ¢, so U(0) is 1 and

Ulg + Agq) = e~ 6@0%(q) . (3.11)
Then U{q) is unitary and
Alg) = U(AO)U()~'. (3.12)

Since 4(0) is J; we can see that U(g)|m) is an eigenvector of
A(g) with eigenvalue m. Then from (3.10) we can see that

(m|U(q)~'G(q)U(q)|m) =0. (3.13)
Since both 4(0) and A(Q) are J;, we have
J,=U,UQ) . (3.14)

2049 J. Math. Phys., Vol. 29, No. 9, September 1988

This implies U(Q) is a function of J;. Since U(Q) is a prod-
uct of unitary operators generated by X, X, and J;, we must
have

U(Q) = e, (3.15)
with ¢ a real number. For an eigenvector |m) of J; we have

UQ)m) =e™ " |m) . (3.16)
The Berry phase ¥, (Q) is defined by
@ = o= ims (3.17)

We will show that ¢ is determined by a measure of the
area circumscribed by k(g) on the unit hyperboloid as k(g)
moves around the loop C. Let

k,=sinhrcosy, k,=sinhrsiny, k;=coshr,
(3.18)

let Ag besinh 7(Ar) (Ay) and let i be the integral of Ay over
the area enclosed by C on the unit hyperboloid described by
(3.3). We will show that $is — u if the areais on your left as
you follow k(g) around the loop and ¢ is u if the area is on
your right. The sign is opposite what it is for rotations. Oth-
erwise the only change is that the measure du on the unit
hyperboloid replaces the measure sin 8(d8) (d¢) on the unit
sphere that gives the solid-angle factor in Berry phases for
rotations.

B. Calculation

The proof will be the same as it was for rotations once we
calculate the contribution of an infinitesimal area of the
loop. We have to consider an infinitesimal loop starting at an
arbitrary vector k that satisfies (3.3). Since the 1 and 2 direc-
tions are related by axial symmetry, it is sufficient to consid-
er an infinitesimal loop starting at

K(P) = (k,,0,k3) . (3.19)
Let the loop have four sides with
Ak = (e,o, _ktie e),
k3 + %(k;/kg)f

Ak = (0,7,(1/k3)37%) ,

(0,7,(1/k; éﬂ)k (3.20)
Ak:z(—e,o,— ——‘iLe),

ks + 1(k\/ky)e

Ak = (0, — 7, — (1/k3)377) ,

where € and % are small real numbers. The vectors k at the
centers of the sides are

(ki + 1€,0,ks + §(k,/ky)€),
(ky + €dnk; + (ki /ky)e),

(ki + Lem.ks + 4k /ky)eE)
(kydnks) .

3.21)

We calculate Ak; from Ak, and Ak, to maintain the hyper-
boloid condition {3.3). We use vectors at the centers of the
sides and include the terms with a factor | to be sure every-
thing is correct to second order in € and 7. It is easy to see
that all the terms containing } cancel out. Hence we omit
them. The G(g)Ag for the four sides can be calculated from
(3.7). With the terms containing } omitted, they are
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ki €
k36K2 —_6K2=_K2 Y

k3 k3
k
- (k3 + z‘l‘ 6) 7K, — (k; + €)nJ;,
} , (3.22)

k
— nﬁeK, — kyeK, + — €K, — nel,
k ky

3

3 3

kK, + kynJ; .
The product of the four ¢ ~ 9929 around the loop is
1+ 2en((ky/k)K, + J3) — enl (1/ks) KpksK, + KiJ5]
=14 R2en(1/k;) (kK| + k3J3)
—ien(1/ky) (kK + kyJ3)

=1+ i(en/ks) (kK + k3J3) (3.23)
to second order in € and 7. We recognize the factor
@ _ (Ak,) (Ak,) - cosh r(Ar)sinh r(Ay)
k, ks cosh r
=sinh r(Ar)(AY) = Ap; (3.24)

it is the measure Ay of the area of the infinitesimal loop on
the unit hyperboloid. Let A¢ be — Au. For an infinitesimal
loop going around the opposite way let A¢ be Au. Then the
product of the e ~ “?27 around an infinitesimal loop start-
ing at k(P) is

~ iA@Y (kK + kiJ3) — i(Ad)A(P)
b

e =e (3.25)

where A(P) is the 4(¢) made from k(P).

To get U(Q) and the Berry phases we have to consider a
loop starting at k(0), which is (0,0,1). This loop can be
divided into infinitesimal loops the same as for rotations. All
the infinitesimal loops will start at k(0). Some will have two
parts. One part will be an infinitesimal loop starting at a
vector k(P). That will be like the infinitesimal loop we have
considered. The other part will be a path connecting k(P) to
k(0). The contribution from the infinitesimal loop to U(Q)
will be a factor

— i(Ad)A(0) —ita¢)/,

e =e (3.26)

The transformation from 4 (P) to 4(0) is obtained the same
as (2.25) for rotations. The proof is completed by muitiply-
ing these factors.

C. Comment

These Berry phases will be obtained wherever the se-
quence of Lorentz transformations occurs. Any state repre-
sented by an eigenvector of J, will be unchanged by the se-
quence of unitary operators e ~ ““(?44_ The state vector will
be changed only by a Berry phase. In particular, if J; is one of
a complete set of commuting operators, they will be un-
changed and an eigenvector of them will be changed only by
a Berry phase.

IV. BERRY PHASES FOR ANY SEMISIMPLE LIE GROUP
Here we show that our general definition of Berry
phases fits any unitary representation of a semisimple Lie
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group. We choose a complete set of commuting operators
that contains a basis for a Cartan subalgebra of the Lie alge-
bra of generators. We consider a sequence of transforma-
tions by unitary operators in the group representation that
takes each operator in the Cartan subalgebra around a loop
in the Lie algebra back to the same operator. We show it can
be made by unitary operators in the group representation
that have all the properties required for the definition of
Berry phases. These unitary operators are determined by the
transformations.

The loops are the basic structures that determine the
Berry phases. They are made when operators from the Car-
tan subalgebra are transformed around the Lie algebra.
Since the Lie algebra is a real vector space, the loops are
made by vectors moving in a real space. The motion of the
vectors is restricted by the structure of the Lie algebra.

One restriction is easy to describe: the motion of the
vectors must maintain the lengths and angles defined by the
Cartan metric of the Lie algebra. This is the generalization of
vectors tracing loops on the surface of a sphere for rotations
and on a hyperboloid for Lorentz transformations.

The Berry phases are determined by one loop made by
one suitably chosen operator from the Cartan subalgebra.
The loops made by other operators from the Cartan subalge-
bra can be found from this one. The only restriction on this
loop is that its vector must always move in a direction that is
orthogonal in the Cartan metric to the vectors of all the
loops.

Everything can be done separately for each subalgebra
of generators. Since a semisimple Lie algebra is a direct sum
of simple subalgebras, it is necessary to consider only irredu-
cible unitary representations. of simple groups. The Berry
phases are sums of Berry phases for the simple subgroups.

A. Definition

Consider a unitary representation of a semisimple Lie
group. The generators are Hermitian operators that form a
semisimple Lie algebra. Let operators H,,H,,... be a basis for
a Cartan subalgebra. They commute with each other; the
only operators in the Lie algebra that commute with all the
H, are linear combinations of the H;. Let operators G,,G,,...
and the H,,H,,... be a basis for the whole Lie algebra. We
choose the basis so the operators

F, = (1/)[H,G,] (4.1)

also are a basis for the subspace spanned by the G,. This can
be arranged by using a Cartan—Weyl basis and choosing H,
in a direction in the Cartan subalgebra that catches every
root.'1®

Let V(q) be unitary operators that depend on a real
parameter ¢ which runs from 0 to Q with V(gq) differentiable
as a function of g. Let

. d
i— V(g) =K(g)¥V(q) . (4.2)
dq
Then K(q) is Hermitian and
V(g + Aq) = e K@%y (q) . (4.3)
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Suppose the ¥(g) are in the group representation. Then
K{q) is in the Lie algebra. Suppose ¥(0) is | and

VQH Q™" =H, (4.4)
for each of the operators H,,H,,... .

For each ¢ let

Hi(q)=V(QH V(™'

G.(9) =V(@)G V(™' (4.5)

F A =V@QFV(p™'.

The H;(q) and G, (g) are a basis for the Lie algebra and the
F, (q) are a basis for the subspace spanned by the G, (¢). We
can write

K(g) =3 h(@H (@) + Y 8.(9)G,(g)
J a

=Y hi(H;(9) + 3 f(DF.(9), (4.6)
i a
with the 4;, g,, and £, real functions of g. Let
G(9) =3 8.(9)G.(9) =3 L. (DF.(g). (4.7)

Let U(g) be the product of the e ~““*“from 0 to g, so U(0) is
1 and

U(g+ Ag) = e~ 99%(q) . (4.8)
Then U(q) is unitary and
i Ug) = G@U(g) . (49)
dg
We have made it so
H,(q + Aq) - e—»iK(q)AqIJI(q)eiK(q)Aq
=H;(q) + i[H;(9),K(q)|Aq
=H;(¢q) + i[H;(¢),G(¢q) ]Aq
. e-—iG(q)AqIfj (q)es‘G{q)Aq , (4-10)
Hi(q) =U(@)H;U(g)"". (4.11)
In particular, from (4.4) we have
H,=H/(Q)=UQHUQD™". (4.12)
Therefore
14(€9)) =exp(—iz ¢jHj) (4.13)
7

with the ¢; real numbers.

As g runs from 0 to Q the operator H,(g) goes around a
loop in the Lie algebra from H; back to H;. The sequence of
transformations of the H; is made by the sequence of unitary
operators e ~ ‘(929 The product of these unitary operators
for the whole sequence is U(Q). The product of the e ~ 744
uptogis U(g).

The U(q) have all the properties required for the defini-
tion of Berry phases. Suppose we have a complete set of com-
muting operators 4,,4,,..., some of which are H, H,,....
Then

U(Q)4,U(Q)~" = 4, (4.14)
for each of these operators 4,,4,,... . Let m label the different
sets of eigenvalues a'’,a’?’ of the operators 4 ,4,,... and for
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each m let |m) be a normalized eigenvector of the 4,,4,,...
for the eigenvalues a',a'?,..., so

A;lm) =all|\m) .
From (4.1) we can see that
(m|U(q)~'G(q) U(g)|m)

=3 f.(@){m|U(q) " 'F, () U(g)|m)

(4.15)

=3 L@ (m|U(g) "' V(Q)F,¥(q) ' U(q)|m)
= ;fa(q)(mlU(q)"‘V(q)

X ..:. [H,,G, V()= U(g)|m)
= }a:fa(q)(ml

X -1— [H,U(@) ™ V(@)G, V(g)~'U(g) ]|m)

=0,
for all m. The Berry phases y,, (Q) are defined by

U(Q)|m) =e ™ P\m) . (4.17)

Since the Lie algebra we are considering is semisimple, it
is a direct sum of simple subalgebras.'>' Operators in differ-
ent subalgebras commute with each other. Each G(g) is a
sum of operators from different simple subalgebras and each
U(q) is a product of unitary operators generated by different
simple subalgebras. In particular, U(Q) is, so the Berry
phase 7,, (@) is a sum of Berry phases from unitary repre-
sentations of simple groups. If each H; were chosen to be in
one of the simple subalgebras then H,(q) would be in the
same subalgebra for all ¢. Everything could be done sepa-
rately for each of the simple subalgebras. It is necessary to
consider only irreducible unitary representations of simple
Lie groups.

(4.16)

B. Determination

What determines the Berry phases? The G(q) are deter-
mined by the changes

AH(¢) = H;(q + Aq) — H;(q)
=I[H;(9),G(q)]Aq. (4.18)

If G(q) and G'(q) give the same changes AH, (g), the differ-
ence between them must commute with the H;(q). If both
G(q) and G’(q) are in the Lie algebra, they must be linear
combinations of the H;(q) and G,(q) like K(g) in (4.6).
Therefore the difference between G(¢) and G’(g) mustbea
linear combination of the H;(g). This is excluded by the
condition (4.16);if G(g) and G’'(g) both satisfy (4.16) they
must be the same.

Thus the Berry phases are determined by the loops made
by the operators H;(q) as ¢ runs from O to Q. Since the Lie
algebra is a real vector space, we can think of H, (q) for each
J as a vector that goes around a loop in a real vector space.
Since the changes AH,(gq) come from the commutators
(4.18), the loops are restricted by the structure of the Lie
algebra.
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One restriction is easy to describe. As g runs from O to Q
the motion of the vectors H;(g) must maintain the lengths
and angles defined by the Cartan metric of the Lie algebra.
The Killing form of the Cartan metric (H;(q),H, (¢)) must
not change; it is not changed by an automorphism of the Lie
algebra, and the changes of the H,(q) as functions of ¢ are
made by automorphisms. '?

The loop made by one suitably chosen operator from the
Cartan subalgebra is enough to determine the Berry phases.
From (4.18), (4.7), and (4.1) we have

AH\(9) = — Y 8.(9)F,(q)Aq.

We see that G(gq) is determined by AH,(g). The U(q) and
therefore U(Q) and the Berry phases are all determined by
the loop made by H,(q) as q runs from O to Q. The loops
made by the other H;(g) can be found from this one.

In the loop made by H,(q) each AH,(q) can be any
linear combination of the F, (¢). The only restriction on this
loop is that at each ¢ the change in H,(q) must be in the
directions of the F, (¢). In the Cartan metric all the F, are
orthogonal to all the H; and no operator in the Cartan subal-
gebra is orthogonal to all the H;, so the only restriction on
the loop made by H,(q) is that each AH,(q) must be orthog-
onal to all the H,(g).

(4.19)

APPENDIX: EXISTENCE AND UNIQUENESS

Here we show that there are operators U(g) with all the
properties we assumed in Sec. II C. We also show that they
are unique and that if condition (2.34) were removed the
G(q) could be changed to the G’ (q) described by (2.38).

We assume there are operators ¥(g) with all but one of
these properties; the V(q) may fail to satisfy condition
(2.34). Let

iLvigy =K@ W) . (A1)
dq

Then K(gq) is Hermitian and

V(g + Aq) = e~ K@%p(q) . (A2)
From this, (2.29), (2.32), and (2.33), we get
e iK(q)Aqu(q)eiK(q)Aq = Aj(q + Agq)

—e— iG(q)Aqu (q)eiG(q)Aq , (A3)

[4;(9),K(q)] = [4,(9),G(9)] - (A4)
Let

G(q) =K(g) + D(q) . (A3)

The difference D(g) between G(¢) and K(g) must commute
with all the 4, (¢). Then V(g) ~'D(q) ¥(g) must commute
with all the 4; it must be diagonal in the basis of eigenvec-
tors | m) of the complete set of commuting operators 4;. This
means
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G(q) = K(q) +2dm(Q)V(q)|m>(m|V(¢1)_' ) (A6)
with the d,, real functions of ¢. Let

d.(9) = — (m|V(q) "' K(Q)V(q)|m) . (A7)
This defines G(g). We have

(m|V(9)~'G()V(q)|m) =0. (A8)

Let U(0) be 1. Let U(g) be the operator made from the
G(q) by following (2.32); it is the product of the e~ 47
from O to g. We have made it so

U)4;U(q) ' =4,(q) . (A9)
Then
4;(QU(9)|m) = U(9)4;|m) = a ) U(q)|m) (A10)
and
A;(V(g)|m) = V(g)A4;|m) =allV(q)|m), (All)

so U(q)|m) and V(q) |m) are eigenvectors of the same com-
plete set of commuting operators 4, (¢) for the same eigen-
values a'/’. They can differ only by a phase factor. We can
replace V(g)|m) with U(g)|m)in (A6) and (A8). Then
(A8) becomes condition (2.34). We can see that the U(q)
have all the required properties. We can also see that if con-
dition (2.34) were removed, the G(g) could be changed to
operators like K(g). From (A6) wesee they are the G'(q) in
(2.38).
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Anharmonic oscillator: Constructing the strong coupling expansions
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Two novel approaches to construction of the strong coupling expansion for the anharmonic
oscillator with the potential ¥(x) = ix? + (g/4)x* are proposed. The first one is simply a
straightforward solution of the Schrédinger equation via the “nonlinearization” technique,
resulting in the rapidly convergent perturbation series. The second one is a version of the path
integral perturbation theory, but with an unconventional choice of the zeroth approximation
action. Nine leading coefficients of the strong coupling expansion are computed. They decrease
rapidly, the ninth one being of the order of 10~°. Three leading corrections of the
nonlinearization approach provide the ground-state energy within a relative accuracy of 107 "—
1072, at an arbitrary coupling g. The explicit formulas for corrections enable one to study the
analyticity properties of the energy as a function of the coupling g. In the second approach the
strong coupling expansion coefficients are computed as an infinite linear series of the weak
coupling expansion coefficients. This greatly simplifies calculations, though at the price of
slower and slower convergence of the series for the higher-order coefficients. If 41 terms of the
weak coupling expansion are included, a relative accuracy of 106 and 10~2 is achieved for the
second and ninth coefficients of the strong coupling expansion, respectively. In the Appendices
the weak coupling expansion coefficients up to the 41st order are tabulated. In addition, both a
proof of the convergence property of the nonstandard perturbation theory and also a
derivation of certain functional inequalities are given, which make clear already at a qualitative

level why and how the nonstandard perturbation theory acquires the convergence property.

1. INTRODUCTION

The strong coupling problem is a major one in both
quantum mechanics and quantum field theory, as practical-
1y all the interesting phenomena belong to the strong cou-
pling regime, beyond the applicability of the weak perturba-
tion approximations. The strong coupling problem proved
to be so involved that until very recently there were very few
attempts to formulate its general solution.

The principal trouble with perturbation theory, which
has long remained a basic tool in studying quantum mechan-
ical problems and quantum field theory models, is that the
resulting perturbation series has zero radius of convergence,
which blocks extension into the domain of couplings of the
order of unity. The origin of this divergence was studied in
detail by Dyson for the case of QED': the perturbation La-
grangian (perturbation potential) at strong fields becomes
“larger” than the nonperturbed one, irrespective of how
weak the coupling is. This observation is known under the
generic name of “Dyson’s instability argument.” (For a dis-
cussion of its application to quantum mechanics see Ref. 2.
The methods of computing the higher-order perturbation
corrections in different quantum mechanical problems and
in quantum field theory are reviewed in Ref. 3.)

It is sensible, then, to try to split the Lagrangian of inter-
est into perturbed and unperturbed pieces in such a way as to
circumvent Dyson’s arguments. If so, the resulting perturba-
tion series might be a convergent one. However, a straight-
forward realization of this idea requires the nonperturbed
problem to be exactly soluble, and we know of few exactly
soluble problems in either quantum mechanisms or quan-

®) Permanent address: Institute of Physics, Georgian Academy of Sciences,
Thilisi, USSR.
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tum field theory. In this paper we shall demonstrate that this
is a fictitious limitation. One could well solve the quantum
mechanical problem without imposing a simpleminded ex-
act solubility, and quantum field theory without requiring
that the nonperturbed theory be of particular physical mean-
ing.

In this paper we formulate two practical realizations of
such an approach. The first one is specifically quantum me-
chanics oriented and leads to the convergent perturbation
expansion for the Schrodinger equation. It is based on the so-
called nonlinearization technique.? The second one will be
referred to as a “nonstandard perturbation theory”
(NSPT),* and its tool is a path integral. Here we apply both
methods to the anharmonic oscillator

= __2 2,2, 8 4
H= g mta ™ Ty % D
in the strong coupling regime. Our purpose is a computation
of coefficients of the strong coupling expansion for the
ground-state energy

E@ =g" 3 bg ™" @)
n=0

We emphasize that despite its apparent simplicity, this prob-
lem possesses all the features of infinite-dimensional field
theories, barring, perhaps, the complications with renormal-
ization.

The paper is organized as follows. In Sec. II we review
briefly the current understanding of the anharmonic oscilla-
tor problem. The subject of Sec. III is a construction of ex-
pansion (2) in the framework of the nonlinearization meth-
od. In Sec. IV we discuss NSPT, present a calculation of
certain functional integrals, and derive the relationship be-
tween the coefficients of the weak coupling expansion
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E@=7Y ag (3)

n=0

and the strong coupling expansion coefficients. In the Con-
clusions, Sec. V, we summarize and discuss our main results.

In Appendix A we cite 41 terms of the weak coupling
expansion within absolute accuracy. The convergence prop-
erty of NSPT is proved in Appendix B. In Appendix C we
also derive functional inequalities, generalized Sobolev in-
equalities, which are useful for a qualitative analysis of the
conditions for the convergence of NSPT.

Il. THE ANHARMONIC OSCILLATOR PROBLEM:
WHERE ARE WE?

The anharmonic oscillator problem (1) is a very old one
in quantum mechanics. Its many facets have been discussed
in countless publications and there is no sign of their flow
running short, as on one hand the problem has numerous
important applications in many fields, and on the other hand
it is a perfect testing ground for any novel methods. Despite
these efforts the subject is far from being exhausted.

Where are we? By means of various numerical methods
a few of the lowest-level energies have been studied in the
whole domain 0<g< o« (for reviews see Refs. 2, 5, and 6).
For the ground-state energy 75 coefficients of the weak cou-
pling (3) were computed’; the series (3) is an asymptotic
one, with zero radius of convergence. The coefficients have
the asymptotic behavior®

a, = (—1)"*'na"n4 (1 + 0(1/n)), 4)

where A, a, and a are well-known parameters. The Borel
summation was proved to be a correct summation of the
series (3)° (see also Ref. 10). In an important paper by Si-
mon'? it was proved that the Riemann surface of E(g) con-
sists of three sheets. On the first sheet the only singularity isa
cut from zero to — 0. On the second and third sheets there
are branch points, which converge to zero, forming the
“horn” structure.”!! In the quasiclassical approximation
these branch points are the root ones. In the limit of g— — 0
the discontinuity on the cut of the first sheet is of the form®

ImE(g) — L
g

_ e 43 [N
ﬁ_ozs/zﬁn/zgl/ze f(14cg+eg’ + ).

(5

The coefficients of a few leading corrections c,,c,... are
known.’

Several approximate analytic expressions for the
ground-state energy as a function of coupling have been pro-
posed.?'*>'* However, only in Ref. 2 were these expressions
constructed in an effort to reproduce the correct analyticity
properties.

Until recently the strong coupling expansion (2) com-
putations were limited to calculation of the coefficient b,.
Hioe et al.® were apparently the first to calculate the next
coefficients, b, and b,, using the brute force numerical meth-
od. The numerical results for the energy as a function of g
were fitted to partial sums of (2). [The functional form of
expansion (2) follows from the dimensional consider-
ations.] In Ref. 14 these coefficients were computed using
the 1/N expansion for the O(N) symmetric anharmonic os-

2054 J. Math. Phys., Vol. 29, No. 9, September 1988

cillator (1). However, the accuracy of such an approxima-
tion could not be easily controlled, and these results are not
particularly useful.

The above is practically all we know of the anharmonic
oscillator (1).

Ili. STRONG COUPLING EXPANSION AND THE
“NONLINEARIZATION” PROCEDURE

We recall briefly the nonlinearization technique. For
the sake of brevity we confine ourselves to the ground-state
problem.

(i) Following Price,'® transform the Schrodinger equa-
tion into the Ricatti equation and develop the perturbation
theory directly from the Ricatti equation. Such an approach
has the advantage of a solution at each step of the first-order
differential equation.

Specifically, in terms of the logarithmic derivative of the

wave function y = — ¢'/#, the Schrdodinger equation takes
the form

Y-y =2E-7). (6)
Let now the potential (x) be of the form

77(x) = 7 o(x) + A7 | (x). 7)

Here A = 1 is a formal perturbation expansion parameter.
In terms of the perturbation expansions

yx =3 A, (8)
n=0

S A"E,, 9)

n=0
one obtains a set of equations

Vo — 2y, =2(E, — 0,),

where Ql = yl) Qn = - %2:’;1] ViVn_is and the nth order
correction to the energy is given by'>'¢

g~ oma([ wax),

where #,(x) is the wave function of the ground state in the
potential *"o(x) (7" = E, + §5/1,). The solution of Eq.
(10) is of the form

By (x) = zf (E, — 0 (x)dx,

and satisfies the condition that the flux of particles vanishes
at infinity:

v, %] -0 at |x|- oo. (13)

The significant observation is that the perturbation the-
ory can be formulated without examining the whole spec-
trum of the unperturbed problem; only the ground-state
wave function of the unperturbed problem enters into all the
formulas. Hence one has the freedom of choosing the unper-
turbed problem.

(ii) The principal criterion in making this choice must
be convergence of the resulting perturbation expansion. The
only convergence criterion we know of presently is Dyson’s
argument,' which suggests the following rule for construct-
ing the convergent expansions”: the wave function ¢, (x) one

E=

(10)

(11)

(12)
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starts with must be such that the corresponding potential
(7 o= Ey + 3¢5/1,) reproduces all the singularities and
the asymptotic behavior of the original potential 7" (x).

(iit) Once the unperturbed problem is so chosen that the
perturbation expansion converges, one would like to make
its convergence as fast as possible. In doing so one can use the
correspondence between perturbation theory and the vari-
ational principle: any variational calculation corresponds to
the first two terms of a certain perturbation theory. Let us
elucidate this statement. Let ¥,(x) be a certain trial func-
tion. Corresponding to this trial function is a certain Hamil-
tonian Hy, =1 P>+ 75(x). Then the variational estimate
for the energy is

B = [ votydx

- f YoHoo dx + f Yo H — Ho) o dx
=FE,+ E, (14)

where E| is the first perturbation correction for the perturba-
tion potential (7~ — 77,). If further corrections E,, E,, etc.,
are included, one could control the accuracy. On the other
hand, further iterations could improve the accuracy.

After this brief summary of the nonlinearization tech-
nique (for more details see the review in Ref. 2), we arein a
position to construct the zeroth-order approximation for the
anharmonic oscillator (1). The main attention must obvi-
ously be paid to reproduction of the large-distance behavior
of the initial potential. Hence our choice of the zeroth-order
approximation is

Yo=x(a* + 1gx*)"/2. (15)

Here ais the variational parameter. The function (15) corre-
sponds to a potential (E, =0)

2 172

7 o(x) =%x2+—§-x4—%(a2 +-§—x2)
_1 8x
4 (02 + (g/z)xZ)llz 4
which reproduces the initial potential at large distances and
is quadratic at small distances. Hence it approximates the
initial potential in the whole domain of variation of the cou-

2

(16)

pling g. This choice has already been considered twice: at an
intuitive level in Ref. 17, and in Ref. 2 in the course of con-
structing the quantum mechanical analog of the leading-log
approximation of the quantum field theory. In the above
papers it was shown that this approximation provides a good
description of the energy as a function of g. In this paper we
shall employ it to compute the coefficients b, of the series
2).

Start with a standard variation minimization of the first
correction to the energy E, (E, = O by construction):

E\(ag)

1 (= a* + gx* ]
_— 1_ 2 2
2 .[) [( @)+ (@ + (g/2)x})!/?

372
Xexp[ _4 [(a2 + ixz) - a3”dx
3g 2

o -1
([ o454 o))
o 3g 2
a7

The results are quoted in Table I. Already the first-order
calculation gives the absolute accuracy of 105105 and
10~3-10"? in the weak and strong coupling regions, respec-
tively. A calculation of corrections E, and E, indicates a
rapid convergence. The accuracy increases to 10~ °and 10~°
at couplings 0.1 and 10, respectively, covering the results of
Ref. 5 but disagreeing with those of Ref. 6 in the last decimal
digits. The variational parameter a* has the following large
coupling behavior:

g\
a* = 1.003 96 (—2—) + 0.881 4 -+ . (18)

A simple analysis of (17) shows that E,(g) has many fea-
tures of the exact function E(g): it has a cut from zero to
— o0, with the exponentially small discontinuity atg— — 0,
also at g = 0 the expansion contains only integer powers of g
and at g = «o it has a form (2). All these properties are
preserved by the relevant formulas for £, and E;.

We now make use of (18) in Eq. (17) and the corre-
sponding counterparts for E, and E;, and expand the result-
ing formulas in inverse powers of g. The coefficients thus
found are precisely the strong coupling expansion coeffi-

TABLE I. Ground-state energy for the anharmonic oscillator (1) versus the coupling constant within the framework of the nonlinearization method. The
first three corrections are taken into account. The normalizations follow the conventions of Ref. 5 (E’ = E, g’ = 4g). The results obtained are compared with

those of Refs. 5 and 6.

g Oin E; —AE; E; —AE; £ E o [1]
0.1 1.2380006  0.5591491143 0.0000027759 0.559 1463384 0.0000000139  0.559 146 324 4 0.559 146
0.5 1.862 5 0.696 213 718 0.000 037 476 0.696 176 242 0.000 000 409 0.696 175 833 gggg };g 8
1.0 24416 0.803 848 107 0.000 076 438 0.803 771 669 0.000 000 982 0.803 770 686 0.803 771
10.0 8.23 1.505 310 443 0.000 332 248 1.504 978 194 0.000 005 530 1.504 972 665 1.504 97
50.0 22.46 2.500 370 988 0.000 650 339 2.499 720 649 0.000011 32 2.499 709 33 ;:gg 71(1)8 3
100.0 35.14595 3.1322409 0.000 841 4 3.1313994 0.000 014 54 3.131384 88 3.1338
500.0 101.330013 5.321 403 61 0.001 481 74 5.3199219 0.000 026 20 5.319 895 66 gg:g 334 35
1000.0 160.35 6.696 1339 0.001 877 1 6.694 256 78 0.000 033 90 6.694 222 88 6.694 22
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cients. They are quoted in Table II. One can see how the
accuracy does improve with the number of corrections in-
cluded. We notice that b, is determined to an accuracy of
1078,

Hence in the framework of the nonlinearization tech-
nique one first constructs the convergent perturbation ex-
pansion, and by reexpanding the results in inverse powers of
the coupling constant one finds the strong coupling expan-
sion coefficients.

IV. STRONG COUPLING EXPANSION AND THE
NONSTANDARD PERTURBATION THEORY

In this section we shall construct the strong coupling
expansion using the path integral approach. Bender et al.'®
have tried to do so starting with the lattice version of the path
integral. Here one encounters insurmountable difficulties
with the transition to the continuum limit, since for a finite
lattice parameter the strong coupling expansion has a form
different from (2). We know of no real calculations in the
framework of this method. Here we shall rely upon another
method, based on NSPT.* Its essence is a nontrivial splitting
of the action into the perturbation and the unperturbed part
in the process of computing the path integral. The result is an
expression for the strong coupling expansion coefficients in
terms of a series of the weak coupling expansion coefficients.
The latter can be computed without any significant compli-
cations.

A. Introductory comments

The anharmonic oscillator problem is well-known to be
equivalent to the one-dimensional Euclidian field theory
with an action’

S[¢£]=J¢dx+f¢2dx+gf¢4dx. (19)

Therefore the ground-state energy can be computed in terms
of the grand partition function, using the Feynman-Kac for-
mula

E@) = — L J Dp-exp{ — S [pgl}.
fdx

We introduce the following correlation functions:

(20)

Ak =i__7}£fg¢¢2k 0) (Jcp‘dx)"

Xexp{—f(pzdx-f(pzdx], 21)
B: —_ (—n!l)” fg¢¢2k(0) (J‘¢2dx)n
Xexp[—f¢2dx—f¢“dx]. (22)

(All the functional integrals are supposed to be computed
with dimensional regularization, so that all the vacuum
loops vanish and only connected terms are left in the inte-
grals. An important feature of dimensional regularization is
invariance of the measure under arbitrary scale transforma-
tion: Z [agp(Bx)] = Z ¢(x). A derivation of this property
and more detailed discussion of this scheme can be found in
Ref. 19.) From the definition (20) one can show [making
use of the direct and inverse power expansions of (20) in g]
that the correlators (21) and (22) are related to the strong
and weak coupling expansion coefficients via'®

a,=1[2/(1=-3n)]4,, a,,,=[1/(n+1)]4%, (23)

b,=[3/(1—2n)1B2, b,,,=[1/(n+1)]B.. (24)

It is convenient to introduce into (21) and (22) auxiliary
Gaussian integrations over the 2s-dimensional space:

Ak =_(:'171£fd2§of@¢;¢2k(0)(f¢4dx)"

Xexp[ — mp* — J¢dx - J.cpzdx] ,
115 [ [mo[ o)
Xexp[—wpz—f¢2dx—fcp"dx]. (26)
The resulting generalized action is of the form
Slppl = mp* + f¢2dx+ f¢4dx.

To construct the NSPT let us divide the generalized ac-
tion (27) into two parts:

(25)

(27)

TABLE II. The first coefficients of the strong coupling expansion 2°™° —*3p_ obtained taking into account the first two corrections of the nonlinearization
method. They are compared with the calculation based on NSPT, including 41 terms of the weak coupling expansion coefficients a,,, and with the previous

computations of Hioe ef a/.* and Smondyrev-Kudinov."

Nonlinearization method®

Kudinov
and First Second Second Third
m  Hioeetal® Smondyrev® approx. correct. approx. correct. Final NSPT (final)?
0 0.667 986 26 0.667 982 0.668 179 — 1.896( — 4) 0.6679898 —3.37(—6) 0.667 986 43 —
1 0.143 67 0.143 674 0.143 480 2.872( —4) 0.143 667 5 — — 0.143 67
2 —0.0088 — 0.008 634 — 0.008 549 - 1.01(—4) — 0.008 650 — — — 0.008 628
3 -— 0.000 824 — — — — —_ 0.000 818
*See Ref. 5.
See Ref. 14.
°See Table I
9See Table IV.
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Slepl =Solepl + AS:lepl, (28)
where A = 1 is a formal expansion parameter, and expand
(26) in A:

BX= S A7G%,, (29)
m=0
where
Gk — (—1)"+m d2s g 2k
nm = P @ “(0)
nim!
XU¢2dx) {S,[@pl}re=Sterl, (30)

Following a conventional formulation of perturbation theo-
ry, we shall refer to S;[@,p] as an unperturbed action and to
S,[@.p] as a perturbation.

Different decompositions (28) lead to different pertur-
bation expansions. Those of practical value are the ones for
which the unperturbed problem is exactly soluble. Until re-
cently it was common to start with actions quadratic in the
fields, i.e., with free-field theory. This has usually led to di-
vergent perturbation expansions (see the above discussion).
In Refs. 4 and 19-21 it was observed that apart from the
Gaussian functional integrals there do exist other exactly
calculable integrals. It is not easy to find sensible field theory
interpretations for the latter integrals, but that does not pre-
vent one from using them for the formulation of a convergent
perturbation procedure for computing the non-Gaussian
path integrals. Such a procedure will be referred to as NSPT.
Its application to the anharmonic oscillator for a certain spe-
cial decomposition (28) was described in Ref. 19. In that
paper the energy was studied as a function of g, and it was
found that the convergence gradually slows down as the
higher-order terms are included in the series (3). For in-
stance, up to 30 terms must be included to reach an accuracy
of 1072 at g = 10. One of the main conclusions of this study
was that the convergence property of NSPT must be im-
proved.

In this paper we start with a decomposition different
from that of Ref. 19. Specifically,

172
Solp,p) = mp? +f¢2dx +—é {ﬂpz +j¢2dx]

372
X U @ dx] , (31)
r 172
siep) = [0t~ L lmt+ [ 2]
372
X U @? dx] , (32)
where r is a parameter, and C is a constant defined by
C=2-3*?B(2,2) =3. (33)

Here B(x,y) is the Euler beta function. The origin of such a
choice will be obvious from what follows.

B. Constructing the nonstandard perturbation
expansions (calculation of the nonstandard functional
integrals)

One has to compute different functional integrals with
the weight function exp{ — Sy[@,0]1} [see (31)]. In doing
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so we shall rely upon the method developed by one of the
authors.'®
Let us rewrite (30) in the following equivalent form:

Gk, =—(—:2:f dtJ. duu”
’ nm! Jo 0

Xexp[—t——cr:—t"2u3/2}fd2wf9¢¢2k(0)
T 2,302 4 "

X[-Et u —f¢ dx]

><6(t—1rp2—f¢2dx)6(u—f¢2dx). (34)

The interchange of the order of integrations is legal as all the
integrals are finite. We now make use of invariance of the
measure under the scale transformations

pz_*tpz’ ¢2_>t1/2u1/2 2 (35)

@2, xot U2
[Recall the discussion above, after (22).] Then (34) takes
the form

Gt = (—1" jw dtfw duts+k2—1yn+ k=1
,m
" nim! b o

rozae|” r o 3/2]

¢ —t -
X[C u ] exp[ _ Ct u
Jevf ool fora]
Xé(l—ﬂpz—jqbzdx)S(l —J-wzdx). (36)

We now perform integrations in # and ¢ and make use of a

binomial formula for the expression within the square brack-
ets. Finally, one obtains

64 ==k (s
nm '
(k+2n)/3

ni
m 1 II
12 ( ) I'(m—l)'

(37)

where
1
I, =Jd”pj@¢¢2k(0)[J¢‘dx]
><5(1 —mp* — f¢2dx)8(1 - I¢2dx). (38)

Hence one must compute the functional integral (38).

It is convenient to employ once more the scale invar-
iance of the measure and to make the scale transformations
—1/2,—1/2_2

pz_,z-lpz, ¢2-—->Z 'y 2 x_>zl/2y—l/2 (39)
This leads to
I =z—s—k/2—l/2+ly—k/2—31/2+1
XJ‘dpr-gWZk(o)
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><U¢>4dx}16(z— mp* ~f¢2dx)
xa(y-—[qa?dx).

Evidently neither the rhs nor the lhs of (40) depends on z
and y. We then act on the rhs of (40) by the unity operator

1=T""s+k/24+1/2)T"(k/2+31/2)

(40)

o
XJ dzzs+k/2+1/2~le—z
[}

Xfw dyyk/2+3l/2——le-y’ (41)
0
and perform integrations over z and y. The result is
L=T"Ys+k2+1/2)T"(k/2431/2)
i
dezwf.@¢¢2k(0)[f¢4dx}
Xexp{~ﬂp2—f¢2dx—f¢2dx}. (42)

Recalling the definition of the correlator {25), we obtain the
final form of the functional integral (38),

_ (=174
T s+ kN2 +1/DT(k/24+3172)

Making use of (43) in (37), we obtain the final formula for
the coefficients of the NSPT series:

Gk _ (__ 1)n (_9)(k+2n)/3-2~.
- n! r 3

™ T(m + (k + 2n)/3)0(s — n + (k + 2n)/3)
o T(k/2+31/)T(s+k/2+1/2)

(9.

(43)

1,

X

(44)

i

Thus after some algebra the nontrivial functional integrals
(30) with the action (31) have been reduced to conventional
Gaussian integrals for the correlators 4 ¥ of the free-field
theory. The latter, by virtue of the relationships (23), can be
found in terms of the coefficients of the weak coupling ex-
pansion for the ground-state energy. We emphasize that the
NSPT terms are obviously finite and that the parameter s
satisfies the inequality

s>n— (k+2n)/3. (45)

One of the most important features of the NSPT thus
constructed is its convergence at

r>1 (46)
A rigorous proof of this is given in Appendix C. It can be
understood qualitatively as follows. In Appendix B we shall
prove that for any vector p and for all the fields ¢ for which
the integrands of the considered functional integrals exist,
the following inequality holds:

172 372
{ﬂpz—i-f@zdx} U@zdx} >Cf¢>“dx (47)

(C=3).1tisa generalization of the well-known Sobolev
inequality (see, for example, Ref. 22). Now we apply it to
(31) and (32). Since (32) is non-negative valued, one can
easily see that

Sol@p] > 151 @pll, (48)

for any fields @ and vectors p, provided that r satisfies (46).
This insures the convergence property of the NSPT (29)
with the unperturbed action (31).

As the NSPT series are convergent ones, one can com-
bine formulas (29) and (44):

49

Bk — (—Dm (E)(k+2m)/3-2. o

m! r 3 .=0ico

" T{n + (k4 2m)/3)T(s — m + (k + 2m)/3) (C)’ A}
T(k/2+31/2)T(s+ k/2+1/2) (

r n—n1’

thus rewriting the correlators B ¥ in terms of 4 . Now we set X = 1,2 and take into account (23) and (24). We find two sets of
formulas relating the strong and weak coupling expansion coefficients:

1—3/

(=" (C\@m+D3 2 & & T(n+ 2m+1)/)0s —m+ (2m+1)/3) (C\!
bm-t-l = - _ Z — a, (50)
m! r 3,5 ra+ 31/2)F(S+§+1/2) r/ 2(n—01
and
(— D" (C\¥+23 2 o A hn+Cm+2)30s—m+ C2m+2)/3)(CY 1+1
b, = = —=—3 ¥ = a,,,. (51)
m! r 1-2m o rim% 143/ (s+141/2) r/ (n—DN!

Thus we have reduced a calculation of the strong cou-
pling expansion coefficients to calculation of the weak cou-
pling expansion coefficients and to calculation of the partial
sums (50) and (51). The convergence property of NSPT
guarantees the gradual increase of the accuracy when a larg-
er and larger number of weak coupling expansion terms are
included. The technique of calculating the latter coefficients
for the anharmonic oscillator (1) is developed in detail.”
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(See also a review in Ref. 23.) We have applied the method
of Dalgarno’s F functions (see Ref. 24), used previously also
by Bender and Wu,” and have computed the leading 41 coef-
ficients with absolute accuracy. (See Table III and Appen-
dix A. The numerical calculations were performed using the
symbolic integration routine REDUCE-2.} The eight leading
coefficients b,, are tabulated in Table IV for the cases of 10,
20, 30, and 40 coefficients a,, included. The higher the order
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of b,,, the slower the convergence; whereas 40 terms of an
expansion (3) provide an accuracy of 10~ in b,, in the coef-
ficient b, the accuracy is as poor as 10~ 2. Unfortunately,
improvement of the accuracy with an increase in the number
of included coefficients a,, proved to be very slow.

We conclude with one important observation. Since the
series (50) and (51) do converge at any positive-valued and
real m, an analytic continuation into the complex m plane is
possible. One finds the following elegant relationship be-
tween B, atz<0and 4, atz>0:

A,2/(1 — &™) =B,3/(1 - ey, (52)
where
= —+4

From (52) it follows that a, and b,, as functions of a param-
eter z, have simple poles at z* =n>0and at z=n> 0, re-

spectively.

V. CONCLUSIONS

We have presented here practical methods for con-
structing the strong coupling expansion in nonrelativistic
quantum mechanics. These methods are based on the con-
struction of convergent perturbation expansions, the essence
of which is a suitable decomposition of the initial Hamilto-
nian into the perturbation and the unperturbed components.
These methods enabled us to compute fairly easily a few
leading terms in the strong coupling expansion (2). Unfor-
tunately, neither realization of this approach is free of limita-
tions. The quantum mechanical nonlinearization technique
does not allow a straightforward extension into field theory.
The second formulation is a field-theoretic one, but in its
present form its rate of convergence with the number of in-
cluded orders of the weak coupling expansion is too low. The
decomposition [ (31) and (32) ] has lead to a sharp accelera-
tion of the convergence compared to that achieved in Ref.
19, but still a few dozen weak coupling expansion coeffi-
cients were needed to get an accuracy acceptable in the quan-

TABLE IIL The first 41 coefficients of the weak coupling expansion a, [a, = (—1)"*'27%4,].

n k a,
0 1 1
1 2 3
2 3 21
3 4 333
4 7 30885
5 8 916731
6 10 65518401
7 11 2723294673
8 15 1030495099053
9 16 54626982511455
10 18 6417007431590595
11 19 413837985580636167
12 22 116344863173284543665
13 23 8855406003085477228503
14 25 1451836748576538293163705

15 26 127561682802713500067360049

16 31 191385927852560927887828084605

17 32 19080610783320698048964226601511

18 34 4031194983593309788607032686292335

19 35 449820604540765836160529697491458635

20 38 211491057584560795425148309663914344715

21 39 26120222383762781149654970754934417034805

22 41 6763740228794489740596394161822714805728135

23 42 916117527799746577984641800484328417887454935

24 46 103646469610572012980318821661990185513161583785

25 47 15277377494844438983482018830957022324392611587683

26 49 46864661934282542604967271035084212028364938136115903

27 50 7468424771414634117845409123534119931849505977965315619

28 53 4939479898777642568776881638048610516053578367250019222857

29 34 846284774074565106837237848622053215062153108475654677813615

30 56 300121824583301012159970897013428849261973957431788548963467657

31 57 55013796260436012961915328581386011752918767976598738126819263089

32 63 33324002034436973784967501384946517602614299449280668009468974692662 1

33 64 65076055114022071568381890075793502303462805706717017711390547642799543

34 66 26196102740035235752678912553130143340030565552770639738211749276321280935

35 67 5429503623068290163468199795080936674227387982382152657766482260304499995635

36 70 4631479820569115919052453543664412502364375912603134344155219573167803001916007

37 71 1015438889090892177780991319334821408616101579513325223022119873844127738685843305
38 73 457434181185240616571298197385274519570309753116298319551669175466660293397126000219
39 74 105773672925610672077302486488887096882750882938362897510560200115737495193422101413435
40 78 200738015204206438773807584391706805459910769533187349347664421355735913747266729477812003
41 79

48823413717686496957215061936797144287037118459605462044366255477764480845997041190000837105
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TABLE IV. The coefficients of the strong coupling expansion calculated
according to NSPT versus the number of terms V included in the analysis.

N
m 10 20 30 40
1 (107 1.435 48 143673 143672 1.436 68
2 (—107%) 8.6800 8.6309 8.6274 8.627 5
3 (107%) 8.212 8.180 8.181 8.182
4 (—1079%) 8.083 8.227 8.244 8.243
5 (107%) 7.774 8.072 8.075 8.068
6 (—1077) 7.446 7.367 7.276 7.279
7 (107%)  7.076 5.733 5.577 5.622
8 (—107% 5.64 2713 2.918 2.964

tum mechanical problems. No one needs such accuracy in
quantum field theory; nevertheless, for credible results at
least a dozen weak coupling expansion coefficients are need-
ed. It is very unlikely that we will have such a number of
coefficients in our possession in the near future. One more
drawback of the second method is the lack of a counterpart
to the Feynman—Kac formula for the excited states, unnec-
essary though it might seem for a field theory.

The aforementioned methods could easily be general-
ized to cases of more complicated anharmonic oscillators,
for instance,

wherec, , = g/2°, whereas in the second approach a gener-
alization of (31) and (32) is

Solepl =mp* + f ¢*dx

r 2 s (p—1)/2
+E P +J<p dx]

(p+1)72
X[f(pzdx] , (55)
(p—1)/2
Silepl = [ g7 ax— Lo+ [ 7 as]
(p+1)/2
X{f¢2dx] , (56)

where
(p+1)72 _1
Coplpt1) {B( p__» )l" (57
(p__l)(p—l)/2 p—1"p—1
The relevant generalization of the Sobolev inequality reads

(p—1/2 (p+1)/2
{1rp2+f¢2dx] [f¢2dx] >Cf¢p2"dx.

(58)

It implies that at r> ] the perturbation is weaker than the
unperturbed component, which ensures the convergence
property of NSPT [compare with (46)]. We notice that the
NSPT terms are finite provided that

s>m—(k+2m)/(p+1)

[cf. (45)].

We conclude by citing the counterpart of (51) for a
relationship between the strong and weak coupling expan-
sion coefficients:

(59)

o I+ (p+2m)/(p+ D)(s—m+ (p+2m)/(p+ 1))

1 d* 1 g
H= - —— 4 —X*+2x%¥ (53)
2 dx? + 2 2¢
In the first approach one should start with
'p— 1 \12
yo=x(2 c.-xz‘) , (54)
i=o0
)
b (— Hm C\p+2m)y/(p+ 1) 2 oo
" m! (T) 1—-2m /<% %%
i
X(g) d+1)
r/ (n—0N0n!

A few concluding remarks on future prospects: We
place our hopes mainly on the second approach. On the one
hand, an interesting development would be an analysis of
many-dimensional quantum mechanical problems. On the
other hand, one could consider many-dimensional field the-
ory models, extending further the results of Refs. 20 and 21.
A major problem here is a search for the most suitable de-
compositions of the action and for novel methods of acceler-
ating the convergence while retaining the linear relationship
between the strong and weak coupling expansion coeffi-
cients.

APPENDIX A: THE CALCULATION OF WEAK
COUPLING EXPANSION COEFFICIENTS

To find the coefficients of the weak coupling expansion
we use Dalgarno’s F-function method. (See, for example,
Ref. 24. In fact, this method was used by Bender and Wu’ in
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(/2 + (p+ DI/2AT(s +p/2 + (p— D1 /2)

(60)

I
an analogous calculation.) Let us write the wave function in
the form

V) =e "2 3 g2,(x). (A1)

n=0

Substituting (A1) and (3) in the Schridinger equation with
Hamiltonian (1) and collecting terms of order g”, we obtain
the equation for the nth correction @, (x). As a consequence
of the boundary condition the solution of this equation will
be a polynomial in x:

2n
a4,(x)=(—1"Y a,x* a(x)=1

i=1

(A2)

After the substitution x?—2y? in (A2) the recursion rela-
tions are obtained:

2ia,,=(+ 12+, +8,_1,_

+>a,_;a,, (A3)
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S

wherea, ;= —a,_;,.

The coefficients a, have the form of simple fractions,
which were found by means of the symbolic routine
REDUCE-2. We have calculated the first 41 coefficients a,
with absolute accuracy. Such an accurate calculation was
necessary due to the accumulation of errors in computing
the coefficients b, (see p. 2058).

APPENDIX B: GENERALIZED SOBOLEV INEQUALITIES

The proof of the generalized Sobolev inequalities (47)
and (58) is based on the well-known Sobolev embedding
theorems.?? Their essence is as follows.

Let a field @, defined on the real axis R, belong to the
Sobolev space W5 (R), i.e., let it be quadratically integrable
on R and have a quadratically integrable first derivative.
Then @ necessarily belongs to the Lebesgue space L,,, i.e., it
is integrable in R with the power exponent 2p, where p is an
arbitrary number exceeding unity. (For a more rigorous
definition of the Sobolev and Lebesgue spaces see Ref. 25.)
Then for any W ; (R), the following inequality (the so-
called Sobolev inequality) holds:

{f¢2dx+f¢2dx]p>C‘f¢2de, (B1)
where
C*=12°+1 ). [B( V4 , b )lp’].
(p—l)"_1 r—1 p-—1
(B2)

Now we are in a position to prove (47) and (58). Let W
be the set of all nonvanishing fields geW . (R). Then the
following theorem holds.

Theorem: The functional

(p—1)/2 (p+ 172 -1
C[¢]=U¢2dx) U¢2dx) Uq)z"dx)

(B3)

defined on W reaches on W its exact lower bound, which
equals

1\ e—-D22 (p+1)/2
-5 e
2p 2

Proof: Consider the scaling transformations of fields and
coordinates, which leave the fields in the set W:

p-ap, a#0, f30. (BS)
It is obvious that for any ¢(x) there do exist such a and 3,
and that after the transformation (B5) the integrals f¢ > dx
and fg ? dx take any given values C; and C,. On the other
hand, the transformations (B5) do not change the value of
the functional C[¢]. Therefore one can write

(B4)

x-»Bx,

iIJ’fC[¢]= inf Clg]

W(C,Cy)

= C,P=D2C @+ jpf (J‘¢2pdx)_ 1.
! 2 W(C,Cy)
(B6)
Here W(C,,C,) is a set of fields ge W, subject to two condi-
tions,
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J¢2dx=C1, fg’zdx:Cz‘

Now, by virtue of the Sobolev inequality (B1}, one finds

(B7)

; (p— 1720 (p+ 1)/2 c*
inf Clp]>C,*~ €, ey
=§(p~l)/2(1 _é—)(p—s— D2 w (B8)
Here we have introduced
§=C/(C, + Gy). (B9)

Since the inequality (B8) holds for any value of &, it is most
interesting at the value of £ at which its rhs takes its maximal
value. This extremal value can easily be found:

—_ (p— 1372 (p+ 1372
inf C (g ];(f’ 1) (ﬁi) T ex (B10)
w 2p 2p
Consider now the specific case of
@* = (1/coshx)V®- b, (B11)

A straightforward calculation of (B3) for the field (B11)
yields

1\ p—-Dr2 (p+ 1172
Cle*] =(———" 1)” (——1’“)" ce.
2p 2p

A comparison of (B10) and (B12) shows that the factor C
[see (B4)] is an absolute minimal value of the functional
Cl@], which, by virtue of the invariance of C[@] under
translations and the scaling transformations (B15), is at-
tained for fields of the form

@ =a/[cosh(Bx + y)1V/¥— b,

The theorem is proved.
The corollary of this theorem is that the inequality of
interest to us,

(p—~1)72 (p+1)/2
(ﬂp2+f¢2dx) ( ¢2dx) >CJ¢72"dx,

(B14)

(B12)

(B13)

holds for any p>2, peR %, and e W} (R).

APPENDIX C: CALCULATION OF THE ASYMPTOTIC
BEHAVIOR IN NSPT

Let us prove the convergence property of the NSPT se-
ries at

r>1 (C1)
(Qualitative arguments suggested by the generalized Sobo-
lev inequality were presented in Sec. IV.) For a more rigor-
ous proof of the convergence property let us calculate the
large-order terms of the NSPT series by the method formu-
lated in Refs. 19 and 26. This method enables us to express
the asymptotics of G X, in terms of the asymptotics of the
correlators 4 ¥ and B in the limit of m — oo.

The formula (4) for the asymptotics of the coefficients

a,, and the relationship (23) imply that the correlators 4 ¥,
have the asymptotic behavior

AL = (= 1)"mla"n* P Ak)(1 + O(1/m)),
where

(C2)
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a(l)=a+1,
AQ2) = aA.

According to Simon’s result,'° the strong coupling expan-
sion (2) has a finite radius of convergence. Besides, Table IV
suggests that, starting with the first coefficient, the b,’s have
alternating signs. Hence a natural conjecture for the asymp-
totic behavior of b, is

b,=(=1D"""b"mPB(1 + 0(1/m)) (C3)

[cf. (4)], where b, B, and B are certain constants whose
exact values are irrelevant to our purposes. In principle, once
a sufficiently large number of the b,, are known, the rest
could easily be determined. Assuming them to be known,
and making use of (24), one easily finds the asymptotics of
the correlators B% :

a2)=a+2, A(l)=3,

B = (—=1)"p"mPPB(k)(1 + O(1/m)),
where

B(1)=p+1, B2)=F+1,

B(1) =b'B, B(2)=1iB.

Now we shall proceed further by combining (C2) and
(C4) with their representation (36). In the latter we per-
form integrations in t and «. This leads to

( _ l)n (C)(k+2n)/3 ( k+ 2”)
G%,, = = r(s—
w n! r Sont 3

(C4)

Xi T(m + (k+2n)/3)
3 (m+1)

><U dv(l ———V—)mf(v) F(=Dm
() r

1 m
xf dv(l— 1) f(v)], (C5)
r r
where
fv) = f d*p J D pg 2"(0)6(1/ — CJ. ? dx)
><6(1 —ﬁpz—fqbzdx)a(l —J¢J2dx).
(C6)

We do not know yet the explicit form of the function f(v),
but that causes no trouble. Indeed, from (C5) it follows that
the asymptotic behavior of terms in G %, in the limit of
m— « is controlled solely by the asymptotic behavior of
S(v) asv—1and v—0. An important observation is that the
latter is uniquely fixed by the asymptotic behavior (C2) and
(C4) of the correlators 4 * and B% . Indeed, we can write
A and BX in terms of f(v). To do so we start with defini-
tions (21) and (22), and representations of 4 ¥, and B%, of
the form

Ak =(_1)mJ. dtj due ‘'"—¥
0 0

m!
(2] [ v

'3 I/2u312
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<oz [ (i [ 4740
aofu— [7),

Bf‘,,=(_1) f dtf dueum
m! ) o

112,372

XJ dze_"cfdzs,of@qw“‘(O)
0

><6(z—Cf(p“dx)é(t——arpz—fcpzdx)
X8(u——f¢azdx).

After the scaling transformations (35) and the introduction
of a new variable

(C7)

(C8)

v =zt~ 212 (C9)
the formulas (C7) and (C8) take the form
Ak — (—DnD~" fw dte—ts+k+m/2—i
™ m! 0
oo 1
XJ du e-uu(k+3m)/2—lc —mJ- d‘Vme(‘V),
o o
(C10)

Bk — ( — l)m‘f‘” dte—lts+k/2—l
" m! 0

a0
Xf due_’llzul/zum+k/2_l
(o]

Xc(k+zm)/3fl dyv— k+2m3g0y (C11)
0

Now one can perform integrations in ¢ and u. The result is

Aﬁ.=(—1)m I"(s+ k+m)F(k+3m)C""
m! 2 2

1
Xf dv vf(v), (C12)
(4]

Bt — (=™ I\(2m+k)l.\(k—m +s)C"‘+2"'V3
m! 3 3

1
X%J dvy = (k+2m3gyy, (C13)
o

From (C12) and (C13) one observes that the asymptotic
behavior of 4 X, and B* is closely related to the asymptotic
behavior of the function f(v) in the limits v—1 and v-0,
respectively, as the relevant integrands do not vanish only in
these limits as m — . Now take the limit m— « in (C12)
and (C13), using the Stirling formula for the gamma func-
tions and the asymptotic formulas (C4) and (C2). Then

1
J dvvf(v) =m =S k+2+atogk—1+sg(py (C14)
0
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fl dv vy k+2m3f( )
0

_ F(Zﬂ) [3:2-4/3C —213p |y — = 2k/3+ 24 B0
3

><sin(1r m— k)-( — 1)s+!
Xi 3s+2k/3—l/2(25)_k/33(k). (CIS)
T

These formulas are convenient for the determination of the
asymptotics f(v) as v—1 and v—0. One can easily check
explicitly that (C14) and (C15) hold provided that, in the
limit v— 1,

JW)~o(1—v)7, (C16)
and that, in the limit v—0,
f(v) = Re{exp{i(w + 10)/v — i8}v"x}. (C17)

Here o, 7, , 6, ¥, and x are the real constants, given by

T=k+s—4—a(k), (Cl18a)
o= () '4(k)/T(k + s — a(k)), (C18b)
0 =14b —3/2 (C19a)
8= (m/2){Bk) +s+ 1}, (C19b)
y=k+s—PBk)+3, (Cl19¢)
N
3 Vb
1 3s+l/2+k/6
B(k). (C19d)

T 22k/3+ 1

Finally, in order to determine the asymptotics of the
NSPT series terms in the limit # —» o, one must determine
the corresponding limiting behavior of (C5), with an explic-
it use of the formulas (C16)-(C19). After simple but
tedious algebraic manipulations, one finds

Gk, =F%, +(—D"HE,, m- o, (C20)
where

Fk, =e """ (Jm)” cos( ffm +f.) £, (C21)

H%, =hTm"h, (C22)

The constants in (C21) and (C22) are defined as follows:

fi=2 (/1) (C23a)
f=3k+2n)—-y—1} (C23b)
fi=2(w/N)'", (C23c)
Sfoi= —(w/8)(y+1) —6—w/2r, (C23d)

2({w (y+1/2)/2
.fS =xr’t 1\/;‘? —_
r

. n (k+2n)/3
S () k),

n! r 3

(C23e)

hy=(1—-nr/r (C24a)
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h,=(k+2n)/3 —-7-2, (C24b)
_1\# k+2n)/3
hy=o(1 -+ TG+ DA (‘C‘)( -
n! r
XIL(s—n+ (k+ 2n)/3)-%. (C24¢c)

The set of formulas (C20)-(C22), complemented by
the formulas (C23), (C24), (C17), and (C19), gives a com-
plete description of the asymptotics of the large-order terms
of the NSPT series. To complete our analysis, consider now
how the asymptotic behavior depends on the choice of the
parameters » and s. It can easily be seen that at r <1, the
second term dominates in (C20). In this case NSPT series
has the alternating signs and diverges. Its radius of conver-
gence is less than 1 and vanishes in the limit »—0; this is
obvious, as in this limit NSPT coincides with the conven-
tional perturbation expansion in the coupling constant. In
the opposite case, where r> 1, it is the first term that domi-
nates in (C20). In this case the NSPT series is convergent.
The terms of this series oscillate around zero with decreasing
amplitude and rising oscillation period. From the formulas
we have derived one can see that the larger 7 is, the lower the
rate of convergence is, whereas at larger s the convergence
accelerates. However, the larger s is, the later the asymptotic
behavior starts. A more complete analysis of the onset of
asymptotic behavior will be published elsewhere.
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An arbitrary general relativistic world model, i.e., a pseudo-Riemannian manifold along with a
timelike vector field V, is considered. Such a kinematical world model is called “parallax-free”
iff the angle under which any two observers (i.e., integral curves of V) are seen by any third
observer remains constant in the course of time. It is shown that a model is parallax-free iff ¥is
proportional to some conformal Killing field. In this case ¥, especially, has to be shear-free.
Furthermore a relationship between parallaxes and red shift is presented and a reference is
made to considerations concerning the visibility of cosmic rotation.

I. INTRODUCTION

In 1985, Treder' raised the interesting question of
whether cosmic rotation would be observable as an aberra-
tional motion of distant objects. He presented an aberration-
al formula [formula (9) in Ref. 1], which was claimed to
hold approximately in the case of Godel’s rotating cosmos.
According to this formula there is an influence of the rota-
tion on aberrational angles, and this influence is proportion-
al to the distance between observer and observed object. Re-
cently Ruben? investigated the possible verification of this
effect from observational data on quasar aberrations.

Stimulated by these articles we became interested in the
following related question: Consider an arbitrary general
relativistic world model, i.e., a pseudo-Riemannian mani-
fold (M.,g) equipped with a timelike vector field ¥ represent-
ing the mean flow of galaxies. What can be learned about the
kinematical properties of this model (such as rotation,
shear, etc.) from the observation of “parallaxes”? Here we
use the word “parallax” in its most general sense character-
izing the general relativistic amalgamation of “aberration,”
‘““proper motion,” and “parallax.” We are going to make this
concept mathematically precise in Sec. II. In Sec. III, we
present a theorem characterizing parallax-free world models
by geometrical and kinematical properties. In Sec. IV, we
discuss our theorem and its relation to Treder’s work. The
proof of our theorem is given in the Appendix.

1l. DEFINITION OF PARALLAX-FREE WORLD MODELS

First of all we want to remind the reader that in general
relativity there is some ambiguity concerning the notions
*“‘aberration,” “‘proper motion,” and “parallax,” since in an
arbitrary general relativistic world model these three effects
cannot be separated from each other in an invariant manner
(see, e.g., Mast and Strathdee,’ p. 484). Furthermore there
is some discrepancy in the use of the word ‘“aberration,”
which remains even in a special relativistic context: Whereas
the common aberrational formulas (given in standard text-
books such as Rindler,* p. 57) are completely independent of
the motion of the source, Treder' uses the word ““aberration”
for an effect that depends on the motion of the source during
the travel time of light. A point of view similar to Treder’s
can be found in Laue,’ p. 12.
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Now let us make precise what we will mean by “paral-
lax” in this paper. We consider a general relativistic world
model, which in our notation is a triple (M,g,¥), where (i)
M denotes the space-time manifold, which is assumed to be
simply connected for simplicity; (ii) g denotes the metric
tensor field of signature ( + + + - ); and (iii) ¥ denotes
a timelike vector field normalized to g(¥,V) = — ¢?, where
c is the velocity of light. The integral curves of ¥ are inter-
preted as the world lines of observers representing the mean
flow of galaxies (or groups of galaxies). Now let us fix three
observers (i.e., three integral curves of V) a,, a,, and a,. Let
us assume that @, and a, are emitting light rays, which are
received by a,,.. Then a, will see a, and a, as light points at his
celestial sphere. In the general case these two light points
will move relative to each other, i.e., the angle between a,
and a, will not remain constant over time. This effect we call
“parallax.” In fact, this is probably the most general mean-
ing that could be given to this word. Now it has already
become clear what we will mean by “parallax-free world
models.”

Definition 1: A world model (M,g,V) is called “paral-
lax-free in the strong sense” iff, for any three observers a,, a,,
a, in V, the angle under which g, and q, are seen by g, re-
mains constant over time.

Figuratively speaking this means the following: If we
are traveling on the world line of an observer in V, then all
the other observers form a pattern on our celestial sphere
that does not change over time. Note that the pattern is al-
lowed to rotate rigidly with respect to an inertial compass.

In the general case, parallaxes depend on distance in the
following sense: If at one instant of time a, sees ¢, and a, in
the same spatial direction (one behind the other), then in the
general case a, and a, will not follow the same path at the
celestial sphere of g, over time. We want to give a special
name to the case where parallaxes in the sense of Definition 1
are admitted, but do not depend on distance.

Definition 2: A world model (M,g,¥) is called “paral-
lax-free in the weak sense” iff, for any three observers a,, a,,
a, in ¥, the following holds: If a, sees ¢, and a, in the same
spatial direction at one instant of time, then he will see ¢, and
a, in the same spatial direction at every instant of time.

In Sec. 111, we will show that, in fact, Definitions 1 and 2
are equivalent, which might be somewhat surprising at first
sight. Furthermore we want to relate our concept of parallax
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to the common decomposition of the velocity gradient into
rotation, shear, and volume expansion (see, e.g., Ehlers®).
Whereas the notion of parallax is concerned with the motion
of observers in arbitrary distances relative to each other, the
notions of rotation, shear, and volume expansion are con-
cerned with the motion of infinitesimally neighboring ob-
servers relative to a Fermi triad (i.e., relative to an inertial
compass).

IIl. CHARACTERIZATION OF PARALLAX-FREE WORLD
MODELS

The following theorem characterizes parallax-free
world models by geometrical (P3,P4) and kinematical
(P4,P5) properties, and presents a (somewhat surprising)
relation to red shift. We use the notation introduced in
Sec. I

Theorem: If (M,g,V) is a world model, then the follow-
ing six properties are equivalent.

Pl: (Mg, V) is parallax-free in the strong sense.

P2: (M.g,V) is parallax-free in the weak sense.

P3: Vis proportional to some conformal Killing vector
field.

P4: There is some scalar function fon A, such that

VLyg= —dfiNg+gV,")e df.

Here L, denotes the Lie derivative with respect to ¥, and @

denotes the symmetrized tensor product. Note that } L, g
equals the symmetrical part of g(-,V V), where V is the
Levi-Civita connection of g.

P5: V is shear-free, and the one-form
pi =c‘2[g(V,,V,') —(6/3)g(V,)]

satisfies dp = 0. Here @ denotes the volume expansion of V.

P6: V admits a “red-shift potential,” i.e., there is some
scalar function fon M such that the following holds: If a light
signal is emitted in the event p, and received in the event p,
(by observers in V, respectively), then the red shift z = A4 /
A is given by

In(1 +2) = f(pe) —f(ps)-

Our assumption that M is simply connected is relevant
for P3 and P4, whereas the proper time normalization
g(V,) = — ¢? enters into P4 and PS.

This theorem and some of its implications are discussed
in Sec. IV. Those readers who are interested in the math-
ematical details are referred to the Appendix, where the
proof of the theorem is given.

IV. CONCLUSIONS

Here we want to discuss our theorem in a few words.
The equivalence of P1 and P2 might be somewhat surprising.
It means that, if there are parallaxes at all, then they have to
be distance dependent (at least for some observers). We
would like to mention that the analogous equivalence in
Newtonian physics does not hold: Newtonian space-time is
R* X R, light signals are represented by straight lines in R?,
and a Newtonian observer field is represented by a smooth
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map V: R*XR-R3 If V is of the special form
V(x,t) = V(0,t) + A(t)x with some matrix A(¢), then the
flow of ¥ maps straight lines in R onto straight lines in R?,
i.e., V is parallax-free in the weak sense. But the angle
between straight lines will be preserved by the flow of this ¥
only if the traceless symmetric part of 4(¢) vanishes.

The equivalence of P1 (and P2) with P3 relates paral-
laxes to symmetry properties of our space-time. In particular
we learn from P3 that on an arbitrary space time (M,g) the
existence of parallax-free observer fields ¥ is not guaranteed
(since timelike conformal Killing fields need not exist).
Stated in different words: (M,g) is conformally stationary iff
it admits a parallax-free observer field. Furthermore, we see
at once that the property of being parallax-free is invariant
under conformal transformations

Vise /2y,

with some scalar function f.

The equivalence of P1 (and P2) with the kinematical
characterizations P4 and P5 shows that parallaxes are relat-
ed to the symmetrical part of the velocity gradient, which
includes shear and volume expansion. Especially we learn
from P$ that the presence of shear implies the presence of
parallaxes. But note that, on the other hand, the absence of
shear implies the absence of parallaxes only for observers in
infinitesimally small distances; the absence of parallaxes for
observers in arbitrary distances requires the further integra-
bility condition dp = 0, which means that acceleration V. ¥
and volume expansion 8 can be transformed to zero simulta-
neously by some conformal transformation (cf. Ehlers et
al.,” Lemma 2).

The characterization of parallax-free world models by
means of P6 seems to be worthy of further investigation. The
existence of a red-shift potential was not expected to be in
any relation to parallaxes a priori.

From the characterization P4 we learn that the antisym-
metrical part of the velocity gradient and hence the rotation
of V is not related to parallaxes. Godel’s rotating cosmos,
which was considered by Treder,' is parallax-free in our
sense: Since the standard reference frame in Godel’s cosmos
is a Killing field, P3 is obviously satisfied. In Godel’s cosmos
the observers do not rotate relative to each others, but all the
observers rotate rigidly with respect to an inertial compass.
We summarize this special implication of our theorem into
the following statement: If we are traveling on some integral
curve of ¥, we cannot learn anything about the rotation of ¥
from the observation of parallaxes.

On this footing we want to discuss the question of
whether cosmic rotation would influence the relative motion
of distant quasars (as suggested by Treder! and Ruben?). In
this context V represents the mean flow of galaxies (the
“Hubble flow’’), and our foregoing results are not applicable
directly, since the observer living on the Earth does not trav-
el on some integral curve of V. The world line of the Earth
spirals around the sun, the world line of the sun spirals
around the center of our galaxy, etc. Let us denote by a, the
integral curve of V that intersects the world line of the Earth
“here and now.” Let @, and a, denote the world lines of two
distant quasars (assumed to be integral curves of V), and let
us assume that the angle under which a, and a, are seen from

g—e’g,
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the Earth has been measured during the last few years. Fol-
lowing Treder and Ruben, we have to ask whether the rota-
tion of V (if it is assumed to be different from zero) has any
influence of these data increasing with the distance of the
quasars. From the foregoing considerations we know that
the angle under which a, and a, are seen from a, is not in-
fluenced by rotation in any way. The correction term, which
comes from the fact that the observer is situated on the Earth
and not on a,, is, in fact, influenced by rotation, but this
influence does not increase with the distance of the observed
objects. On the contrary, this influence vanishes if the dis-
tance between the Earth and the observed objects becomes
very large compared to the distance between the Earth and
a,. In this case the world line of the Earth may be replaced by
a curve £ in the tangent bundle TM over the space-time M,
such that the projection of § to M coincides with a,. Then the
correction term mentioned above is completely determined
by the (pseudo-Euclidean) angle between & and the tangent
toa, (cf. Mast and Strathdee,’ p. 484ff for a similar consider-
ation).

Thus we arrive at a conclusion contrary to Treder’s: The
apparent motion of very distant objects relative to each other
will not give any information about cosmic rotation. Actual-
ly, the motion of very distant objects relative to nearby ob-
jects (our neighboring galaxies, say) might contain such in-
formation, provided the motion of these nearby objects has
decoupled from cosmic rotation as it has decoupled from
cosmic expansion. But, in any case, the measurement of an-
isotropies in the cosmic background radiation seems to be
the most appropriate tool for obtaining information about
cosmic rotation (see Barrow et al.?).
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APPENDIX: PROOF OF OUR THEOREM

P1=>P2: This is obvious.

P2=P5: We want to call a vector field X (defined on
some open subset U of M) a “field of view lines” iff (i) X is
lightlike, i.e., g(X,X) = 0; (ii) X is geodesic, i.e., Vi X is
parallel to X; and (iii) there is some integral curve g of ¥,
such that every integral curve of X hits g, if it is geodesically
extended. Note that the integral curve a cannot be contained
in the domain U. Since (M.,g,V) is assumed to be parallax-
free in the weak sense, V" has to form a foliation with every
field of view lines X; according to Frobenius’ theorem (see,
e.g., Westenholz,® p. 216) the Lie bracket between ¥ and X
may be written on U as

[V.X]=h,V+kyX, (A1)
with some scalar functions 4 and k. Now let us consider
[ V:VxX ] in two different ways: From the definition of the

curvature tensor R and the fact that V has vanishing torsion,
we find
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[ViVxX ] =V V, X+ R(VXX) + Viyx X = Vo .V,
which, by means of (A1), can be rewritten as

[V.92X ] = (Vo (VD)D) + Vg o ¥+ Xhe) V
+hy ViV 4+ X(ky)X + kxVi X+ R(V,X,X)
F Ay (Ve VA hyV+ kyX)

+hkxVyX — Vg x V. (A2a)
Here “X(4y )" should be read as “‘the derivation X applied to
the scalar function h,.” On the other hand, V,X was as-
sumed to be parallel to X; this implies by means of (A1) that
[V,VxX ] has to be some linear combination of ¥ and X.
Hence we find from (A2a)

(Ve (V.IOINX) + 2hyV, V + R( V,X,X)Gspan{X, v}
(A2b)
In order to express the function 4, in a suitable way, we
consider the well-known decomposition of the velocity gra-
dient into its irreducible parts (see, e.g., Ehlers,® p. 800):

g,V V) =(0/3)[g+c gV, )eg(V,")]
+ot+wo—c gV, V,-)eg(V,), (A3)

where 6 is the volume expansion, o is the shear, and w is the
rotation. Symmetrization of this equation yields the Lie de-
rivative of the metric with respect to V:

%ng=c'r—c‘2g(VyV,-)§g(V,-), (A4)

where ® denotes the symmetrized tensor product and

6:=(0/3)[g+c "g(V,")®g(V,)] +o. (A5)
For later convenience we rewrite Eq. (A4) by introducing
the one-form p, which was defined in P5:

§Lyg=p(V)g—p§g(V,-)+a. (A4)

Now we are ready to determine the function 4,. According
to (A1) this can be written as

hy =8([V.X1,X)/g(V.X) = — }(L,g)(X.X)/g(V.X).

This becomes, with (A4) and (A4'), respectively,
hy = — (X, X)/g(V.X) + ¢ g(V, V., X),
hy =p(X) — o (X,X)/g(VX).

Inserting (A6a) into (A2b) results in

(Vx (V.IINX) + 2c™*g(V,, V. X)
— 0(X.X)/g(V. X))V ¥ + R(V,X,X)espan{X, V%.M)

Uptohere X denoted a field of view lines. But note that (A7)
does not contain any derivative of X. Since every lightlike
vector (given at an arbitrary point p of M) can be extended
to some field of view lines, (A7) has to hold for all lightlike
X. We reinterpret (A7) in such a way that X should denote
some lightlike vector (not a vector field) given at an arbi-
trary point p of M. From this purely algebraical condition we
will show the vanishing of the shear . Let E 0 be some
vector (at the arbitrary point p) with g(E,V) = 0. Then

(A6a)
(A6b)
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X,:=E+ Jg(E,E) V defines two lightlike vectors, which
both may be inserted into (A7). Taking the difference of
both these expressions and projecting onto the orthocomple-
ment of ¥ results in

(G(E,E)/g(E,E)|VcV + A(E) = p(E)E. (A8)

Here A denotes some (1,1) tensor, and ¢ (E) is a scalar fac-
tor. Whereas the special form of A will not be of any interest
later on, we want to determine @(E) by taking the scalar
product of (A8) with E. Thus we arrive at

= [(6(E,E)) + g(E,E)g(E,A(E))]E, (A9)

which has to hold for every E with g(E,¥) = 0. Note that
g(ENVgV)=6(EE) from (A3) and (AS5). Now let us
choose an orthonormal basis {E,,E,,E,} in the orthocom-
plement of ¥ (at the arbitrary point p), which diagonalizes
the shear o, i.e., the E; determine principal shear directions.
Inserting some linear combination E = aE; + BE; of two
basis vectors E; and E; with i#/ into (A9) and taking the
scalar product with E; results in a polynomial equation for
the real coefficients a and 8. Comparing the coefficients in
front of a*f, we find

o(E,E;)0(E,E;) + glE;,A(E)))
= (&(E,-,Ei ) )2 + g(EnA (E: ))’

where 6(E,,E;) = g(V V,E;) has been used. Symmetriza-
tion of this equation with respect to / and j results in
(6(E,,E;) — 6(E,,E;))* = 0. Together with (A5) this im-
plieso(E,,E,) = 0(E,,E,) = 0(E,,E;). Since o is traceless,
this can hold if and only if the shear vanishes at the arbitrary
point p:

(A10)

In order to complete the proof, we have to show that dp = 0.
For that purpose fix an arbitrary point p of M, and consider
four linearly independent fields of view lines X, X,, X3, X,
on some neighborhood of p. Without loss of generality we
may assume that

[V.X,] =p(X)V, for i=1234. (A1)

[Remember that every field of view lines has to satisfy (A1);
hy is determined by (A6b) and (A10), whereas k x, may be
assumed to vanish. If we multiply a field of view lines X by an
appropriate scalar function, we get a new field of view lines X
with k3 = 0.] Using (A4'), (A10), (A11), the Ricci identi-
ty Vg = 0, and the fact that V has vanishing torsion, we find,
after some lengthy but straightforward calculation,

o=0.

g([V\VxX:].X)) = 28(X,.X,) [p(Mp(X,) + X,(p())]
— 2(dp) (X;,X;)g(V.X;)

+P(Vx,-Xi)g( V,Xj)~ (Al12)

Here “X,( p(¥))” should be read as “the derivation X, ap-
plied to the scalar function p(¥).” On the other hand, we
know that Vy X; = w,X; with some scalar function w;. In-
serting this into (A12) we find

(dp)(XnX'I) =u,g(X,,X,)’ (A13)
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with some scalar function #; (depending on X; but not on
X;). Since dp is antisymmetric, whereas g is symmetric,
(A13) implies

u,= —u; if i#j. (Al4)

[Notethatg(X,,X;) #0 if i#j.] However, (A14) can hold
for i, j = 1,2,3,4 if and only if all the »; vanish. This implies,
by means of (A13), the desired equation dp =0 on the
neighborhood U of the arbitrarily chosen point p.

P5<P3: This is well known, see Ehlers,® p. 803 or
Ehlers et al.,” p. 1346.

P3=P1: Assume V is proportional to some conformal
Killing vector field, i.e.,

V=e'V, (A15)

where f'is some scalar function and the Lie derivative of g
with respect to V'is proportional to g:

L;,g= kg. (A16)

The factor k is determined by the normalization condition
g(V,) = —c*tobe

k= —2df(V), (AL7)
such that (A16) becomes
Lyg= —2df(Vg. (A18)

Now we have to show from (A15) and (A18) that (M.,g,})
is parallax-free in the strong sense. Let us assume three inte-
gral curves a,, a,, and a, of V. Choose a vector field X, on M
such that every light ray passing from a, to a, is an integral
curve of X; similarly choose a vector field X, such that every
light ray passing from a, to a, is an integral curve of X,. Now
X, and X, may be assumed to satisfy the following conditions
everywhere:

g(X,X;) =0, for i=1.2, (A19)

[V.X.]=vV, fori=12, (A20)
with some scalar functions v,. Applying ¥ as a derivation to
(A19), we find, by means of (A18) and (A20), that the
functions v; have to vanish; hence (A20) becomes

[V.X,]=0. (A21)

The cosine of the angle under which a, and a, are seen from
a, is given by

h12=g(YI’YZ)/[g(eryl)g(Y2’Y2)]”2 (A22)
along a,, where
Y, =X, 4+c g(X,MV, fori=1,.2, (A23)

is that part of X; orthogonal to V. Applying the derivation V'
to the function A,, given in (A22), we find, by means of
(A15), (A18), (A21), and (A23),

Vihy) =0, (A24)
i.e., h,,is constant along every integral curve of ¥ (especially
along a,), which means that (M,g, V) has to be parallax-free
in the strong sense.

P3<P4: If P3 is satisfied, we have (A15) and (A18) at
our disposal as in the preceding proof. It is an easy exercise
(using the usual derivation rules) to show the equivalence
with P4,

W. Hasse and V. Perlick 2067



P5&P6: According to Schrodinger, '© p. 49, the red shift
z = AA /A is given quite generally by

1+ z=g(V,b(0))/g(V,b(1)), (A25)

where b is the affinely parametrized lightlike geodesic con-
necting the event of emission p, = 5(0) with the event of
reception p, = b(1). Introducing the Lie derivative L,g,
(A25) may be easily rewritten as an integral, where V, b = 0
and g(b,b) = 0 have to be used:

1 [ (Lyg)(b(5),b(s))

In(1 = - = ds.
mD==5 )k Taveey) &

From this representation of the red shift, which is much less
common than the Schrédinger formula (A25), we see at
once the invariance of red shift under transformations
gre’g, leaving ¥ unchanged, and we can implement the
representation (A4') of the Lie derivative L, g:

alb(s), b(S))
n(1+z)= [ p— [ Z06)0)
nil+2) Lp J(; (Vb (s))

Equation (A27) proves the equivalence of P5 and P6. As-
sume PS5 is satisfied. Then the second integral in (A27) van-
ishes and the first one may be rewritten in the following way:
Since dp = 0, by means of Poincaré’s lemma there is some
scalar function fsuch that p = df. Hence (A27) reads

In(1 4 2) =fbdf=f(po> — A,

which proves P6. Assume, on the other hand, P6 is satisfied.
Then (A27) becomes

alb(s),b(s))
f(p 9= f b)) >

(A26)

(A27)

(A28)

(A29)
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for all lightlike geodesics b. This implies

o(X.X) = (p — df) (X)g(V,X) (A30)
for all lightlike X, which is equivalent to
o—(p—dfyeg(V, )= —lp—dfHi(Ng. (A3l)

Here the coefficient on the right-hand side in front of the
metric g has been determined from the fact that o has vanish-
ing trace. Using o(V,-) = 0, we find that (A31) can hold if
and only if o = 0. Inserting this into (A30) we arrive at
p = df, which implies dp = 0, thereby proving P5. As a by-
product this proof yields some further information about the
physical meaning of the one form p. According to (A27) the
integral over p equals that part of the red shift that is related
to some one-form. Therefore p may be called the “red-shift
one-form.” In addition, we refer the reader to an article by
Dautcourt'' concerning space-time models admitting a red-
shift potential.
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A systematic approach to exact solutions for the evolution of small density inhomogeneities

of a two-component and in special cases for a three-component cosmological medium is
presented. In general, there exists just one increasing perturbation mode. Expressing the
solutions of the respective differential equations in terms of Meijer’s G function [Proc. Nederl.
Akad. Wetensch. A 49, 344 (1946) ] various exact and asymptotic formulas for the

perturbation modes are derived.

I. INTRODUCTION

Surely gravitational condensation must be considered to
be the reason for the formation of the basic building blocks of
the Universe, i.e., the stars and galaxies and systems of them
at various scales. Originally the effect of gravitational
clumping acting in an initially uniform diffuse matter was
suggested by Newton. The first theory of gravitational con-
densation of perturbations in a homogeneous medium was
given in the classic work of Jeans.! The main result of Jeans is
his criterion that in a homogeneous nonrelativistic medium
oscillations with a wavelength A greater than some critical
wavelength A, cannot exist, and all perturbations with
A > A, condense gravitationally. However, Jeans assumed a
static homogeneous medium, an assumption not in accor-
dance with the real situation in the Universe. In 1946 Lif-
shits® gave a general-relativistic theory of the evolution of
instabilities in the expanding universe and in 1957 Bonnor®
obtained results in the Newtonian limit (the theory is devel-
oped in detail in some textbooks, see, e.g., Weinberg,* Zeldo-
vich and Novikov,” and Peebles®). These basic papers were
concerned with single-component baryonic matter.

The inflationary cosmological models developed during
the last years suggest that the spatial curvature in the homo-
geneous and isotropic world models is zero with high accu-
racy and the cosmological constant can be assumed to be
zero, too (some arguments for this are presented, for exam-
ple, by Gottlsber et al.”). Therefore, the total density param-
eter must be equal to 1. It is a matter of fact that galaxies and
clusters of galaxies contain matter that is hidden from direct
observation, hence called nonluminous or dark matter.
From cosmological arguments it appears that this material
cannot be composed only of baryons and of particles having
a zero rest mass (Shandarin et al.®). The best candidate for
the dark matter component in the Universe is still the neu-
trino of finite rest mass which could dominate the dynamics
of the Universe through its gravitational interaction with
other forms of matter.

The linear theory of density perturbations in a universe
containing a neutrino component and baryonic matter has
been analyzed by Wasserman.® The influence of the compo-
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nent’s relative motion upon the gravitational instability was
investigated in the Newtonian limit by Polyachenko and
Fridman'® and Grishchuk and Zeldovich.!! Fargion'? and
Soloveva and Nurgaliev'® have treated the corresponding
problems for a multicomponent medium in the expanding
universe. In Newtonian approximation they obtained
asymptotic expressions for the solutions as k»0and k- oo,
where k = 2ma(t)/A is the perturbation wave number and
a(t) is the universal expansion scale of the Friedmann mod-
el. Assuming an equation of state P; « p]'and a sound veloc-
ity 82 =dP,/dp, < p"" ™', Fargion'? and Soloveva and Star-
obinski'* established exact solutions for the evolution of
small density perturbations in a two-component medium
against the background of an expanding Friedmann model.

In this paper we shall present a systematic approach to
exact solutions for the evolution of small density perturba-
tions of a two-component medium against the background
of an expanding Friedmann universe in the Newtonian ap-
proximation. In particular, we give closed-form expressions
for the following cases of the physical parameters:

Bl =pB,=0,

"=%=%  B.b,arbitrary,
7’2'7‘Ié §’ Bl =0,

2=% B,#0,
=%} Bi=B5#0.

Further, the behavior of perturbations in those three-com-
ponent models are discussed, and they can be explicitly
solved. In particular, a special solution is given for a case of
special cosmological interest that leads to qualitatively new
physical effects. In this case we have two types of dark mat-
ter, one dustlike component with 8, = 0 and one relativistic
component with ¥, = 4. The third component, favorable to
the baryonic component, has arbitrary ¥, and 5,.

Special attention will be devoted to the mathematical
method of obtaining closed-form solutions of the coupled
systems of fundamental second-order differential equations
that govern the growth or decay of gravitational condensa-
tions in an expanding Friedmann universe. This is the appli-
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cation of the theory of Meijer’s G function that received
some interest in the astrophysical literature recently (cf. So-
loveva and Starobinski'* and Mathai and Haubold'’). The
formalism is of interest in an other context, too. Recent in-
vestigations (Haubold ef al.'® and Miicket et al.'”) have
shown that the coupling of perturbation modes on different
length scales can lead to a strong condensation effect. Exact
solutions for that case may be obtained by the methods de-
veloped in this paper.

Il. DIFFERENTIAL EQUATIONS FOR DENSITY
PERTURBATIONS

Considering a two-component medium with densities p,
(i = 1,2) in the Newtonian limit the equations of hydrodyn-
amics and gravitation are given by

dpi

a'+V(p,U)— (H
ay,

S + (U,V)HU; +—VP,- + Vo =0, (2)
Ap=VVp=47G Y p;, (3)

where p;, U,, P, and ¢ denote the density, velocity, pres-
sure, and gravitational fields, respectively. The expansion
will be described by the Hubble flow U; = Hx;, where H is
the Hubble parameter. We may employ the hydrodynamic
approximation for the description of cosmological perturba-
tions given by plane waves with wavelength A4 = 27|k| ™",
where k(¢) is the wave vector. Thus it holds for the density
perturbations 8p,/p; = &, (t)exp{i
the amplitudes §; (¢) for one particular mode is described in
the linearized approach by the following system of second-
order differential equations (Weinberg,* Zeldovich and No-
vikov,’ and Peebles®):

2
o + 2( ; da) 2 + k2'3%51 =47G( p,6; + p:5,),

dt? a dt/ dt
(4)
d?*6 1 da\ db
at + ) G = O 4
(3)

where for both perturbations the same wave vector k(?) is
used. During the dustlike stage of the cosmological evolu-
tion, i.e., when the matter dominates over radiation (the
pressure P; £p;c’), one has

a(t) <t?3, p,(1) = Q,/67Gt?,
nl + QZ =1, (6)

where G is the gravitational constant, and €, and (), denote
the density parameters of the two-fluid medium. Specifying
the equation of state for the fluids,

Q,; = const,

P, “Pri’ @)
the sound velocities may be written as
ﬁ%:i}:'—ocp' Yoo p200770, (8)
dp;

During the expansion the Hubble parameter changes as
H = nt ~! with 57 = 2. Note that the following equations are
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also valid, if the evolution of two perturbations not coupled
to the radiation is considered in the radiation dominated
universe. Then one has to put 7 = . The wave vector is pro-
portional to @~ ! so that k282 = k2> ~7~ " where the
constants k; come from both the wave vector and the veloc-
ity of sound. If k; = 0 the sound velocity S8; equals zero, in
which case the adiabatic index ¥; loses its sense. Multiplying
Egs. (4) and (5) by #? and setting a; = 2(2 — 5 — ¥;), one
obtains

zddt‘Z1+277ta:fl+k t '51='§‘(Q 8, + 0,6,), 9

2
tz‘fi(sz2+2ﬂtd;2+k t“’52=-§“(9 6+ 0,8,). (10)
With the operator
A :>12d2 ~A2_A (11)
a dt? ’

Eqgs. (9) and (10) read
A8+ (2 — DAS, + k™8, = 3(Q,8, + Q.5,),

(12)
A%, + (29 — 1)A6, + k3126, =3(Q,6, + 0,6,).
13)
Taking 8, from (12) one has
3
85, = A%S 2n—1 A8
2 = Q, 1+ (29 ) Qz 1
k’t"'
+ (G- )
2Q, Q,
3
AS, = NS, + (2 —1 A%
2 = 20, 279 ) 02 1
ki 3k2a™
( — -——)A51 __fi_gl,
2Q,
2 3
A%, = + (27
(3"f £" __Q_I)Azal
2Q, Q,
6kia,t™ 3kidit™
4+ ——— A5, + ——6,.
2Q, 1 20, .

Substituting 8,, AS,, and A28, in (13) we have the following
result:

A%, +2(27 — 1)A38,
+ [kfto + k3t —34+ 29—

(29 — k3t

1)?]14%,
+ [2n—Dkir=+
+2k3a ™ — 27— 1)3] A8,
+ [kia}

— 30,k 4 k3K N T )8, =0.

17 4 (29 — Dk2a,t® — 3,k 2™

(14)

Equation (14) is the fandamental fourth-order differential
equation that governs the growth and decay of gravitational
condensations in the expanding two-fluid universe.
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HI. CLASSIFICATION OF THE TWO-COMPONENT
MODELS

We shall now classify the system of differential equa-
tions (14) dependent of the values of the formal parameters
a, and k,, i.e., independent of the various physical models for
the parameter ¥, in the equation of state and the velocity of
sound B;. Note that Eq. (14) is an equation for one solution
&, only, and we obtain the second solution §, by writing the
corresponding symmetric case. In the manner, the cases (3)
and (4) and the cases (5) and (6) of the following classifica-
tion describe the complementary solutions in the same phys-
ical situation.

(1) k, =k, =0 (B, =8,=0). In this case the differ-
ential equation (14) reduces to the following form:

{A* 12029 —- DA + [(C2n— 1)? —%]A2
—3(27 — 1)A}S, =0. (15)
Then one has

{Ala+ @p—D][A%+ (29— DA -3]}6,=0,
(16)

which implies that
{(A—-a)(A—a)(A—a))(A—a)}s, =0, (1T)
where

a,=0, a,= —(29—-1),

03=(§—77)‘—[(§—77)2+§]”2, (18)
a,=G-m+[G-m>+3]"%

Hence we have the solution
8, =C+Cpt+Cat ™+ Cyg™, (19)

where C,, C,, C,, and C, are arbitrary constants. Note that
from Eq. (14) we can write down an equation similar to
(17) for 8, that leads to a similar solution for 5, as given in
(19). Then by using the initial conditions one can get rela-
tionships between the arbitrary constants C;, C,, C,, and C,
for 8, and &, (see Sec. VII).

2)a,=a,=0, k,k,arbitrary (¥, =%,=%, 81 B
arbitrary). In this case we have for the differential
equation (14)

{8*+229 - DA+ [ — D -3+ kT +43]47
+[-327—- D+ Qp— Dk +k3)]A

+ [ —30kT — 307 +k1k3]16,=0. (20)
Then the general solution is of the form
5, =Cit® + Gt 4+ Cyt > + Cyt ™, (21

where C,, C,, C,, and C, are arbitrary constants and a,, a,,
a5, and a, are the roots of the equation

@ +22n—- D@+ [2p -1’ -3+ ki +k3]a
+[—32y -1+ 27— (kT +k§)]a
+ [—-gnzkf—%{},k%-}»k%ki]:& (22)
(3) a,#0, k, =0 (B,=0). The case a, =0 is ex-
cluded since it is already covered as a special case of (2).
Here it is useful to transform the time variable 7 into x by

x=k2t%/aZ,
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so that
Al = a;éﬁ I= 1:2:
where we have denoted
A=x i— .
- dx

With this transformation and dividing Eq. (14) by a} we
have

[+ 201
: o

2p—1)2 - -
Gl i PO 1% ”A]é,

ai ~ 3a3 -
+x{zy+ 2n—-1) p_ i“; }51 —o. (23)
a, a;
Equation (23) can be written in the form
{(& = b)) (A —b,) (B — b3) (A — b)}5,
+x{(A —a) (A —a))}5,=0, (24)
where the constants are
by =0, b= — (29— 1)/a,
b_&_ﬂ)“r(”_i)z 2 172
3= ’
a, L ag 3a§ ]
— [ — 132 112
p=U=m [ 2 (25)
a, | a? 3a2 |
— [ _ 2 - 20, 1172
o=t [ Oom) 2
a, L a2 3a2 J
- 3 - 2 Q Y172
ao=Y=m (G | 2
a, | a; 3as |

Equation (24) is a special case of the differential equation
satisfied by Meijer’s G function (see, for example, Meijer,'®
Luke,'® and Mathai and Saxena?®). In the next three cases
we transform the original Eq. (14) into an equation with the
same structure as Eq. (24), but with other constants than
those given in (25). Hence we will reduce all the casesto a
differential equation of the type (24), and we can solve them
together.

(4) a; #0, k, = 0 (B, = 0). Proceeding as in the pre-
ceding case we transform Eq. (14) into

{(a—b)(A—by)(A—b5)(L—b5}s,
+x{(a-3a})(2—a;)}5,=0, (26)
where we have denoted
d kie®

A=x—-, {:

3

a

and the constants b = b, are given by Eq. (25) and the
constants a; are

a;:{_l+5—ﬂ]_[(’7—%)2+292]1/2’

2 3 2
a, ay . 2?)1 o a7
a;:[—1+5-”]+[(”"%) + 22] .
a, a? 3a)

(5) a; =0, a,#0 (, = ). With the same transforma-
tions as in case (3), we obtain again Eq. (24) where now the
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constants a, and a, are given by

a? al 3a2 ol ’
2172 (28)
1—q [a—m? 20, ki
G=t— 7t |
a; a; 3a; a;

and the constants b; are the roots of the equation
arb*+202y—-al b3 + [(27— D?—3+ki]a; b?
+[-327—-1D+ 2y —Dki]ab -3 k7 =0.
(29)

(6) a;#0, a, = 0 (¥, = ¢). With the same transforma-
tions as in case (4), we obtain again Eq. (26) where now the
constants a; and a; are given by

a ] [(17_1)2 202 _k_%]l/Z’
3a7 a? (30)
. 12 k2112
aé=[1+17 %]-Jr[(" 25) +2022——22] ,
a, o 3a; a;

and the constants b | are roots of Eq. (29) after substituting
a, by a,.
Ma,=a,=a#0,k,=k,=k #0 (y,
this case we make the following substitutions:
6, =fi+ /o 52 =fi— (/) f.
Equations (12) and (13) are reduced to
DX fi+5) + Q= DA+ 1)

+ kXA +H) =34,
N fy — (/D)) + 27— DAS; — (2/D,)f)

=7#%).In

31

+ k2 fi — (/D)) =3/ (32)
Multiply Eq. (31) by ©, and Eq. (32) by (2, and add to get
[A2+ 27— DA—3]fi+ k%%, =0 (33)
Change the time variable ¢ to
k2te d
= , A=u—
“ a? - du’
and proceed as in case (3) to get
[(é—bl)(é—bz)lfl'Fufx:O (34)
where the constants b, and b, are given by
— 2 172
- n_[w SR
o a 3a
(35)
2 172
b, = [ (7 — %) + ] )
3a?
From Eqgs. (31) and (32) the equation for f, is
[A2+ 20— DAL S+ k2%, = (36)

from which after transforming ¢ into # Eq. (34) again fol-
lows, but now with the constants b;=0 and
b, = — (27 — 1)/a. Note that all the above procedures
cannot be applied for the only remaining cases
a, =a,=a#0, k,#k,#0, and a, #a,#0.
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IV. GENERAL SOLUTIONS FOR THE CASES (3)~(6)

In all the considered cases the differential equation for
8, reduces to the following form:
{(A —b))(A— b)) (A —by)(A— by},
+x{(A—a,)(A—az)}6,=0, 37
where the quantities a,,a,,b,,...,0, and x change from case to

case as given in Sec. I11. Equation (37) is a particular case of

the differential equation satisfied by Meijer’s G function of
the form G 7" (x [, ,, »), see, for example, Meijer, '® Luke,'?

and Mathal and Saxena 20 In Eq. (37) we have the G-func-
tion parametersq =4, p=2,(—-1)»"""" = —1,a,, a,,
and b,,...,b,. From Luke'® or from Meijer'® we have the ex-
plicit forms of the solutions as given in the following.

A. The solution near x=0
In this case we have
8, = C,G, + C,G, + C,G, + C,G,,
where the C,, C,, C;, and C, are arbitrary constants and
[ T(—a,+8)]

b,
L= x',F(—a,+ b,
T Ta-b+b)] 7
—a,+ byl —by+ b, 51 b+ b;; —x). (38)
An » indicates that the parameter of the type 1 — b; 4 b;

and the corresponding gamma are absent and it is assumed
that b, — b,#0, + 1, £ 2,... for all 4, j = 1,...,4, i#]. In Eq.
(38) ,F; denotes a hypergeometric function. Note also that
for small values of x the function ,F; behaves like 1 and
hence for small x one can approximate G; by

- [Hi=1r( —a, +b)] X
M T — b, +b))]

Equation (38) is also suitable for computing explicit values
of G; for finite values of x.

(39)

B. The solution for x— «

Since the G-function parameters areq =4 and p =2 in
our case, we have ¢ > p. Then the four fundamental solutions
of (37) are the following (see also Luke'®):

61 CIGI + C2G2 + C3G3 + C4G4,
where C,,...,C, are constants and

14+a,14a
G‘=G;3‘l‘(x bl,...,l;4 2)’

1+a 1+a
GZ 24 bl, ,b4

(40)

1+4a,l+ a2)

biyeesdy ’
1+a,l+ az)

byseinby ’

G, = Ggg(xe

G,=G33 (xe_ "

where i = — 1.

C. Evaluation of Gy and G:
For example, writing the G function as an inverse Mellin
transformation, we have
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G,—'—J [ __1F(bj+s)r(_‘al_s)] x=°,
2mi

F(l1+a,+s)
(41)

where L is a contour enclosing the poles of I'(b; + ),
j=1..4 The poles of I'(h; +5) are s= —b;, —v,

v=0,1,.. If b, —b,#0,+ 1, +2,... and j#k=1,..4,
then the residue at s = — b; — v is given by
R,= lm T(s+b;+v)
s~ —bj—v
[ i1 L +9)T(—a,—9)] e

I'(a,+5s)
=x"[I'4_, T(by —b; —v)]
F(—a,+b+v)
I'(a; +9)

where II' denotes that the gamma of the form
I'(b; — b; — v) is absent. Now using the formula

L(a)(— 1)”

(—a+1),
(a),=a(@a+ 1) (a+v—-1),
['(a+v) =T(a)(a),,

we have

4
R, =xb/[ II T —
k=1

x~ %, (42)

N'a-v)=

(@a)g=1,

b. )] —a, +b )
(1 +a,—-b)
[n,2=|(_ak+bj)v] (_l)v

(M4, (1 —=b,+5),] M
Thus the sum of the residues, denoted by R;, is therefore

x¥.  (43)

o0

R.=2R

j vj
v=0
o 4 ] —a; +b;)
=x 'T(b b;)
kI=I, (b — T(1+a,—b)
X F3( —ay +bj)_a2+bj)1 "bl +bja-~ ’

where an # indicates that the parameter of the type
1 — b; + b; is absent. Thus

4
=Y R, (45)

i=1
where R; is given in (44). Note that G, is obtained by inter-
changing a, and a, in G, as can be seen in the G functions
given in (40).
In the case x— oo we can use the standard formula
(Mathai and Saxena®®)

m,n ayse ’a nm 1
Gp"q bl’ ,b G

Hence
( ll— Ipeees —b4)

1 (g D(—a+9 [ TG -] (L)‘

1— byl — b,,)
)

1—a..,1—a

Gl=

2mi Je '(l4+a,—ys) \x
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Evaluating, as before, as the sum of the residues of
I'( —a, +5), we have
e § (1) s
! = W X 'l+a,—a,+v) )
Thus G, is approximated to the leading terms. That is,
[Mi_ T —aD] (1 )—a-
T'(l+a,—a,) \x. ’
Interchange a, and a, to get an approximation for G, when
X— 0.

(46)

]~

D. Evaluation of G; and G,

Similarly as in the case of G, in (41) we write for G,
given in (40),
1 [I_, T(b; +5)]
3 = — ds

27ri [, T(1+a+s5)]

Let b, — bk #0, + 1,..., j#2k = 1,...,4. Then the poles are
simple and evaluating as before we have the following:
G=3 xb,e,-,,,,[ [14_,T(b, — b))] ]
= G T(1+a —b)
X F3(b; —a,b; — ay;
14+ b; —by,.x,1+ b, —b; —x), (48)

where IT' indicates that I'(b; — b;) is absent and an * indi-
cates that the parameter of the type 1 + b; — b; is absent.
The function G, is obtained by replacing exp(imb;) by

(xe™) ~*. (47)

exp( — iwb;) in the function G,.
In the case x — o we can approximate G, (cf. Luke'®):
G ~1rl/2e—2(xe"')”2( el'1r)®, (49)
where 7 = — 1, and

O= —1+4(by+by+by+b,—a,—a,—2).
That is,

Gy=m'/?(xe™)® e 2" (50)
Hence G, and G,, when x — 0, are approximated by

Gy=m'*(xet™)® g2+ 0x" (51)

Gy=7"*(xe™ ™)@ e~ 2~ Dx"* (52)

where O is given in (49).

Equations (38), (39), (44), (46), (48), (51),and (52)
complete the explicit representations as well as approxima-
tions of all solutions for the cases (3)-(6).

V. EVALUATION OF THE G FUNCTIONS IN CASE 7
Comparing Egs. (34) and (36) with a G-function differ-

ential equation, we find that the parameters of the G func-

tion, G ;. "(ul """ Z.’})’ areq =2, p =0, m + n = odd integer.

.....

Here the mdependent variable is # and the dependent vari-
ables are f, and f, in Egs. (34) and (36), respectively.

A. The solution near v=0

For b, — b,#0,+ 1, + 2,...
able from Luke'® as follows:

the two solutions are avail-
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G, =[T(14+b,—b)] 'ty Fi( —;14+b,—by;—u),
G,=[T(1+b,—b)] "o F{(—;14+b,—by;—u),

Ji=C\G, + C,G,. (53)
Thus
8,=C,[u"/T(1 4 b, —by)]
XoFi(—;14+b,—by;—u)
+ G [u®/T (1 + b, - b))]
XoFi( —314+b,—by; —u)
+ C3[uP/T(1 + by — by) ]
XoFy( =314+ b3 — by —u)
+ Cy[u*/T(1 + b, — b3) ]
XoFi( =51+ b,—by; —u), (54)
where the C,’s (i = 1,...,4) are constants, and
u=k%/a?
1 —1)2 2 12
e e I
b;=0, b= — 27— 1)/a.

The leading terms in Eq. (54) can be taken as approxima-
tions for u - 0.

B. The solution for u- «

Asbefore, in this case we can show that the two indepen-
dent solutions for b, — b,50,1,... are G, and G, and

fi=CG, + GG,
= C,G 53 (ue,, ) + C,G 33 (ue™ 58, )5
where C, and C, are constants. For example,

2, Z
G52 (ue™s,4,)

(56)

=—1—f dsT(b, + )T (by + 5)(ue'™) ~*
2mi JL

= ube™ (b, — by)o F1( —;1 4+ by — by —u)
+ ube™ T (by — by)o Fy( — ;1 + b, — by; — u).
(57)
In a similar manner we get
G2 (ue™ "4,
=ube " (b, — b))o Fi( —;1 4+ by — by — u)

+ ub’e_mb’r(bl —bZ)OFl( - ;1 +b2 —bl; - u)'
(58)

Thus we have the solution
Si=fi+fa= ClG(Z):(z) (“ei”|b,,bz) + C,G 35 (ue™ iﬂ'b,,bz)

+ GG (z):g (uehrlb,,b,, )

+ CiG 52 (e ™ "y, (59)
where the C, (i = 1,...,4) are arbitrary constants and the b,
are those defined in (55).
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Using the results for asymptotic expansions for the G
function (see Luke'®) we get the following:

G332 (ue'|y,p,) =/ (ue'™) % 2+ M7, (60)
G332 (ue™ ), p,) ' P (ue™")% =2 =2« (61)

where @ = — 1 4 1(b, + b,). By using (60) and (61) in
Eq. (59), we can get an approximation for 6, when u— oo.

VIi. PERTURBATIONS IN A THREE-COMPONENT
MEDIUM

For perturbations in a three-component fluid we have
the following set of differential equations:

A2, + 2y — 1)AS, + k2t ™5,

3
=i(z Q,.a,.), =123,
3 W&,

where 2,(); = 1. The parameters k;, 2;, and ¢, are quanti-
ties defined analogously as given in Sec. II. Proceeding as in
Sec. I1, we obtain after straightforward calculation

A%, + 229 — DA,

+ [kit™ + k3™ 4+ 29— 1)? — 3] A%,

+ [2kia ™ + 2 — 1) (k3r® 4+ kit®)

—3(27 — 1) ]As, + [kiait® + 29— Dkiag™

+ k3t ®kiet — 30kt — 3k (Q, + Q,) 16,

= %Qz [kgta3 —_ k%tazlsz = 39252f(k2,k3,a2,a3).

(63)

For the density contrast of the other components §, and &,
analogous equations may be obtained by means of cyclic in-
terchanging the indices 1,2,3.

For certain parameter combinations the right-hand side
of (63) becomes equal to zero, and hence &, is determined by

the fourth-order differential equation. This concerns the fol-
lowing combination of parameters a; and X;:

(62)

(1) k, =k, =0, a, arbitrary,
(2) a2=a3=0, k2=k3¢0,
3 a,=a;#0, k,=k,;=0.

Imposing the following stronger conditions on the param-
eters, we can obtain analogous fourth-order equations for &,
and 8;:

(4) k; =0, a, arbitrary,

(5)a; =0, k,; arbitrary,

(6) a; =a#0, k;=k#0.
Then the general solutions follow from the cases considered
in Sec. I1I for a two-fluid medium. An essentially new situa-

tion arises in the more complicated case
S (ky,ks,ay,a5) = const. This holds if

(M a,=0, ky=0,

8)a;=0, k,=0,

(9) a2=a3=0, k2=k3#0.
Clearly (7) and (8) describe the same physical situation.
After straightforward calculations, a sixth-order differential
equation for §, can be obtained. In case (7) we introduce the
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variable x = k2¢* as in case (3) of Sec. III, which leads to
the following equation:
6 4
H (A—b)+x H (A—a;) =0,
i=1 ji=1
where A = a,x d /dx. Itis of the type of equation satisfied by
Meijer’s G function G)(x|5 ") with p=4, g=6,
(—~1)r~™""= —1,a,,..,44 and b,,...,bs. The parameters
a, and b; are the roots of the two algebraic equations,
a* + a’[4a, + 2v] + @*[6a} + 3va, — (R, + Q)
+3av+ v+ B] +a[da] + 6va; —§a,(Q,+ Q)
+ 2Va, — w(Q, + Q;) + B(2a, + v) 1+ at + 2val

+va? — e, (D, + Q;) + B(ai + va, —3Q,) =0,

(64)

(65)
and
bS+3vb+ 3V —3+ B)b* + (v —{v + 2Bv)b*
+ [V(B—9 —3B(1-Q,)]b?
—vB(1—Q,)b=0, (66)

where B = k% and v = 29 — 1. These equations can be re-
written in a more convenient form:

[a> + 2a; +v)a+a,(a, +v) + B][&* + (2a, + v)a

+a,(a;+v) —3(Q;+ Q)] +30,B=0, (67)
and
b2+ vb—)(b+v)(b*+vb+ B)

+3Q,Bb(b + v) =0. (68)
The explicit solutions read
byose = — V24 [VV/4+ 0, ] 2,
bs= —v, bsg=0, (69)

O, =[—3B-D] £ [JB-*+3B(1 -]
and
534 =[— (@, +v/2)] £ [V/4+P1,2]”2’
Py, = [§(Q, + Q) —B/2]
+ [(B/2 — Y, + Q,)) + 3BQ, ]2

For case (9) we also obtain a differential equation of the
form (64), where the a; and b; are roots of the algebraic
equations

[@*> + 2a, + v)a+a,(a; +Vv) + B+ C]
X [02 + (2(11 +v)a +a1(a| +v) _%(Qz + Qv:;)]
+30,(B—C) =0, (71)

(70)

and

b+ 3vb>+ (3" —3+ B+ CO)b*
+ [V —-23-B-0)]b>
+[(B+C—$v + BC—3B(Q, + Q)
—3C(Q, + 0,)]b?
+ [BC—3B(Q, + Q) —3C(Q, + Q,) | by
—30,BC=0,
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where C = k%, and B and v are defined in Eq. (66). The last
equation can be written in a more convenient form,

(b2 +bv)(b2+bv—3 (b +bv+ B+ C) — (b* + bv)
X [BC'—gB(Ql + ;) —3C(Q, + Ofz)]

—30,BC=0. (72)

From Eq. (71) we get explicit expressions for the solutions,

A3 =[— (@ +v/2)] + [1’2/4 +P1,2]”2,

P, =[1(2+9;) —B/2] £ [(B/2 —§(Q, + Q)7
+30(B-O) ]2 (73)

Substituting Q = b2 + bv in Eq. (72), we get instead of the
sixth-order equation a cubic one, that is,

QQ—-D(2+B+C)+Q[BC-3B(Q +03)
—3C(Q + Q)] — ¥, BC=0. (74)

One gets the solutions for the ,’s in terms of the solutions for
Q=5b%4bv,

,,,,, (75)

The asymptotic behavior can be obtained by using the
known properties of the corresponding G functions as it was
demonstrated in Secs. IV and V, respectively.

VIl. DISCUSSION

The exact solutions obtained in a systematic way using
Meijer’s G function will be discussed now more explicitly.
Attention will be drawn to the asymptotic behavior for small
and large values of the time 7 and to the decision in which
cases growing more solutions exist. To this end we consider
the seven cases given in Sec. III for the two-fluid problem
systematically. After that we discuss shortly the new solu-
tions for the three-fluid problem.

Note that all considerations provided above are given in
terms of the arbitrary expansion parameter 7, describing
powerlike behavior of the scale factor a(#) given in Eq. (6).
Besides the case of exact solution a(#) « ¢ 2/> this can be used
to get information for epochs approximately described by a
power law a(t) « ¢". In this case the numerical factor equal

to  appearing in many of the formulas has to be replaced by
3.
A. The two-component medium solutions

(1) k, = k, = 0. This corresponds to the gravitational
interaction of two dustlike components. The solution was
given by Wasserman.® From (18) and (19) we obtain imme-
diately

8, =Cy 4 Cipt 712+ Cist 7' + Cpyt 3,

8, =Cp+ Cyt 7'+ Cpt 7' + C 1?2,

The constants of integration C;; are restricted by the condi-
tions

Q,C + 2,6, = 0,Cp, + 2,C,p, =0,
Cis=0Cyp, Ciu=0C
There exists only one growing solution proportional to
(2) a, = a, =0, k,,k, arbitrary. This case describes the
gravitational interaction of two fluids; the equation of state is
given by (7) with y, = ¥, = {. This case is also described by

(76)

t2/3
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Fargion.'? The solution is given by (21) and (22). The con-
stants occurring in the general solution (21) must fulfill
some relations as in case (1). A consideration whether an
unstable solution (i.e., an a@; >0) exists can be provided
straightforwardly using Eq. (22) and the rule of Descartes.
For 7 =} Eq. (22) reads

a+3+ (k3 -k} — PP + kT +k; —Da

+ (k1k3 —30.k7 —3Q,k3) =0. (M
It is shown that for
kik3 —30.k1 —3k3Q,<0 (78)

exactly one change of the signs of the coefficients before the
powers of a takes place. Therefore, if (78) is fulfilled, only
one growing mode exists.

For y = $the parameters k2, = 87,k %3, does notde-
pend on the time ¢, and hence also condition (78) is time
independent. The stability criterion (78) generalizes the
corresponding one-fluid conditions

k?<3Q, and k}<3Q,

If one of them is fulfilled, the inequality (78) is fulfilled

automatically. For larger k, and &, the solution behaves like
‘an acoustic wave. The exact solution of (77) can be obtained
writing it as

(Q—DQ+ (k1 +k3)Q

+ (k1k3 —3k1Q, — 330, =0,
- where Q = a® + a/3. Then we get immediately
Q., = [3(k} +k3-]+x [i(k +ki—3?
—kik} +3k31Q,+ §k§Q,] vz

and

al,2'3'4 = - V/2 :t [VZ/4 + Ql,z ] 1/2.

3) a,#0,k, =0.

(4) a,#0, k, = 0. Case (4) describes the evolution of
the density contrast for two gravitationally coupled fluids:
one of them consisted of dust (k, = 0) and the other one was
characterized by the equation of state (7) with arbitrary 7,.
The parameters for the corresponding solution §, are given
by (25). Case (3) can be used to obtain the solution for §, in
case (4) and vice versa.

The parameters for the solutions 8, and 8, are, respec-
tively,
512'b1=0 b2= 1/3(11, b3=2/3a1, b4= - l/al,
Spal) =1~ (1/6a)(1Fw), o= (1+240,)"2
8 a) =1+al}.

(79)
The general solution for &, (and analogously for §,) reads

6, =C1G, +C,G,+CaG,+C,G,, i=12, (80)
where the G; are the G functions of Eqs. (38) and (40),
respectively. To determine the behavior of the asymptotic

case x =0 we use (38), then §,, cxV t"’"”, and finally we

get the asymptotic solutions (x=0),
G,xt® Gyt 3,

' 2/3 2 -1 (81)

Gyxt“?, Gyect™'.
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The coefficients in Eq. (80) depend on a, and §),; they can
easily be calculated from (39), e.g., for §,, we have
_T(1 + (1/6a,) (1 — o))I(1 + (1/6a,)(1 + @))
(L + 1/3a)T(1 — 1/3a)T( — /a,)
(82)

1

For a, <0 (81) corresponds to the asymptote f— oo and for
a, >0 to the asymptote ¢=0, respectively. The considered
asymptotic case reproduces the solution for dustlike fluids,
and there exists only one growing mode.

The asymptotic behavior for x — o (which corresponds
for a; >0 to t— « and for a, <0 to t=0) is given by (46)
and (51) and (52):

Gyocx ™1~ (Vo) =) oy —a = (1/6)(1 )
’
oy Gyocx =1~ (V/6a)(L+0) o p —a = (/6N +0) (83)
3
G,ocx‘“’"“-’“—’”)oct —(1/5)(1_w)’
b (84)

G2«x— (1/6a,)(1 + @) <t —(1/6)(1 + w) ,

e, itis 8, « (2/t,) ~*85,.

For Q,>0 a growing mode solution (84) exists. A
growing solution (83) for &, exists also, independent on a,;
namely, if @, < (0 —1)/6, ie., ;,>$—~ 4(w —1). Using
(51) and (52) we obtain, with

0=~ —+ (Zb Zai—z),

and
2 1
b= — — a»= -2 - —

; 3a, z,: 3al

T a® = — 1

i ! 3a,
the expressions

O=(y,—3$/ 2, 0,=0,—-1 (85)

(see also Soloveva and Starobinski'*), and

k2\® 7 s /D (=53
1/2 1
8, x Gy =m' (—2 (—) 1)
a; fy

cenffor L) o

6,x Gy, 0:5,(-t—) . (87)
)
As mentioned by Soloveva and Starobinski,' for ¥, = § the
amplitude of the acoustic waves remains constant, whereas
for ¥, > § the amplitudes grow proportionally to 771 =3/3/2,
Although a growing mode for the first fluid in most all cases
exists [see (83)], the comparison with (81) shows that only
the mode proportional to G, can survive during the further
evolution. The moment at which this mode goes over from
the oscillatory regime to monotonic growth is determined by

| ky/ay) (2 /)™ <2. (88)

For ¥, = § this happens at 7, = (3 k,)°¢,. The quantity ¢, is
the Jeans time for a single component fluid with y = 3.

(5) @, =0, a, 0.

(6) a, =0, a,#0. The solutions for §, are given by
(29) and (30). Solving case (6) for &, we can obtain the
corresponding solution for §, using case (5), and vice versa.
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Cases (5) and (6) have been considered by Soloveva and
Starobinski. For discussion of the asymptotic behavior we
can avoid the explicit solution of (29) and use the rule of
Descartes to determine under which conditions unstable so-
lutions occur, i.e., if b; > 0. Indeed, for x =0 the asymptotic
solution has the form 8, « x” o« t “**because of the used vari-
able x(¢). Equation (29) can be written in the form
asb* + 2vadb® + (k2 + vV —ab?
+(—3+k3)vab —30,k3 =0. (89)
It is shown that for arbitrary k2 the sign of the coefficients
changes only once. Therefore, exactly one solution with

positive exponent a,b; > 0 exists. The exact solution for a,b
follows as in case (2): With

Q=] — 3k} -]+ [i(k? -3)? +§k%92] vz,
we obtain
(@yh) 1234 = —V/2 4 [V/4+Q),]"2.

In the region x— oo the a{" and a{" become important.
With

@ = (14240, —36k3)V2,

we obtain

8, xct —~WOUFD 4 acoustic waves. (90)
For

ki<3q,, (91)

a growing mode exists [i.e., Eq. (78) represents the Jeans
criterion for this case]. A similar condition holds in case (2).

For 8, in the case x =0 the same growing mode as for §,
exists, and for the case X — o« We obtain

8, < (t/ty) ~ “:6, + acoustic waves. (92)

A growing mode exists if ¥y >4 + L (1 — @).

(7) a,=a,=a#0, k, =k, =k #0. This case was
considered in more detail by Fargion.!? For §, we obtain in
the asymptotic case # ~ 0 the dust asymptote (62),

b b,
Syxulect™,

(93)

where the b; are the same ones as for cases (3) and (4),
respectively. For u— « (i.e., for @ <0 this corresponds to
t=0) we get for the parameter

Obyby) = (4 —m)/a= —}—1/6a.

This corresponds to the case of Eqs. (85) and (86), respec-
tively. For @(b,,b,) we get with ® = —} + (} — 77)/ the
same result. Thus only acoustic wave solutions exist, which
g0 over into a monotonically growing solution if (88) is sat-
isfied, i.e., the usual Jeans criterion.

B. The three-component medium soilutions

For the three-component medium, solutions are given
for special cases and in most cases only for the §, perturba-
tion. For cases (4)-(6) in Sec. VI a general solution for all
three components has been obtained. However, in this case
the equations degenerate to fourth-order differential equa-
tions as for a two-fluid medium with the solutions described
above. Essentially new solutions are obtained under the as-
sumptions in cases (7)—(9) in Sec. VI. In these cases the
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behavior of the perturbation 6, will also be described by G
functions.

Cases (7) and (8) in Sec. VI correspond to two different
kinds of dark matter (a dustlike and a relativistic one) and a
component with arbitrary y. Using (69) we can immediately
see that in the asymptotic region x =0 (for a, <0 this corre-
sponds to #— oo ) exactly one growing mode exists indepen-
dent of the other parameters.

The existence of a growing mode for the opposite
asymptotic case x— oo is connected with the condition

V?/4 + Py, > (a, +v/2)?,
where P, , is given in (70).

Forv=2p—1=J}anda, = —3(i.e., y=3%) thiscon-
dition reads

P,>3, B(1-3Q,)+3§<3(Q+Qy), (95)
where B is given in (66). Case (9) in Sec. VI describes two
relativistic fluids coupled to a component with arbitrary y,
and B,. A growing mode exists for x =0 if Q> 0, where Q is
explained in (74). In the opposite asymptotic case x— « a
growing mode exists if

(94)

P,>at +aw.
For v =1, @, = — § we obtain the condition
B(1—3Q,) +30,C+§<3(2,+ Q,), (96)

where C is given in (72). These conditions generalize the
Jeans criterion to the three-component cosmological medi-
um.
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It is shown that in all the type D solutions to the Einstein vacuum field equations with
cosmological constant, the one-variable functions appearing in the separable maximal spin-
weight components of the neutrino, electromagnetic, and gravitational perturbations are
related by certain differential operators and the corresponding proportionality constants are
obtained. It is also shown that analogous relations hold in the case of perturbations by a
Rarita-Schwinger field if the cosmological constant vanishes.

I. INTRODUCTION

Several interesting and unexpected problems have
emerged from investigations involving type D solutions of
the Einstein field equations. In particular, the remarkable
properties found in the studies associated with the Kerr met-
ric have led to the discovery of similar regularities for the
whole class of the type D vacuum space-times and, in some
cases, the underlying structure responsible for these proper-
ties has also been found.

It has been shown that, just like for the Kerr metric, 2 in
all the type D vacuum space-times with cosmological con-
stant the maximal spin-weight components of a Weyl neu-
trino field, an electromagnetic field, or a gravitational per-
turbation satisfy decoupled (second-order) equations that
can be solved by separation of variables.** Similarly, Gii-
ven’s analysis of the perturbations of the Kerr metric by a
spin-} field in the framework of linearized supergravity® has
been extended by Kamran® to the whole class of space-times
mentioned above; the spin-} perturbations are determined
(modulo supersymmetry transformations) by two (maxi-
mal spin-weight) components that obey decoupled equa-
tions also solvable by separation of variables.

In the case of the electromagnetic and the gravitational
perturbations of the Kerr metric, it was discovered that there
exist differential relations between the one-variable func-
tions contained in the opposite maximal spin-weight compo-
nents of the perturbations.’”® The existence of such relations,
called the Teukolsky-Starobinsky identities,” turns out to be
related to that of a two-index Killing spinor.>-'°

The aim of this paper is to show explicitly that in all the
type D vacuum space-times with cosmological constant, re-
lations similar to the Teukolsky—Starobinsky identities hold.
Furthermore, we show that analogous relations apply to the
case of the spin-} perturbations if the cosmological constant
is set equal to zero. In the case of the Weyl neutrino perturba-
tions the analog of the Teukolsky—Starobinsky identities fol-
lows directly from the Weyl neutrino equation.

In Sec. II some basic relations and the decoupled equa-
tions for the perturbations are given. In Secs. IIT and IV we
make use of the explicit expressions for the type D vacuum
metrics given in Ref. 11 (see also Ref. 12) obtaining the
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ordinary differential equations satisfied by the separated
functions, from which the Teukolsky-Starobinsky identities
are derived. In Sec. V the proportionality constants involved
in the Teukolsky-Starobinsky identities are evaluated and
from the equality of some of these constants certain identi-
ties relating the functions contained in the metric are ob-
tained. We employ the Newman—Penrose notation and the
spinor formalism following the conventions of Ref. 13.

Il. PERTURBATIONS IN TYPE D VACUUM
BACKGROUNDS

In a type D space-time one can choose a spin frame
{04,t4} (with 0,44 = 1) such that o, and ¢, are (double)
principal spinors of the Weyl spinor. Then ¥, is the only
nonvanishing component of ¥ 5, and, assuming that the
Einstein vacuum field equations with cosmological constant
are satisfied, it follows from the Bianchi identities that

v, = — M$, (nH
where M is a constant and ¢ is a function such that
p=Dlrl¢, 7=846In¢, 2)
7= —6ln¢d, p=-Alng,
and
Kk=o=A=v=0. (3)

Owing to the assumptions stated above, the remaining
spin coefficients can be expressed (locally) as

€e=DIn¢, f=6In¢,
a= —6lng y=—Alné,

where { and £ are some functions. The transformation prop-
erties of the spin coefficients under the spin transformations
that preserve the direction of 0, and ¢, can be accounted for
by assigning to ¢, £, and £ the weights {0,0}, {1,0}, and
{~1,0}, respectively, in the sense of Geroch et al.'* [The
functions ¢, &, and £ are not defined uniquely by (2) and (4),
however; ¢ is defined modulo a constant factor and § and £
are defined up to multiplicative functions of two variables. }

The massless field equations and the equations for the
gravitational perturbations consist of sets of differential

4)
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equations in which the components of the fields are coupled
with each other and with the background geometry. Never-
theless, in a type D vacuum space-time the components ob-
tained by fully contracting these fields with each of the prin-
cipal spinors of the conformal curvature satisfy decoupled
equations that can be solved by separation of variables. If we
denote by y,,, and y_,,, the components 75, and 7, of a
Weyl neutrino field, by y, and y_, the components ¢, and
@, of an electromagnetic field, and by y, and y_, the first-
order perturbations of the components ¥, and ¥, of the
Weyl spinor, then from the corresponding field equations it
follows that'

(D— (25— 1)e+ €—2sp — P)(A — 25y + )
—(6—Q2s— DB —T— 257+ T)(6 — 250 + )
—(s—DQ2s—D¥,]y, =0 (5

and

[(A + (25— Dy — ¥ + 25 + A)(D + 25 — p)

— B+ @2s—Da+B+2r—T)(6+2B—1)
—G-D2s—-DH¥,ly_,=0. (6)

Equations (5) and (6) are also valid when s = 0; they
coincide with the (conformally invariant) spin-0 massless
field equation

(V*V, + R/6)y =0, (7

with ¥y = yo = ¥ _o- [The equivalence of (7) with (5) and
(6) depends on the fact that we are assuming kv — 04 = 0.]
Furthermore, when s = 3, Egs. (5) and (6) are precisely the
equations satisfied by V< ¢ooc- and V, "¢, ., where ¥ (¢
are the components of a Rarita-Schwinger field, provided
that the Ricci tensor vanishes. These derivatives of ¥, g are
invariant under supersymmetry transformations and corre-
spond to the quantities ¥,b, and W,a, introduced by Gii-
ven,” which determine the solutions of the Rarita—
Schwinger equation that cannot be generated from a vacuum
by supersymmetry transformations (see also Ref. 15).

All the type D solutions to the Einstein vacuum field
equations with cosmological constant have been given in
Refs. 11 and 12. Each of these metrics possesses (at least)
two commuting Killing vectors and therefore, in all cases,
there exist local coordinates {x,p,u,v} such that d, and 3,
are Killing vectors. The orbits under the isometry group gen-
erated by d, and d, are called null or non-null according to
whether g,.g,, — (8.,)” vanishes or not. In Secs. III and IV
these two cases are treated separately, summarizing the rel-
evant information about the metrics. In each case, a general
form of the null tetrad is given and Egs. (5) and (6) are
separated. The resulting ordinary differential equations are
then used to find the differential relations between the sepa-
rated functions corresponding to opposite helicities.

IH. NON-NULL ORBIT METRICS

As mentioned above, in all cases of the type D vacuum
metrics there exist coordinates {x,y,u,v} such that 3, and d,
are Killing vectors, therefore Egs. (5) and (6) admit separa-
ble solutions with a dependence in the ignorable coordinates
u and v of the form
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ei(ku+lu) , (8)

where k and / are constants. We shall choose the null tetrad
in such a way that, in all non-null orbit type D vacuum met-
rics, on quantities with a dependence of the form (8) the
tetrad vectors can be replaced according to

DD, A-—i¢3QD¢, )
5 (1/2)3LL, 8- (1/2)$Ly,
where
2,=3,+i(¢/Q) +nQ/Q=0Q "D Q",
Dy=48,—i(¢/Q) +nQ"/Q=0 ~"P}Q",
n PO (10)
. \/—(a + 2 +7T)=P—n/2$opn/2’
n PW
£1=VP (0, - 2+ 2 L) p-rrgipa,

¢(y) and p(x) are polynomials of degree not greater than 2
that contain the separation constants k and /, and Q(y) and
P(x) are polynomials of degree not greater than 4 that con-
tain the cosmological constant A, and other arbitrary param-
eters present in the metric. The polynomials p, ¢, P, and Q are
listed in Table I, following Ref. 11 with some minor changes
in notation. The spin coefficients and the conformal curva-
ture for each metric given in Table I can be obtained by
means of Egs. (1)-(4) with the aid of Table II. The asym-
metry between D and A, given in (9), introduces certain
asymmetry in the expressions for y, and y _, in terms of the
separated functions. As remarked in Refs. 4, 6, and 10, any
other null tetrad satisfying Eq. (3) would lead to results
equivalent to those obtained by means of (9).

Using Egs. (1), (2), (4), (9), and (10) and the expres-
sions given in Tables I and II one finds that the solutions to
Eq. (5), with a dependence of the form (8), are given in
terms of the solutions of the ordinary differential equations

[le—sgz’) - (25— l)lq“)

+ (=12~ 1DQ?/6]Q°R, . =4,0°R,, (11)
and
(L2, + 2s—1pP+ (s— D (25— 1)P?D/6]S .,
=—4,5,,, (12)

where A, is a separation constant and s can take the values O,
4, 1, 3, and 2. Similarly, the separable solutions of Eq. (6) are
given in terms of the functions R _ [ (y) and S _ (x), which
satisfy

[QD}_, Do+ (25— Dig"

+(—1)(2s—1)Q?/6]R_,=4_,R_| (13)
and
[£1 LT — 2s—DpV + (s — 1)(2s — DPP/6]S _,
=—A4_,S_, (14)

[cf. Refs. 2 and 10]. The expressions for y, and y _
termsof R ,  (y) and S, ; (x) are given in Table I1I. It may
be noticed that the equations for R _ and S _; can be ob-
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TABLE 1. Explicit form of the functions that determine the null tetrad. The cases called pGS and pDM are the null orbit solutions. Here a, b, m, n, ¥,, €, and

Ao are arbitrary constants.
Metric p(x) q(») P(x) o0)
B k+1 k 1— A 1= 4,0
25 k+1 k 1—gx? — A3+ €6y —2my?
g*'s k41 k —A/3 — €% + 2nx® 146y
#C k+1 k — A6+ b—epP—2mx —Af6—b + € ) — 2mp
PCB(+) 1+ 2akx —k(a®+ ) 1 — gx? Ao(d* —22°% — 1)
_ —2my + ()" — @)
pCB(—) k(a® + x%) — I —2aky Ao(@* — 2a°x% — 1x*) 146y
+ 2nx — €y(x* — %)
pGS k(a® + x2) — 1 —2aky Aola* — 2% — 4x*)
+ 2nx
pCA 1+ kx? 1—ky b+ 2nx — €, — (A/Nx* b—2my + €, — (4,/3))*
DM 14 k2 I—kp 2nx
pPD I+ kx* I —ky? — Ao/6 + Vo + 2nx — €%° — A6+ ¥y —2my + €,y

+2mx* — (A/6 + ¥o)x* =2y’ — (A/6 + Yo )y*

tained from those for Q°R | ; and S , by replacing (k,/) by
( — k, — D); which follows from the fact that, under the re-
placement (k,/)—»( —k, — 1), p—» — p, g— — q and there-
fore 7, D}, L, .. On the other hand, the equation
for R _, is the complex conjugate of that for QR _ ..

A straightforward computation, using Eq. (10) and the
fact that ¢ = Q@ = 0, shows that, for s = ,1,3,2,

Q(DN*[0D,_ D — (25— Dig"
+(s—D(2s—1)Q?/6]
=[0D|_, Do+ (25— 1)ig""
+ (s— 1 (2s—1)Q?/610°(Z{)*>. (15)

Therefore Q°(Z§)*Q°R, , must be a multiple of R _
and, conversely, Q°(%,)* R _, must be proportional to
Q°R , , [which canbeseen by changing (k,/)to ( — k, — )
in Eq. (15) ], furthermore, the set of values of the separation
constants in Eqgs. (11) and (13), 4, and 4 _, must be the
same.

In a similar way one can show that

L Ly L LT L+ (25— 1)p?
+ (s— 1)(25s ~ 1)P?/6]
=[ZL &L - 25— 1)p"”
+(s—1)Q2s— 1DHPPY6)F, L, .-

R

5

(16)

In fact, Eq. (16) can be written in the same form as Eq. (15)
since, for example, using Eq. (10),

gl—s‘YZ—s”'js =Ps/2(P—l/2f0)2.is/2

and the operator P ~'/2.# has a form analogous to that of
D, [ Actually, by defining operators equivalent to (10) ina
more symmetrical way, all separated equations in the vari-
ables x and y can be written in a more symmetrical form.
However, we make use of the definitions (10) in order to get
expressions similar to those obtained in previous works. ]
From Eqgs. (12), (14), and (16) it follows that
Ly _s Ly LS, is proportional to S_ and, by
changing (k) to (—k —1) in Eq. (16), that
L, &Ly, LIS _, is proportional to S .

These differential relations also follow directly from the
field equations: using Eqgs. (2)-(4), (9), and (10) and the

TABLE I1. Expressions for the functions that determine the conformal curvature and the spin coefficients. With the exception of only the null orbit metric

pDM, where the scalar curvature R vanishes, in all other cases R = 44,

Metric M ¢ ¢ 3
B '10/3 1 Pl/d PlM 112
gS m y Pl/4y—l P1/4 1/2
Pa in —ix Pax—1 Pap12
!C m x+y Plld(x_'_y)—l PI/4 1/2
PCB(+) m + i€ — $10a°) »y+ia)~! pis PY4Q12(p 4 ig) ™!
pci(_) ,n+eoa+g,10a3 (a+ix)—l Pl/4 P!/4Q112(a+ix)—l
pGS in + $1qa° (a+ix)~! p'4 P'*(a+ix)™!
pCA m+m (y+,x)—l P!M Pl/4Ql/2‘(y+ix)—l
pDM in O+ ix)~! pls Py 4 ix)~!
pPD m+in (1 —xp)/(y + ix) PY4(1 —xp) ! PV*QY2(y 4 ix)~!
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TABLE III. Decoupled components in terms of the separated functions.

Metric X: X -s
B,PCE( + ),pCﬁ( -) e'“‘"*""RHSH [1/( _ Ji)“](ﬁ”d“‘“*"”R_,S_,
pGS,pCA,pDM
gs,ggsgc ¢e"""+’"’R+,S+, [1/(—\[2_)2']¢2'+|8i(k"+l")R_,S_,
pPD (1 _xy)el(ku+lv)R+ls+x [(l —xp)/( _‘/5)2:]¢7Jel(ku+lu)R_ss_s

expressions given in Tables I~III, the neutrino Weyl equa-
tion takes the form

go(Rq/zS—l/z) = - fl/Z(R+l/2s+l/2) ’
L2 (R_y128_112) = Q2 DE(Q VR 138 1112);

similarly, using Maxwell’s equations, it follows that’1°

gogo(R—IS—l) = zogl(R+lS+l) ’

«293-?¥ (R—lS—l) = Q,@g@g (QR+1S+1) ’
and, assuming that the Ricci tensor vanishes, from the Rar-
ita~Schwinger equation one obtains'®
DD oD o(R_3125_3/2)

= =2 _1pZL1nL32(R31254312)
YT— 172 j¥/2 “293/2 (R—3/2S—~3/2)

= Q3/293939{) (Q3/2R+3,2S+3,2) .
In the case of the gravitational perturbations there is a pair of
equations similar to Egs. (17)-(19) when W, is also zero;
however, the presence of W, introduces additional terms and
complicates the derivation of an analog of Egs. (17)-(19).

From Eqgs. (15)-(19) it follows that, for each value of s,
the functions R , ; and S, ,, present in the components y,
and y _, of a given perturbation with a dependence of the
form (8), correspond to the same value of the separation
constant and, since @ *R _ ; and R _ satisfy complex-con-

jugate equations, these functions can be normalized in such a
way that

QS(QO)ZJR —s(y) = BstR +,(}’) ’

QN(ZH*QR,,(») =B.R_,(»),
with B, being a real constant. Therefore, in the cases
s =1, 1, }, the functions § , , satisfy
iﬂl —s‘gZ—s"'fsS+s(x) =(- l)szsS_g(x) ’
gt-—sgz—s.“g:s—:(x) =B3S+s(x) :

In the case s =2, @Q?R,, and R_, can be normalized
according to (20), with B, being a real constant; however, if
W, is different from zero, S , and S_, would be connected
by relations of the form (21) with proportionality constants,
different from B,, complex in general. We can absorbin S,
and S_, the phase factor of those complex constants, thus

making Eq. (21) valid also in this case, but then Eq. (20) has
to be replaced by

QHD)'R_,(») =C,Q*R,,(»),
Q2(93)4Q2R+2(J’) = F2R—2(.V) ’

(17)

(18)

(19)

(20)

(21)

(22)
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where C, is a complex constant. Only the value of |C,|? is
uniquely fixed and is independent of the normalization of
R . ,. In the cases of the Schwarzschild and the Kerr met-
rics, Egs. (21) and (22) lead to simpler expressions than the
choice based on (20) (see Ref. 2).

IV. NULL ORBIT METRICS

In the case of the null orbit type D vacuum metrics, the
null tetrad can be chosen in such a way that, on quantities
with a dependence of the form (8), the tetrad vectors can be
replaced according to

D-2ig, A- —i¢d a,,

6-(1/2)8L8, 6-(1N2)$L,,

with .Z and £} given by Eq. (10). As in the preceding
section, p(x) and g(y) are polynomials of degree not greater
than 2 and P(x) is a polynomial of degree not greater than 4;
but, in this case, the polynomial Q(p) is absent and, more-
over, the two principal null directions are not equivalent.
The polynomials p(x), g(y), and P(x) corresponding to the
null orbit metrics are also given in Table I. The spin coeffi-
cients and the conformal curvature can be easily obtained by
using Eqgs. (1)-(4) and (23) and the expressions listed in
Table II.

Following the steps indicated in the preceding section,
one finds that the separable solutions to Eqs. (5) and (6) are
of the form given in Table III, where the separated functions
R ; satisfy the equations

[2igd, — (s~ Dig"|R,,=4R ., (24)
[2igd, + (2s+ ig"|R_,=AR _,, (25)

while S, and S _ continue satisfying Eqs. (12) and (14),
respectively. It may be noticed*® that Eqs. (24) and (25) are
first-order equations in contrast to Eqs. (11)-(14).

Using the fact that ¢ = 0, it is easy to see that

(8,)*[2ig 3, — (25 — 1)ig""]

(23)

= [2igd, + (25 + l)iq“’](ay)z‘ (26)
and
(2ig)*[2ig 3, + (25 + 1)ig")

= [2ig 3, — (25 — 1)ig"] ig)*, 2N

therefore (3, )* maps solutions of Eq. (24) into solutions of
Eq. (25) and a solution of Eq. (25) multiplied by (2ig)* isa
solution of Eq. (24).

Since the functions § , , in this case also satisfy Egs.
(12) and (14), they can be normalized to satisfy Eq. (21).
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Then, by virtue of the field equations as in Egs. (17)-(19), it
follows that, for s = },1 and, provided the cosmological con-
stant vanishes, for s = 3,

(2ig)*R_,(») =B,R _,(»),

) (28)
(3,)*R . ;(») =B,R_,(y).
When s = 2 we can only assert that
(2ig)*R _, (») =ER .,(»), (29)

(3,)*R,,(») =FR_,(»),
where E and F are complex constants.

V. PROPORTIONALITY CONSTANTS

The proportionality factor B, contained in the differen-

tial relations (20), can be determined by substituting the
I

second of Egs. (20) into the first one and using Egs. (10)
and (11). This gives, for example,
(B1/2)2Q 1/2R+1/2 =0 llzgoQ ”2.@2;Q 1/2R+1/2
= lelzggg 1/2R+1/2
=A41,0"°R. )2,

(B3/2)2 - (A3/2)3 + { . é[QQM) _ Q(I)Q(3) + %(Q(Z))Z] + 4(q(l))2 __ 8qq(2)}A3/2
+4{1°0" — 960 + (g™ + (g2 - 3¢"4Q" + 3?10}

+313{_ZQQ(Z)Q@)_'_%(Q(I))ZQM)_*_Q(Q(3))2_Q(I)Q(Z)Q(3)+%(Q(2))3}'

ie.,
(31/2)2=A1/2- (30)
Similarly, a somewhat lengthy computation yields
(Bl)2=(Al)2+(q(l))Z_qu(2) (31)
and
(32)

It can be verified, using the fact that ¢ = Q¥ = 0, that the expressions (31) and (32) are actually constant; moreover, each

term between braces in (32) is constant.

On the other hand, using Eqgs. (10), (12), and (21), one obtains Eq. (30) and the alternative expressions

(B)?=(4,)>— (pM)?* + 2pp?,

(33)

(B3/2)2 = (A3/2)3 + { — %[PP“) — ppB + i(})(2))2] _ 4(p(l))2 + 8pp(2)}A3/2
+ §{£p2P(4) _pp(l)P(S) + (pp(z) + (p(l))Z)P(z) _ 3P(I)P(2}P(l) 4 3(p(2))2P}

+ ZIG{ZPP(Z)PW . g(P(l))2P(4) _ P(P(J))Z + pLp@p3) __ i(P(Z))3} ,

and

(34)

(B2)2 — {(A2)2 _ %[PP(‘” _ P(l)P(3) + %(P(Z))Z]}Z _ 10{(p(1))2 _ zpp(2)}(A2)2
+ 8{%p2P(4) ~pme(3> + (pP(Z) + (p(l))Z)P(2) _ 3p(l)p(2)P(l) + 3(p(2))2P}A2 + 9{(p(l))2 - ZPP(Z)}Z
+ {pz(ZP(Z)PM) _ (P<3))2) +pp(2)(6PP(4) _ (P(2))2) + 3(p(2))2(4PP(2) - 3(P(l))2) + zpp(l)(P(2)P(3) _ 3P<1)P14))

+ 3(p(l))2(PP(4) + P(IJP(3) _ g(P(Z))2) - 6p(l)p(2)(2PP(3) _ P(l)P(Z))} B

(35)

In a similar manner, from Eqgs. (10), (11), and (22) it follows that
1Co|* = {(4,)> =4[ Q0¥ — @M@ ® + 1(@?)*1} + 10{(¢")* — 29¢*}(4,)*
+ 8{%q2Q(4) _ qq(l)Q(3) + (qq(Z) + (q(l))Z)Q(Z) _ 3q(l)q(2)Q(l) + 3(q(2))2Q}A2 + 9{(q(l))2 - qu(Z)}Z
_ {q2(2Q(2)Q(4) _ (Q(3))2) + qq(z)(6QQ(4) _ (Q(Z))Z) + 3(q(2))2(4QQ(2) _ 3(Q(l))2) + zqq(l)(Q(Z)Q (3) _ 3Q(1)Q(4))

+ 3(q1l))2(QQ(4) + Q(I)Q(3) . %(le))Z) _ 6q(l)q(2)(2QQ(3) _ Q(I)Q(Z))} .

(As indicated in Sec. III, the results concerning S, ; can be
obtained from those corresponding to R | , and vice versa,
by means of appropriate substitutions.) It can be readily
seen that each term between braces in (34)—-(36) is constant.

In the case of the null orbit metrics the computations are
much simpler and one finds that the proportionality con-
stants appearing in Eq. (28) are given by Egs. (30)-(32),
with Q replaced by zero. Similarly, the product, EF, of the
constants introduced in Eq. (29) is given by the right-hand
side of (36) if Q is set equal to zero.
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(36)

—
From the equivalence of Egs. (31) and (33) one finds

that

(q(l))2_2qq(2)= _ (p(l))2+2pp(2)’ (37
which provides a relationship between the (coefficients of
the) polynomials p and ¢ corresponding to each metric. Sim-
ilarly, the equality of (32) and (34) gives another relation-

ship valid when the cosmological constant vanishes. Never-
theless, by explicit computations using the expressions given
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in Table I we find that the constants appearing in Egs. (32)
and (34)-(36) are related by

QQM) _ Q(I)Q(3) + %(Q(2))2 = pPp@W _ php® + %(P(Z))z ,

(38)
%qu “@ _ qme 3
+ (qq(Z) + (q(l))Z)Q(2) _ 3q(l)q(2)Q(l) + 3(q(2))2Q
— %pZPM) _pp(l)PB) + (pp(Z) + (p(l))Z)P(Z)
_ 3p(l)p(2)P(1) + 3(p(2))2P, (39)

_ 2QQ(2)Q(4) + %(Qtl))2Q(4)
+ Q(Q(S))Z _ Q(I)Q(Z)QG) + %(Q(ZD)Z.
— 2PP(2)P(4) _ %(P(l))2P(4) _ P(P(S))Z + P(I)P(Z)P(S)
— (PP — W | 12M |2, (40)

even if the cosmological constant 4, is different from zero.
Furthermore, we find that

|Cy|? = (B,)* + |12Mh |?, (41)
where 4 is defined by
¢_l(pA +/1D—1'3—775)e""“+'”)=hei"‘“+’"). (42)

The vector field ¢~ ' (pA + uD — 78 — 76) is a Killing vec-
tor that turns out to be a linear combination of 4, and Jd,,.
Hence 4 is a combination of the separation constants k and /.

Equations (38)-(42) also apply for the case of the nuil
orbit metrics if Q is set equal to zero, with |C,|* replaced by
EFin Eq. (41).

V1. CONCLUDING REMARKS

As shown in Ref. 10, in the case of the electromagnetic
perturbations the Teukolsky—Starobinsky identities are inti-
mately related to the separability of Maxwell’s equations and
in the case of the Weyl neutrino equation something similar
occurs. In view of the results presented here, one may conjec-
ture that an analogous relationship exists also in the cases of
the spin-3 and of the gravitational perturbations.
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It is somewhat surprising the fact that certain relations
between the functions contained in the metric arise from the
equations for perturbations [Eqs. (37)-(41)]. Probably,
these relations can also be derived directly from Einstein’s
equations. The relation (41), obtained here by explicit com-
putation, must be obtainable directly from the linearized
Bianchi identities.
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A 29-root soluble model for the nonlinear caiculation of a four-body
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The time-independent mean-field theory of collisions is applied to the collision of four one-
dimensional particles. Their two-body interactions are taken as separable, with Lorentzian
form factors. This allows completely analytical solutions. A unique and satisfactory physical
branch emerges out of 29 candidate solutions. It is very stable when the strength of the

interaction is modified.

I. INTRODUCTION

The N-body problem can often be formalized, in quan-
tum mechanics, by the calculation of a propagator
G = (E — H) !, where the Hamiltonian ¥ = T + V reads,
in obvious notation,

N N
H:E tf+zvij’

i=1 isj
and £ is a complex parametric energy.

This is formally, a trivial linear problem, with a unique
solution when Im E> 0. In practice, as scon as there are
more than three particles, and Faddeev eguations are no
Ionger available, this would-be linear problem amounts to
the formidable inversion of a huge matrix in a large-dimen-
sional space. The numerical accuracy demanded by the intri-
cacies of the on-shell limit, Im £ = 0, is out of reach.

This is why we have proposed a nonlinear approxima-
tion® to the calculation of a matrix element such as

D=(y(E-H) '),
where y is a generic product of single-particle orbitals
X(Epeory) =y (e )y Ey). (1.3}

For that purpose, it is trivial to show that D is the stationary
value of the functional Fof ¢,

F=(8ly)/ (SI{E~ H)$), (1.4}

where round brackets { | ) denote the absence of complex
conjugation for bras. An ansatz for ¢ similar to Eq. (1.3)
for y,

(L1

(1.2}

=@, Pu, (1.5)
provides the variational, nonlinear equations
(7, —h)e: =¥, (1.6)
with the complex, single-particle self-energies
23 Wy
n=E— 3% - —, (1.7)
j; iy jgc ity
J#i
ko£i

where

) Permanent address: Institut de Physique, Université des Sciences et de la
Technologie Houari Boumediéne, PB 32 El Alia, Alger, Algeria.

) Permanent address: Institut fiir Theoretische Physik, Universitat Miin-
ster, Domagkstrasse, Miinster, Federal Republic of Germany.
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n o= {@|@;), (1.8)
G = (@iltlp:), (1.9)
wy = (@@ [Vl@; 00 ) (1.10)
hi=t,+ U, (1.11)
and finally
W|Ulp) = f dp” dp” (p'" |vipp™)
X3 7 (") (") (1.12)

y=3

This set of equations, Egs. (1.6)—(1.12), is plain Har-
tree theory, except for the right-hand side of Eq. (1.6), the
source term y,. Antisymmetrization is trivial and has been
published elsewhere.”

This problem has been investigated in the framework of
a soluble model®* where only the kinetic energy is present. It
may be pointed out here that, although T is a trivial one-
body operator, the bare propagator (E — T) ™! is a nontri-
vial, many-body operator. It was thus a significant result
that the approximation generated by Eq.(1.6) turned ont to
be excellent® and that one out of its five competing solutions
could eastly be selected as the unigue, physical approxima-
tion® for cutgoing waves.

The purpose cf the present paper is to generalize the
soluble model® into a model including interactions. As will
be shown, an analytical control of the whole algebra can be
obtained all the way. It will turn out, once again, that only
one of the many solutions (29 in that case) generated by
nonlinearity is physically acceptable.

In Sec. I we describe the model and the basic equations
that make it soluble. The technical, analytical sclution of the
model is explained in Sec. III. Then we study the main prop-
erties of the solution in Sec. IV, where numerical results are
displayed. Our conclusion is proposed in Sec. V.

i}, THE MODEL

Consider the symmetry group S of a polyhedron in a d-
dimensional space, and a rotation invariant wave packet
¥(p) centered at the origin in that space. A vector K will be
associated to the first particle, via the wave packet

yilp) =y — K. 2.0
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Then we let the group S act upon K and generate K,,... K.
We define the wave packets

yv:i(p)i=xp; —K), i=2..N, (2.2}
and comsider the N-body amplitude D = {y|G |y), where
X = Hr“ 1%1

It is clear that 8 is a symmetry group for an exact solu-
tion of this problem and that the mean-field approximation
can take great advaniage of this symmetry. As already dis-
cussed in Ref. 3, the mean-field orbitals ¢, span a representa-
tion of 8, provided of course the two-body interaction com-
mutes with S.

In the following we take dimension & = 1, and our po-
tential is defined by

P |v[pB") = — Ao S (B (B )AB)p"), (2.3

where ﬂ,o is a strength constant and the form factor fis given
as a Lorentzian with width 7,

[y =/ ypt+ 4, (2.4)

which allows easy analytical calculations. Many other
choices and generalizations are obviously available. For the
sake of definitiveness, the width yistakenasy=1fm ™', a
typical value for nuclear physics as an example.

Finally we set

Y@ —Ky=/my" [ (p—K)*+ 917" (fm),

(2.5

aboosted Lorentzian with the same width 5. In the following
we list dimensions after each new symbol. We obtain dimen-
sion fin* for Ay, so that the matrix element {p'p” |v|pp™)
becomes dimensioniess.

The symmetry group S and the separamhty of vinduce a
degeneracy of all the quantities n, 6, and w listed in Egs.
(1.8)—(1.10). Hence it is trivial to omit the subscript 7 and
write Eg. (1.6) as

(79— )op)=x(p—-K) + fdp’@i Ulphep'y .
(2.8)
where # %/2m = 1 {hence the dimension of £ is fm —?), and

p=E—(N—-1)8/n+ Aa*/n®> (fm™7), (2.7)
A=1{N—-1)(N-2)4, {fm™4y, (2.8)
a=(g|f) (fm*), (2.9)
p|UpY = - Aa/n)fip)Ap) (m™'), (2.10)

=(N—-14, (fm™*). {2.11)

Hence the self-consistency demanded by the variational
principle reduces to the determination of the three param-

}

(1 + AALY, — 2A4(1 + A4L)I% + APA 2,

p=E— (N—Dg—(N—1)

eters & (or 1), @, and n of the mean-field orbital

K 3
o(p) =XP= 2) Az f(p)2
7P ny—p
As will be shown below, this self-consistency condition will
reduce to only the search for the roots of a polynomial.

For that purpose we define the three basic integrals

(fm?) . (2.12)

Ix(n)sj_dpw;;@ {(fm’), {(2.13a)
n—p
Izm)sfdplii’;:ﬁ%ff@l (fm®) (2.13b)
n—p
2
I;imsfdp;’f-i@: (fm®) , (2.13c)
7—p

and their derivatives, I'=dI/dy. It is easy to insert Eq.
(2.12) into Egs. (1.8}, (1.9}, and (2.9), respectively, and
obtain

n= —I{+20&’sn " —A% 0% (fm®), (2.14)
G=mnn—I +2’Ln ' - A% Ln?  (fm®)y, (2.15)
(Z=f2—-/3;a3f3n_l (fm3) . (2”16)

Through the integrals [,J', these three equations, Egs.
(2.14)—(2.16), are parametrized by %, Eq. (2.7}. This closes
the self-consistency algebra.

A numerical iterative procedure thus seems to be in or-
der, and easy. A fully analytical solution is, however, avail-
able. We first define the auxiliary quantity

A=a/n, (2.17)
and obtain from Eg. (2.16)
a=5L/(1+44L) . (2.18)

Hence Eqgs. (2.14) and (2.15) can be written in terms of 4
only,

i . LV
= Z/iA——m]’_,{“Az(mE-—-—>I’,
n=—di AAL VTN
(2.19)
12 242 12 2
=mun—I, +244 I, —A%4° —2—1 1.
L+ AL 1+ AAL
(2.20)

Since by definition A = &*/n, we find from Egs. (2.18) and
(2.19)

A=TF3/[ — (1 + AAL)F;

+ 2AA(Y + AALDLE L — APACIZELY,  (2.21)

where 4 and 7 are present. Returning to the definition of »,
Eq. (2.7), we find

AAZ, (2.22)

(1 +A45)°T]

which simplifies, through Eqg. (2.21}, into
O0=E—Ny+ (N— 1A [(1+A40)*,
— 2441+ AALY I3 + APAIILY/E) + Ad7,
(2.23)
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— 204V + A4, + A4%13T ]

r
another condition between only 4 and ».

It is remarkable that, as far as 4 is concerned, Egs.
{2.21) and (2.23) are only cubic and read
aA>+bA +cA+-d=0, (2.2%)
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A3+ b AT+ A+d =0, {2.23)
with
a=AI20, - 2LI L+ 11Y), (2.24a)
b=24(J L ~Li}y, (2.24b)
c=1{, (2.24¢)
d=1?, (2.24d)
@ =ANN- VLU —I2), (2.24e)
b' = AN — 1YL — [(3N~2)/211%}, (2.24)
¢ =(N-—1I,, (2.24g}
d'=(E—Np)I2. (2.24h)

The traditional compatibility condition between two such
cubic eguations reads

e @ 0 0 0O 07
b 5 a a 0 0O
¢c ¢ & b a 4
= = 25
det i d e & b b 0 (2.25)
¢ 0 d 4 ¢ ¢
0 0 0 0 4 d]

which is an equation where only 7 is left.

An elementary manipulation, after inspection of Egs.
(2.24), shows that det is a sum of three terms, of order 4 %, 4 5,
and A *, respectively,
det, = (ad’ — da’)?, (2.26a}

dets = (@b’ — ba')[(bd' — db')? — 2 dety(ad ' —da’)]

—(ac’ —ca'Y(ad' —da'y(bd' —db’y, (2.26b)
det, = det, det, , (2.26¢)
with
dety=cd’' —dc’', (2.264)
det, = (ac’ —ca’}’ — (@b’ — ba'} (b —ch’) . (2.26e)

As is now obvious from the definitions of the integrals 7,
Eqgs. (2.13), and the explicit forms of fand y, Egs. (2.4) and
{2.5), the coefficients a, &,...,d ', and the determinant det are
rational fractions with respect to the auxiliary variable
@=n'? Hence the solution of Eq. (2.25) boils down to the
search for the roots of a polynomial. Our model is thus ana-
iytical. Its properties are the subject of Sec. Iif.

it ANALYTICAL PROPERTIES OF THE SOLUTION

A straightforward contour integration in the upper half
of the complex p plane provides

1 [ 372

I = — + — 1, {3.1a)
l Z+K? -2+ KD :

2

o2 DK (3.1b)
B K244 z(z— DY+ KD
z+ 1
= — - {3.1c)
! 2z —1)
hence,
4 2 2z 2 2

I = _z[z +2 4+ (K?—-1)22—-3K%2+3K ]’ (3.1d)

[z—DE+KHT
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, 1
Sy
X4zs+4z4+4(K2—1)23+K222+2K4 —K*
’ 2z— 1)+ KH? ’
(3.1e}
1= wﬁy (3.19)
where we have defined z from
w=iz—y), y=1, {3.2)
and o from
=0 Imo>0. (3.3)

This condition, Im @ > 0, is linked to the calculation of our
contour integrals, see Egs. (2.13), in the upper half of the
complex p plane.

Insertion of Egs. (3.1) into Egs. (2.24) gives a,b,...,d  as
rational fractions of z {or w). We notice that all of these
coefficients @,b,...,d ' depend on X Also most of them depend
on W, if only because A depends on N. The only coefficient
that depends on £, however, is & . For the sake of definitive-
ness, weset Re £ = NK?, and N = 4. The symmetry group S
is realized if, for instance, X, =K,=K and
K, =K, = — K. These specifications leave 4, Im £, and K
as the only parameters for our analysis of the model.

Before going into a detailed discussion of Eg. (2.25}, a
remark on the behavior of the solution as a function of A is in
order. On one hand, when A = 0, corresponding to a pure
kinetic mode] similar to that studied in Ref. 3, the coeffi-
cients a, &, a’, b’ vanish. There only det,, Eq. (2.26d), makes
sense. As a matter of fact, det, is the product of det, and det,.
When A takes on nonvanishing values, it is clear that those
roots of det that are continuations of roots of det,, are likely
to be more physical than the roots of det that are continua-
tions of the roots of det,.

On the other hand, the model should also accommodate
a “potential” limit, corresponding to the situation where |4 |
is very large. There, the dominant term of det is det,, which
leads to threefold degenerate roots. We must thus search,
and keep track of, “physical” roots w of det, which are con-
tinuous functions of £, and which should interpolate be-
tween roots of det,, and roots of det,,.

The straightforward, but tedious calculation of det, or
rather of its polynomial numerator, demanded our use of
symbolic language AMP, since an explicit listing of this nu-
merator demands ten pages of computer output. This poly-
nomial cannot be published here, naturally, but is available
on request. It turns out to be a pelynomial of degree 46. Out
of it a factor (22% + 2z 4+ K *Y*(z — 1)°2° can be factorized
and at once discarded, for the roots of this factor depend
neither on A nor on Im ¥, and are thus unphysical. This
leaves a polynomial of degree 29.

For the smail A limit, the numerator of det, provides a
polynomial of degree 7, while the numerator of det, provides
a polynomial of degree 16 and a factor z°. As already noticed,
we have less interest in the latter 22 {16 + 6) roots, for they
do not depend on Im F. The numerical investigation, whose
final results are abstracted in Sec. IV, further revealed that
these 22 roots failed to satisfy the condition Im @ > 0. An
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analytical, rather than numerical, proof of this failure could
not be found, but in the following we focus on those branches
of roots of det that are continuations of the seven roots of
det,.

For the large A Himit, the numerator of det, provides a
polynomial of degree 42, whnch includes a trivial factor
{228 + 2z + K %)%(z — 1}°2° rather than (27 + 2z + K %)*
X (z — 1)°2° like det. This leaves seven triply degenerate
roots as potentially “physical” candidates.

The difference between the total degree (42) obtained
from det,, and the total degree (46) obtained from det or
det, corresponds thus to four additional roots o that diverge
when A is very large and are seemingly of little interest.

We have not found an elegant physical justification for
the triple degeneracy of the seven roots of det, we retain for
cur analysis, but the numerical and physical results are guite
unambiguous. As a matter of fact, we have studied numeri-
cally the 29 nontrivial roots of the full det as functions of 4,
Im E, and K, and studied their connection with the “inter-
esting” roots of det, and the “interesting” roots of det,. It
was critical that only one of these 29 roots be acceptable, for
the linear problem at the beginning of our theory has a
unigque physical answer. Satisfactorily enough, the following
selection and classification scheme for roots turned out 1o be
available: a root @ is acceptable if and only if

(i) Imw>0,

(i) Im D<g,
when Im £ > 0, where D is that approximate amplitude gen-
erated by @ and the corresponding ¢ via Eq. {(1.4),

(iii) Imp(=Im 0*) >0,

(iv) @*~K?’4+ImE, whenImE>K?

(v) Re4A>0 and Imd4>0.

The first two rules, (i) and (ii), are mathermatically rig-
orous, as seen from our choice of “upper” contour integrals
and our search for retarded diagonal amplitudes, respective-
ty.

The third rule is almost rigorous, in the sense that many-
body retardation should be transiated into single-particle re-
tardation, hence a self-energy » with a positive imaginary
part.

The fourth rule, (iv), is empirical, but fairly intuitive
insofar as Re 7 ( =Re @) is concerned for the source wave
packet y and the variational wave packet @ should have simi-
lar energies. For the imaginary part, this rule hints that re-
tardation effects are similar for the single-particle and the
many-particle propagations.

The first four rules were sufficient to eliminate all roots
but one. The survivor root turns out alsc to be almost inde-
pendent of A, which almost decouples the self-energy from
the interaction strength, an interesting approximation. The
fast rule is an empirical, and apparently specific property, of
this survivor root. More details are given in Sec. IV.

IV, NUMERICAL RESULTS

We have solved Eq. (2.25) for a large range of param-
eters, namely 4 ranging from 0.001 to 120 fm~* K from 1 1o
5 fm ! {which means, with traditional units, Re E from 80
to 2000 MeV), and Im E from 0to 2000 MeV. Most roots are
at once eliminated because they viclate rule (i) and/or rule
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(ii}. This leaves at most four to five roots to be tracked when
the various parameters 4, Im E, and X evolve.

The “on-shell” case, namely Im E = @, is of special in-
terest, sinice it corresponds to a physical collision. As y has
been chosen a real wave function and since the functional F,
Eq. {1.4), is formally real, the analyticity and formal reality
of ¢ with respect to the parameters 1 and o generate pairs of
conjugate solutions {@, — w*), hence pairs of conjugate self-
energies (7,7%). In other words, the variational principle
systematically generates both an advanced and a retarded
solution in this on-shell limit. Any advanced solution is elim-
inated under rules (i) and/or (ii), of course. Real roots for %
(purely imaginary for @), which do not appear in pairs, are
more delicate to analyze, for they may be candidates for a
principal part amplitude. We have scrutinized them one by
one.

In order to sort the survivor roots, it is very useful to
study the pure kinetic energy case, namely A = 0. We know
already from our past experience” that this model exhibits a
well-defined physical root @, which is a smooth function of
Kand Im E. A striking property of this root is that it fits rule
(iv} very closely. An ever more striking property of w, is
that the bare (kinetic) propagator amplitudes 2 {(exact) and
D {approximate) are very close to each other, while the D
generated by any other competitor root in this kinetic model
generates a much poorer approximation. Hence there is no
doubt that in this kinetic limit @, is that unique physical root
to be found.

Our strategy is thus very simple.

First we study the “’kinetic” model, namely the seven
roois of det, in the present case, as functions of only K and
Im E. It is easy toisolate the physical root there. Its behavior
is shown in Fig. 1, where we have also shown, for the sake of
completeness, branches ( — w¥) of an “advanced” root that
merge with the branches of the physical root @, when
Im E = Q. There is little comment to add, except that both
Ref. 3, where there were five roots, and the present model

T T T T T T
imw {(fm) k=0
K=2 K =3 Kzé4 K=5 fm’
.physical branch / /’ 7o 108
kinetic model
25 -
158 f”” w]

-
k4

——e,
=
=

9 .
proey
=%

o Rewl tm
A 1
1 7 3 t 5 B

FIG. 1. Kinetic model (no interaction}. Each point is labeled by Im £, ina
system where & 2/2m = 20 MeV fm?. The upper branches correspond to the
physical sclution. The lower branches correspond to the complex conjuga-
tion of the opposite of another root.
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show that there is no branch crossing as long as K>27,
namely that the average momentum exceeds the fluctuations
in the wave packets y;.

Then we freeze Im E = 0, which is the physical situa-
tion, and let A increase. We follow that root which is a con-
tinuation of @, and also any other root whose branch may
interfere. A typical situation is shown in Fig. 2, with X = 3.
The root w, hardly depends on A, while two other roots tend
to merge with @, when 4 increases. This merging remark-
ably confirms the triple degeneracy expected from our for-
mal analysis in Sec. }II. For a value of X ( = 3) which is
sufficiently large compared to that of ¥y ( = 1), we find no
branch crossing that could interfere with the identification
of w,.

Some of the roots plotted on Fig. 2 are shown between
parentheses, in order to indicate that they violate one or sev-
eral of the rules (i)—{v). The physical branch seems to be the
only one for which these rules are never viclated.

Finally we freeze K and A, the latter to a large value in
order to have a nontrivial potential influence, and study the
behavior of the roots as functions of Im E. This is shown in
Fig. 3, in a typical situation K = 3 again. The root w, is very
well approximated by its gualitative estimate, rule (iv),
competing branches show some illegal poinis (between pa-
rentheses), and again we find no branch crossing.

To summarize our long numerical analysis, whose de-
tails cannot be published extensively, there ic indeed only
one physical branch provided by this many-solution model.

Imw (Fm™

Roats as functions of A
K=3fm™ ReE=720MeV, ImE=¢

20—
50
30
§6
Second additional \‘i,lofm
converging branch
iS5
10
[
Physicat
roof
1.0 - SlA)

Zf / *
05 1lA)/ c/ i
First additional

7/ 3
s / converging branch
025 . 0/0 :

g}/ ! Rew (fm™%

)
N 0

o 0401&1 0.25 1 |
i} T B0.95 1 2 3

FEG. 2. Behavior of the roots as functions of the strength constant 2. The
physical branch is reduced to a minute line element since @, hardly depends
on A. Points are labeled by the value of 4. Some points, between parentheses,
explicitly violate rule (it} described at the end of Sec. FI1. Most points on the
two “additional’ branches violate rule (v).
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T T T T
fmw {fm™}
7= -
physical
6 p— branch . 4

A=100 K=3 ReE=720

i as a function of ImE

Re i (fm™)

FIG. 3. Behavior of the roots as functions of their label, Im E. The asympto-
tic guess is generated by rule (iv).

V. DISCUSSION AND CONCLUSION

Our work would be complete if we could compare, for
A 540, the exact amplitude D with the approximate D genera-
ted by ,. We have indeed easily calculated D, but the calcu-
lation of D is another matter. This four-body problem, how-
ever, is not completely out of reach, for the separability of v
leads to great simplifications. We are considering the com-
parison of D and D for a further paper.

The main result of the present paper is thus the rich
nature of the mean-field approximation in this model, be-
cause of the occurrence of 29 competing solutions. Even
though most of them can be rapidly ruled out, one day there
should be a physical interpretation for most of them.

It is extremely satisfactory that finally only one among
these roots survives as the undisputed physical solution,
with great stability and simplicity properties (in particular,
no branching). This gives great confidence in the validity of
the variational method in those practical cases where no ana-
Iytical solution is available and the mean-field equations,
Egs. (1.6), have to be solved via only a numerical iteration.

It may be pointed out, incidentally, that the present
model could also be used to increase the efficiency of various
iteration schemes and then define the attraction basins of the
various sclutions. In the case of Ref. 3 and in the present
model, we have established that @, has in general good sta-
bility under various iterative approximation schemes, but
the solution @,~ — ©¥ also has a non-negligible stability
domain, hence rules {i}~(v) always retain their interest.

In summary, there exists in our mean-field theory of
collisions a nontrivial and scluble model that provides all
desirable tests for the validity of our theory.
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Comment on the paper “Theta series and magic numbers for diamond
and certain ionic crystal structures’” [J. Math. Phys. 28, 1653 (1987)]
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Sloane’s work [J. Math. Phys. 28, 1653 (1987)] is supplemented by published theorems that
have been applied to the NaCl, CsCl, ZnS, and CaF, structures to give formulas for the radii of
all occupied shells (i.e., all radii for which S, = 0 are identified) and to give the species of
atoms in each shell. In this paper the sort of information these theorems can provide is briefly
reviewed and some predictions based on them are checked with the tabulated results of Sloane

and others.

I. INTRODUCTION

When coupled with collaborative work with Teo,? a
recent paper by Sloane® provides extensive information
about the radii (n)!/2 and coordination numbers S, of
“shells,” and about nuclearity (magic numbers) of spherical
clusters of lattice points associated with “spheres” in multi-
dimensional lattices, with the spheres centered about various
lattice and nonlattice points. Connections with theta func-
tions are established and exploited in the enumerative and
combinatorial problems. They discuss possible applications
in many fields, but for detailed illustrations and tabulation of
results they emphasize two-dimensional (2-D) and three-
dimensional (3-D) lattices with the lattice points occupied
by one or two species of atoms. They appear to be unaware of
similar work for the 3-D case reported by Kihara and Koba,*
Wood,’ and Wiley and Seman,® but their tabulated results
are more extensive than those of Refs. 4 and 5. However, the
tabulated results of Ref. 6 for diamond and zinc blende are
more extensive than those of Sloane.? Clearly, all this work
possesses a collective importance that is furthered by the
Sloane-Teo discussions of applications and the connections
they make with theta functions. The same could be said
about the additional supplementing work I shall address,
which is of a rather different nature.

The main purpose of the present comment is to point out
that the Sloane-Teo work for the 3-D case is supplemented
by earlier work”® providing six theorems that follow with a
little analysis added to Waring’s® theorem. For the particu-
lar cases studied, this work gives expressions for Sloane’s
(n)"/%ifany S, are zero, it gives a formula for the infinite set
(i.e., necessary and sufficient conditions are given for the
infinite set of occupied shells); and it discusses the sequences
of spherical shells of atoms in the NaCl, CsCl, diamond, zinc
blende, and CaF, structures. Because of the role of theta
functions in the Sloane-Teo work, this earlier work also has
bearing on the theory of theta functions, though that will not
be explored here. I shall attempt to give the reader a little of
the flavor of the work on sequencing and to show how the
tabulated results of Refs. 1-6, for a finite number (but large
in some cases) of shells, and the sequencing formulas, for an
infinite number of shells, can serve as mutual checks.
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Il. THE FACE-CENTERED-CUBIC (fcc) LATTICE

In 1952 Kihara and Koba* published a table of coordi-
nation numbers and radii for 60 shells of neighbors to the
origin (lattice site) in an fcc lattice. In the table there is a
conspicuous absence of the values of 14, 30, 46, 56, and 62 for
(r/d)?, where r is the radius and d the first neighbor dis-
tance. Theorem 1 of Refs. 7(a) and 8, first reported in 1957
in Ref. 7(b), gives the radii of nonempty shells as

d(k)V?, k=0,1,2,3,..,

k #4°(16b+ 14), a,b=0,1,2,3,..., (1)
showing that the above numbers simply correspond to the
first few “empty” (Sloane’s S, = 0) shells of an infinite set.
Sloane and Teo' give in their Table 11 information on a larg-
er number of shells, including one additional empty shell
predicted by my Eq. (1) witha =0, b = 4, yielding k #78,
which in turn corresponds to n7# 156 of Sloane and Teo.

Here the deviation from the sequencing of shells estab-
lished by the first few shells starts at the fairly small value
k = 14. In other cases, such as that of diamond and zinc
blende, the initial pattern is maintained to surprisingly large
radii.

Hl. THE NaCl AND CsCi STRUCTURES

The NaCl structure is fcc, which may be viewed in terms
of a fcc lattice of positive (and one of negative) ions inter-
penetrating so as to fill a simple cubic (sc) lattice of points.
Clearly, if d is replaced in Eq. (1) with ¢, used to denote the
distance between two neighboring ions of like sign, then the
modified equation gives the radii of positive (negative) ions
about a positive (negative) site. However, another theorem
is needed to give the full interlacing pattern. This is provided
by Theorem 2 of Refs. 7(a) and 8 [first reported in Ref.
7(b) 1. It shows that the shells of the negative (positive) ions
about a positive (negative) site have radii given by

ctk—DY2 k=123,
k#4m, m=1.2,3,... (2)
Thus one sees immediately that no shell ever possesses both
types of ions and that the initial sequencing, say, about a
positivesite,of + — + — + — isnotcontinued. The pat-
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tern of +’s and — s becomes very irregular as the radius
increases, but it is completely describable by Eqs. (1)
and (2).

A consistency check on the above results is provided by
Theorem 3 of Refs. 7(a) and 8. Whereas the proofs of
Theorems 1 and 2 required Waring’s® theorem plus a little
analysis, Theorem 3 is simply Waring’s theorem expressed
in terms of a sc lattice. It states that every atom in a sc lattice
lies on one of the set of nonempty shells, taken about a lattice
point, whose radii are given by

d(ky'?, k=0,1,23,..,

k#4°(8b+7), ab=0,123,., (3)

where d is the first neighbor distance in the sc lattice. By
separating the even and the odd values of k¥ in Eq. (3), it is
easy to show that the complete set of filled shells given by
Egs. (1) and (2) is identical to the set given by Eq. (3).

In a similar manner it is shown in Ref. 7(a) that the
CsCl initial pattern of + — + + — + + is not contin-
ued indefinitely, and the precise pattern of the sequencing of
shells of each type is given.

IV. DIAMOND AND ZINC BLENDE STRUCTURES

These structures may be viewed in terms of two inter-
penetrating fcc lattices with one displaced with respect to the
other along, and one quarter of the length of, the principal
diagonal of the basic cube (the cube containing four lattice
points of each fcc sublattice). In the diamond structure both
sublattices are occupied by one chemical species. In the zinc
blende structure the two sublattices are occupied by different
species, which I shall denote with 4 ’s and B’s. Clearly, the
diamond structure is simply a degenerate case of the zinc

blende where the 4 ’s and B’s have become identical.
Let the origin be taken first at a lattice site of the 4

sublattice. Denote the edge length of the basic cube of this
sublattice by S so its first neighbor distance is given by
S/(2)"2. Then Ref. 8 shows that the radii of the 4 shells
about an A origin are given by

Stk/2)'?, k=0,1,23,..,
k #4°(16b + 14), a,b=0,1,2,3,...,
(4)
and the radii of B shells about an A4 origin are given by
(S/4)(8i —5)V?, i=123,... (5)
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To connect these with the notation of Sloane’s® Table I for
diamond, rewrite these, respectively, as

(S/2)(m)'?, n=0.24,..,
n#£4°(32b +28), a,b=0,1,2,3,.., (4)
(S/72)(m)'?, n=2+ (3/4), j=0,1,2,3,... (5)

Connections with the notation used in Table VIII of Wiley
and Seman® may be similarly found.

Notice that the sequence of occupied shells about an 4
site goes as ABABAB--- for a considerable distance before
the first “forbidden” shell, given by Eq. (4') with n == 28,
interrupts the sequence. It might be surprising to some
readers that a sequence established by the first 27 shells is
finally broken. Table VIII of Wiley and Seman displays the
next two forbidden shells corresponding to » == 60 and
n =92 in Eq. (4') above.

V. THE CaF, STRUCTURE

This structure is somewhat related to, but much more
complicated than, the zinc blende structure. It may be
viewed as composed of three interpenetrating fcc sublattices
with one containing 4 ’s and the two others containing B’s.
With Theorem 6 of Ref. 8 it is possible to sort out the se-
quencing of shells. Detailed expressions are given for the
radii of filled 4 shells about an 4 site, B shells about an 4 site,
A shells about a B site, B shells about a B site on the same
sublattice, and B shells about B sites on a different sublattice.
The reader is referred to Ref. 8 for details on the sequencing
expressions, to Table XII of Wiley and Seman for extensive
tabulated results, and to Sloane? for theta functions associat-
ed with this structure.
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The @4 equations of motion. I. A new constructive method: The ® iteration
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A new method for the construction of a nontrivial ®; model consistent with the general
principles of a Wightman quantum field theory is proposed. The renormalized equations of
motion for the connected Green’s functions in the Euclidean momentum space are considered.
Using a fixed-point method in an appropriate Banach space, the existence of a unique
nontrivial solution of these equations is proved when the coupling constant A is fixed positive
and smaller than a finite value. As a first step that avoids the difficulties of the renormalization
operation, the corresponding problem in two dimensions is solved first. Also, in order to deal
with all technical complexities that stem from the purely combinatorial nature of the
equations, the corresponding zero-dimensional problem was studied previously. In all cases, it
has been proved that the nontrivial solution exists inside particular subsets of the
corresponding Banach space, characterized by the alternating signs and the factorization (or
“splitting™) properties of the Green’s functions at zero external momenta. These properties
first appeared “experimentally” by the iteration of the two-dimensional system of equations
called “@® iteration” in the paper, and have been crucial for the conservation of the norms and

for the contractivity of the nonlinear mappings.

I. INTRODUCTION: A NEW CONSTRUCTIVE METHOD

In quantum field theory language, when a Lagrangian
of four interacting scalar fields ®(x) is considered, the dy-
namical equations that describe the interaction mathemat-
ically in the four-dimensional Minkowski space with coordi-
nates x={%eR>, x°eR; [x| = [x**> —**]'/?} are (a) a
nonlinear differential equation (*“‘equation of motion™) of
the form'

— (O + m)P(x) =_A__

P1t+p

(@ (x): — po®(x)),
(1.1a)

and, simultaneously, (b) the conditions of “quantization” of
the field ®(x) expressed by the commutation relations

[®@(x),2(»)] = [®(x),®()] =0, (1.1b)

[@(x), D) ] = Lip,/(p) +p)18:(X =), x°=)".
(l.1¢)

Here m and A are the physical mass and coupling constant of
the interaction model, and p,, p,, p, are physically well-de-
fined given quantities associated to this model, the so-called
renormalization constants. For the precise definition of the
normal product :®3(x):, we refer the reader to Ref. 1.

From these equations (1.1) one can formally derive an
equivalent infinite system of equations of motion for the
Green’s functions (or the “vacuum expectation values™) of
the theory.’

The present paper is the first of a series of three papers
concerning the study of the ®* equations of motion for the
Green’s functions in their Euclidean version. These papers
constitute the second step of a general program we started
some years ago in order to derive a new method which could
ensure the existence of a ®} nontrivial Wightman quantum
field theory." This method is different in approach from the
work done in the constructive quantum field theory frame-
work of Glimm-Jaffe? and others.’
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Several authors have already treated the problem of ex-
istence or other crucial features of a field theory by the study
of the equations of motion of particular models of interacting
fields. The corresponding theoretical framework has not al-
ways been the same. There exist several attempts and results
in both constructive* and perturbative®’ quantum field
theory. In particular, the first idea of an existence proof by
fixed-point methods applied on the equations of motion
comes from Taylor.®

The fundamental elements of the present study are the
infinite sequences of C * functions on

g’(’;) XR, HE{H"+1(q’A)}n=2k+l, keN>

which formally represent the connected, completely ampu-
tated Green’s functions (Schwinger functions). Here

g={q, = (R~ "gR), |lg.l| = 17 + ¢}|"'% 1<i<n}

n

is the set of independent » momenta, and & {;,, means the
corresponding Euclidean momentum space; AcR with A the
coupling constant.

We can briefly describe our approach as follows: Usinga
fixed-point method in a appropriate Banach space, we try to
demonstrate (under some sufficient conditions on the cou-
pling constant A) the existence of a unique nontrivial solu-
tion H={H"*'(¢,A)},_ ;.. of the ®} system of equa-
tions of motion established in terms of H sequences. Then we
intend to prove that this solution H verifies all the Oster-
walder—Schrader axioms,? which are the Euclidean equiva-
lent system of the Wightman axioms in complex Minkowski
space. This last step ensures (in view of the reconstruction
theorem®'°) that the sequence H is no longer formal but a
well-defined infinite sequence of Green’s functions equiva-
lent to a nontrivial axiomatic quantum field theory
(AQFT). In order to accomplish the above purposes we
have developed a program that is composed of the following
four main steps.
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(1) (a) We started from the definition of the renormal-
ized normal product (RNP) in the AQFT framework by
using the synthesis of two previously elaborated ideas: the
perturbative composite operators of Zimmermann'' and
Lowenstein,'? and the renormalized G-convolution product
of Refs. 13 and 14. We then established (formally) finite
equations of motion for the connected Euclidean Green’s
functions, in 0<r<4 dimensions, for a Lagrangian ®* model
[cf. (1.1)] where this RNP has been supposed to represent
the corresponding interaction term.

(b) The consistency of this construction with the gen-
eral AQFT principles has also been ensured by proving the
conservation of linear AQFT properties, in 0<r<4 dimen-
sions, by the extension of the previously mentioned equa-
tions in complex Minkowski momentum space.

These results (a) and (b) have been published in Refs.
15 and 16, respectively.

(2) The studies in step (1) are encouraging as far as the
consistency of the scheme is concerned, but they remain for-
mal in this sense: They do not give any answer to the funda-
mental question concerning the existence of a nontrivial ®*
Wightman theory defined by an infinite sequence
H={H"*+'}, of Green’s functions which is the solution of
the dynamical equations. So, before trying to look for any
answer in four dimensions, we carried out the study of the &*
equations of motion in smaller dimensions (0<7<2) in order
to avoid any difficulties due to the renormalization oper-
ation, which is nontrivial for 3<r<4.!® In other words, the
second step of the program is the formulation of the fixed-
point method through the study of the zero- and two- (or
one-)dimensional systems of equations, presented in the
three papers we shall designate I (the present one), II (Ref.
17), and I1II (Ref. 18).

The final result we obtain can be summarized as follows.

(a) The construction of a nontrivial solution for each
one of the corresponding systems of equations is achieved.

(b) This solution is uniquely defined in terms of charac-
teristic sign, namely, ( — 1)"~ "/  and the factorization
properties (the so-called splitting properties) of the
Schwinger functions H "* ' and all their convolution prod-
ucts, at zero external momenta. We can describe these prop-
erties in a unifying and simple way. When 0 < A £0.006,

H*(g=0,A) =1+4+68,(A)A, with §,(A)~6A, (1.2)
and Vn =3,5,...,
H"*Y(g=0,A)
~=8,(AH""'(¢=0,A)H*(g=0,A), (1.3)
with
81 (A)<8, (A8 <o
and (1.3a)

lim[6,(A)/A] ~n’
A-0

The sequences §=1{6, (A)}, called the splitting constant se-
quences, are the building blocks of the method. The bounds
automatically implied by these properties are
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|H?(g,M)|(¢* + 1) '<epy  2<€0< 0,

1.4
|H"+ Y (g,A)|<[n!]%cG, Vn>3. (14

(2[I]) The intuition that guided us to the method de-
veloped in I-III was the following: The information con-
cerning the specific features of a dynamical system of inter-
acting fields should be most naturally obtainable through an
iteration of the renormalized equations of motion with the
free solution as starting point. This is what we have called the
“d iteration.” The investigation of the properties of this iter-
ation procedure in the two-dimensional case (trivial renor-
malization, nontrivial convolution integrals), these proper-
ties being presented in Sec. II of the present paper I, has
pointed out to us what specific features must characterize
the space of {H"*'}, sequences in which the fixed-point
method had to be constructed. In other words, the explora-
tion of the detailed structure of the ® iteration has brought
out the particular properties of the different global terms of
the equations at every order v, constructed in terms of
H"”*1(q,A) functions. These properties, which essentially
are signs, splitting properties, and bounds at zero external
momenta, form a self-consistent system of conditions con-
served by the @ iteration. They imply precise norms of the
Green’s functions [cf. (1.4)] of H sequences, which in turn
are conserved and automatically ensure the convergence of
the @ iteration to the solution.

(2[11]) and (2[III]) Once the information concerning
the detailed structure of the space of H sequences was ob-
tained, the answer to the problem of how to construct the
fixed-point method became clear. It would be sufficient at
first to define a Banach space using the norms provided by
the @ iteration. One should then seek a fixed point of the
equations of motion, by application of the contractive map-
ping principle, inside characteristic subsets of this space,
which exactly imitate the fine structure of the ® iteration at
zero external momenta.

A detailed study of the combinational features of the
global terms of the equations at fixed external momenta ap-
peared then as a necessary starting point for the whole tech-
nique. For this reason, we based the mathematical formal-
ism of the approach on the study of the zero-dimensional
problem, where there is no momentum dependence. In this
case, the Green’s functions depend only on A and #, i.e,
Hy={H}*'(A)},, all complications due to the convolu-
tion integrals are absent, and the problem becomes one of a
purely combinatorial character (at fixed AcR™). Related to
this adequately simpler form of the zero-dimensional case is
the introduction of a basic combinatorial notion provided by
the study of the zero-dimensional problem. It deals with the
sequences of the so-called sweeping factors 3, (A), «, (A).
These quantities “sweep” all terms of the two ordered sums
representing the global terms of the equations, called C"*
and B" ', respectively [cf. Egs. (3.1)], and replace them
by only one term proportional to the dominant contribution.
The combinatorial information they carry about the terms of
the sums they sweep is reflected in their explicit dependence
on #” and n, respectively. In terms of these sweeping factors
(in particular, 8,’s) the splitting properties and the appro-
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priate subsets are formulated in a simpler and mathematical-
ly consistent way. In other words, by using extensively the
definition and the properties of the sweeping factors, we give
in paper II the detailed presentation of the novel technique
(cf. Sec. I1 of IT), the solution of the zero-dimensional prob-
lem (cf. Sec. III of IT), and the solution of the two-dimen-
sional problem (cf. Sec. IV of II'). On the other hand, paper
III contains the proof of all the above-mentioned combina-
torial properties of the sweeping factors Z, and «,,, respec-
tively.

Another useful aspect of the zero-dimensional problem
is the fact that it provides a direct way to test the validity of
the method. More precisely, a comparison is possible
between (i) the solution we obtained using the system of
equations derived through the RNP definition (in zero di-
mensions), and (ii) the solution of the corresponding sys-
tem of zero-dimensional equations that are obtained by the
standard functional integral formalism."® Such a compari-
son was performed numerically, and the result is the perfect
coincidence of the two solutions associated with the two dif-
ferent methods. This is a first confirmation of the method. In
Appendix V of ITI we present precisely these verifications,
which are essentially based on the numerical results of
Voros.?®

(3) In the third step of the program we apply the meth-
od previously developed in (2[I-III]) in order to solve the
four- (and three-)dimensional system of equations of mo-
tion. This means that we look again for a nontrivial fixed
point of the equations considered as a nonlinear mapping on
the appropriate Banach space. This fixed point satisfies also
all the nice properties of signs and splitting (mentioned
above) at zero external momenta and norms.

However, the renormalization procedure now provides
some new ingredients that present two different aspects.

(a) The structure of the global terms containing a priori
divergent convolutions and, therefore, nontrivial renormal-
ization operators [automatically present in view of the defi-
nition of RNP in step (1) ] needs a finer construction of the
subsets characterized by the signs and splitting properties. In
other words, in view of the nontrivial renormalization some
supplementary conditions appear, which imply a deeper
structure of the particular subsets. These conditions are nec-
essary in order to ensure the stability of the subsets under the
action of the mapping and, consequently, the convergence of
the mapping to a good solution.

(b) The renormalization parameters defined formally
in Ref. 15 associated to the solution of the &} system have to
be described and interpreted as well-defined physical quanti-
ties.

The study concerning this step and the results obtained
will appear in Ref. 21.

(4) As we mentioned at the beginning, the verification
by the solution of the Osterwalder—Schrader axioms® must
be the step that will complete the program towards the con-
struction of an AQFT model. Except for the positivity and
cluster properties all the other axioms—the distribution
property, Euclidean covariance, and symmetry—are direct-
ly implied by the renormalized equations of motion &} (cf.
also Ref. 16). Concerning the positivity property there exist
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only some partial results of the author relative to the four-
point function, which makes one optimistic for a (nontriv-
ial) extension. This subject is under investigation.

(4') Once these results on the Osterwalder-Schrader
positivity are established, one should try to understand the
reason for the “contradiction” between our nontrivial solu-
tion of @} obtained in step (3) and the arguments of Aizen-
mann and Fréhlich?? concerning the triviality of analogous
®} models obtained as limits to the continuum of lattice field
theory models.

The most apparent reason for this contradiction seems,
at this moment, to be the fundamental difference in the na-
ture of the two approaches. In our method there is no “artifi-
cial” regularization in terms of a lattice approximation. The
renormalization (and all information concerning the contin-
uum!) is introduced in a natural way as an initial condition
at the starting point of the whole construction [cf. step (1)].
We give an example that makes evident this character of the
method. In two (or one) and zero dimensions one notices
that the presence of the renormalization implies the absence
of the terms proportional to Green’s functions represented
by Fig. 1.

These terms, a priori divergent even in two dimensions,
are annihilated thanks to the renormalization procedure.'
On the other hand, the same terms are present in the corre-
sponding zero-dimensional equations of motion automati-
cally obtained by the standard functional integral formula.'®
(The reader is referred to Appendix V of III for a more
detailed discussion of this point.) These last considerations
complete the presentation of the total program.

We now conclude the introduction with the plan for this
paper (I).

In Sec. II we introduce the &}, system of equations of
motion [derived from step (1) ] and all general convolution
products (the so-called ® convolutions) generated by an
arbitrary iteration of the fundamental operations appearing
in these equations. Next we describe in detail the ®-iteration
procedure presented in step (2[I]) above and explain why it
converges. We then show the relation of the sum represent-
ing H7*+"' (fixed n) at a given order v of the ®-iteration
procedure with the corresponding sum up to order v of the
perturbative series, in order to give an answer to the follow-
ing problem.

Several years ago Jaffe”® proved the divergence of the
perturbative series of a &3 model. So a two-part question
immediately arises: Does the ® iteration generate the pertur-
bation series exactly? If yes, then is there any contradiction
between the divergence of the perturbative expansion and
the convergence of the ® iteration?**

Following the “‘experimental” results coming from the
first three orders of the & iteration (cf. Appendix ® of III),
and following our discussion in Sec. II, which generalizes
these results (cf. Proposition 2.2), the total sum of the per-

FIG. 1. Graphical representation of the diver-
gent terms that are annihilated thanks to the re-
normalization procedure.

1[HT
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turbative series up to order v is present in the expansion of
H"* by the ® iteration. But apart from this there is another
sum added to the first, with the appropriate signs and coeffi-
cients, that contains larger orders of the perturbative series.
It is then clear that the fundamental difference between the
two approaches comes from the different way in which the
polynomials in A are arranged and summed in each of the
two approximations. So automatically there is no contradic-
tion if the @ iteration converges to a nontrivial solution, de-
spite the divergence of perturbation theory.

Section III is devoted to the presentation of the techni-
cal basis of our method. We first describe the zero-dimen-
sional problem and introduce the fundamental combinato-
rial notions mentioned in step (2), namely, the sweeping
factors. Then the splitting properties appearing through the
®d iteration are redefined in terms of the sweeping factors for
both zero- and two- (or one-)dimensional cases.

Finally, by means of two theorems presented without
proof (their demonstration being the aim of II) we state our
results concerning the ®§ , , equations of motion. These re-
sults constitute in fact a mathematically more elegant (and
simpler!) reformulation of the proof of the ® iteration’s con-
vergence to the solution.

Il. THE ©®-CONVOLUTION PRODUCTS AND THE @
ITERATION

This section contains essentially the presentation of the
& iteration (mentioned in the Introduction) with all the
detailed information we obtained “‘experimentally” using
this procedure, together with its relation to the perturbation
theory.

We shall distinguish two parts to this section.

(i) We start with some fundamental notation and defi-
nitions concerning the equations of motion of a ®} model
and the corresponding (formal) Schwinger functions
H"*'(q) (ge%?%,; &%, =Euclidean two-momentum
space) presented in detail in Ref. 15, and define the appro-
priate space % of the sequences H={H"*'}, with
n=1,3,5,... . Furthermore, we introduce the notion of ®-
convolution products. We define the three elementary oper-
ations of ®* type that are exactly the special convolutions
coming from the global terms of the equations of motion and
their respective graphical representations.

By repeated application of these operations, we obtain
recursively an arbitrary composition of these fundamental

_1

2
wq(J) = [qjlcq’ =12, j,= 2k + 1, keN; qjlmqu =2, IL=J]ql'l = q]’ Iqjl' =j» (h+h= n,

— — —-— 3 3 .
wn(I) = {q,-7Cq, i =2k + 1, keN, 1<I<3, g,,Ng;, =B T#£I"), ,ulq,.7=q], [lq,-,\ =i, 2r,=n].
= I=1
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convolutions and arrive at general ®-convolution products
(PC’s) with their corresponding graphs G,,. Finally, we de-
fine sequences of ®C’s appropriate for the convergence
proofs of the method, which we call coherent sequences of
$C’s (cf. Sec. III and I1).

(ii) In the second part of the section we shall describe
the structure and the features of the ® iteration in terms of
the above-mentioned $C’s at zero external momenta.

We end the section by showing recurrently (cf. Proposi-
tion 2.2) that at a given order v of the & iteration, and for
fixed n = 1,3,5,..., all terms up to order ~ A” of the corre-
sponding perturbative series are contained in the corre-
sponding expression H 7%, and we discuss this point.

A. Basic notation

In all of what follows, n = 2k + 1, k€N, denotes the
characteristic number of every Green’s function.

Definition 2(a): In the space of C= functions
7"+ '(q), ge€7;,, and n =2k + 1, keN, which formally
represent the connected Euclidean Green’s functions in mo-
mentum space and satisfy all the Osterwalder—Schrader axi-
oms,” we consider the equations of motion established in
Ref. 15 (cf. Eq. 2.40 of Ref. 15). Weset 8=0, ¥y =1, and

def
mj = m* — Aa=1. (Here m} is the bare mass, m* the phys-

ical mass, A the coupling constant, and Aa =8m? the mass
renormalization.) We have

(P31, + Dyt (P )

= — A[Inn+3(q’kl!k2)dkl dkz

+3y Jn”’”’(q,-,,k)dk 79+ (g;)

il

3 .
+6Y Hnil}i,f"] + 810> (2.1)

wh [=1

where

Po,= Y qi q€%%,, AcR. (2.1a)
p=1

Here {k,,k,}&7,, (resp. ke&?,, ) means the set of integra-
tion variables in the first integral (resp. in the second inte-
gral), and «+, (J) [resp. «+, (I) ] denotes the following parti-
tions of the set g = {q,,....¢, }e&7},:

(2.2a)

(2.2b)
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HnN
—= )n

FIG. 2. Graph of H"*".

Moreover, we shall use below the notation -, (J)
=(J1/2)s «wn(I)=(i)is03), and

Q,= 241’ o= Z 4q-

91€9;, 9147

(2.2¢)

We now consider the (formal) completely amputated
Green’s functions with respect to the free propagators (ex-
pressed in the bare mass), denoted by

n+1
H"* ()= ] AF '(g)n"* (@), (2.3)
i=1
where
Qi1 =3 4» Br(g)=1/(1+g) (2.3)

i=1
(cf. Fig. 2). We then write Egs. (2.1) in an equivalent way:
H?*(g,A) = — A[N;H*1(q,A) + ¢ + 1, (2.4a)

and

Hn+l(q,A) — _A[[N3Hn+3]

+3 3 [NHA T[N H

el
3 .
+6> ] [NIH"+']](q,A), Vn>3.
e (D) I=1
(2.4b)

Here we introduce slightly abbreviated notation for the con-
nected part of orders 3, 2, and 1, respectively, of the normal
product (see Ref. 15, Proposition 2.2):

— A[N;H"*°1(g,A)

3
E_Qﬁﬂw@hmngmmhﬁz (2.5)

=1

(Cf- Fig. 3),
— A[NH=+2)[NH"*+](g,A)
2
= H g, o) M) T Ar U )ak )

ji=1
XH"*(g; )Ap(Q),)
(cf. Fig. 4),

(2.6)

3 . 3 R
—AT[[NHE"™ Ngh) = —AT[H" 'Ac (@) (2.7

=1 I=1

J} n+3
Ny

)n  FIG.3.Graphof — A[N:H"*°].

/s
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J2+2

K

- ) FIG. 4. Graph of
e ) | — AINH# 2] [N, H"+1].
3 Ji

H],fl

(cf. Fig. 5). We shall call “®*-type operations” the convolu-
tions defined by Egs. (2.5)-(2.7).

In Figs. 2-5 the internal lines are associated with a free
propagator A (/;) [cf. Eq. (2.3)], where /; = I,(g,k) is the
momentum carried by the line / following the corresponding
momentum assignment. Moreover, each ‘“bubble” vertex
(with n + 1 incident lines—external or internal ) is associat-
ed with one H " * ! Green’s function, and the constant four-
vertex is associated with the constant ( — A).

Definition 2(b) (The space % and the nonlinear mapping
M) We introduce the space % of the sequences
H={H"*'(g,A)}, of C = functions H"* ' (with respect to
ge€?;, and AeR), which is described by the following
bounds: VHe4%, there exists a finite positive constant C,,
such that, Vn>1,

[H"+ ! (g,A)|<[MPCHM, . (@),
F+1, ifn=1,
1, if n>3.

(2.8)
Mn+ 1 (q) = [

The system of equations (2.4) defines a nonlinear mapping

L H
of # ontoitself, #: % - % .

Definition 2(c) [The ®-convolution products (®C’s)J:
Given any sequence H={H"*'(q,A)}e%, we associate
with it an infinite family .% of sequences—convolutions that
we call ®-convolution products ($C’s)—together with
their corresponding graph representations, called & graphs.
We shall define them recursively and call the final ® graph
G, . We first construct the “primitive” sequences of ®C’s
(resp. the corresponding disconnected primitive ® graph)
by application on H of one or more ®*-type operations de-
fined by (2.5)-(2.7) (resp. represented by Figs. 3-5). Then,
for every n, starting from a set of disconnected primitive
convolution products (resp. disconnected primitive ¢
graphs, which are subgraphs of G, —cf. the Appendix), we
label a subset of the corresponding external momenta (resp.
a subset of external lines). By using these labeled external
momenta as integration variables (resp. independent loops),
we apply successively in a unique way one or more uniquely
chosen ®*-type operations. This uniqueness characterizes

FIG. 5. Graph of — AII[N,H"*'].
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each particular ®C. In the Appendix we illustrate such a
construction for an example (cf. the first through fifth steps
successively). So from the initially disconnected compo-
nents (resp. the primitive disconnected ® graphs) we obtain
(a) one more and more complex ®-convolution product
(resp. one more and more complicated ¢ graph, a subgraph
of Gy ), and (b) the remaining disconnected initial primitive
®C’s (resp. O graphs).

The final step yields the general ®C denoted by
O (H)H"*"' (resp. the corresponding ¢ graph G, ) by
composition of the last one or two primitive disconnected
components with the ®-convolution product of the preced-
ing step.

The general form of the G, graph presents the following
characteristics.

(i) Every vertex of G, is either a simple four-vertex
associated with the constant ( — A), called a “dynamical
four-vertex,” or a “bubble” vertex associated either with
H "+ itself or with one of the other H"*' (i, =2k + 1,
keN, ! = 1,...,m, with m a fixed integer) Green’s functions of
the sequence H. These generalized vertices of G,, belong to
one or more subgraphs of G4, which are defined at a given
step of the above recursive construction.

(ii) Given the set ¢ = {q,,...q,}€&?;, of independent
momenta of H"*+'(q) we consider partitions -, (IJ) of
defined by

w,(IJ) ={g:Cq, k3Cq, ¢:Vk; =¢q, :Nky =3}.
(2.9)
These partitions are such that the lines (i.e., momenta) no¢
labeled at the starting point of the above recursive construc-
tion of G,, correspond to the subset g; (i.e., the remaining
external momenta). The subset k; corresponds to the la-
beled lines and represents the set of integration independent
variables (loops of G, ) of ®"(H)H"*'. Using a precise
momentum assignment (cf. also Ref. 15) we define the cor-
responding momentum 1, carried by each internal line i of
Gy:
I.=1,(q1,k3). (2.10)

So every internal line of G, corresponds to the free
propagator Ag(/;) = [/7+ 1]~". Finally, the above de-
tailed description of G, can be expressed in terms of the
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H(( k,rkzlk# Aeilr )
9%

i

FIG. 6. Graphical representation of the
SC O (HYHS.

explicit recurrent synthesis of all corresponding operations,
as is illustrated by the following formula for the ®C
&' (H) H °, represented in Fig. (6):

[®P(H)H 1 (g:A)

=[NH?][N,[N,[N;[N,H®) [N, H?]]1]

X [N [NH 1T [N H*1(g7,A). (2.11)

Evidently these analytical expressions are not always simple
to use, so for practical reasons we often summarize them in
the following global formula of the ®C:

[ (H)H"* '] (g1.A)

=(-— A)'V'J H"* '(qy,ky)Q)(H)H Ap (7,-)ko,
Go
(2.12)
where

q)(H) = II Hi,+ ](qiyk_']’A)’

=1

where m = some fixed integer, which means the number mi-
nus one of all bubble vertices of G,,, and where V (resp. |V |)
is the set of “‘dynamical” four-vertices associated with G
(resp. the number of the ®* operations defining the $C).

Sometimes, when a ®C results from the composition of
a primitive ®*-type operation with another more complex
®C, then it is necessary to write it explicitly. For example,
we write ®[NTPH"3] or @ [N TVH"
X [N, H?1, etc.

Definition 2(d) (The coherent sequences of ®C’s): For
later use, it is necessary that we introduce the so-called co-
herent sequences of ®C’s. We define them by reference to a
fixed n, and we shall use the notation {®*" (H)H"*'},.

Let us consider an arbitrary ®C constructed above [by
Definition 2(c) and described by (2.12)] such that the first
®*-type operation that acts on the H™* ' function is of type
[N-VPH?+'][N,H?] (exactly like the example
[N${YH®] [N, H?] of Fig. (6). We then define the two types
of coherent sequences (CS) of $C’s associated with a fixed
n>3 as follows.
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CS type (1):

2 . .
(a) OGP (HYH"'=0™ ()| ] Ni"’H"“N%"’H"“], Vn<i—2, n+i+i, =7,

=1

(b) QTP (H)H™ =™ (H) [N~ VH**'|[N,H?],
() OFHI(HYH"+ ' =™ (H)[NF+P[NF9[--- [Ny~ 2 [NPH ™' ]---]11), Ynsi+2.

CS type (2):

(a) q)gt,)n)(H)HrH— lE‘I’(ﬁ)(H)Nz(j’)Hj’+2N§j')Hj'+ 1,

(b) OE(H)H™ '=@™ (H)[N{~VH"+'|[N,H?],
(c) ®EP(H)H ™ '= 0@ (H)[N§+2[NF+O[-- [N~ [NPH"+']]---]], Vasi+2.

We notice that in the above definitions, except for the
first ®*-type operation, the remaining global ®C is the same
throughout the total coherent sequence: ™ (H). More-
over, the only difference that exists between the two types of
sequences concerns their corresponding parts with n<n — 2.

Given a sequence He % , we consider the corresponding
infinite family % of coherent sequences of ®C’s. We can
easily verify that every nontrivial subgraph of G, associated
with each of the ®C’s @™ (H)H " ' is absolutely conver-
gent. More precisely, for every elementary subgraph of G,
with one loop, the “most divergent” configuration is that
described by two free propagators (or two internal lines that
link one bubble and one constant four-vertex). Let &(S)
denote the asymptotic index of slow increase at infinity (the
reader is referred to the precise Weinberg definitions in Ref.
13 or Ref. 14) of the integrand with respect to a subspace
SC &7, (k= theintegral variable). In view of the assump-
tions (2.8) for every He % , we always have

as)<—4, (2.15a)

SO

dim S + &@(S)<2 — 4<0. (2.15b)

Following Weinberg’s criterion, (2.15b) ensures the conver-
gence of the integral. An analogous result follows for more-
than-one-loop subgraphs and G,, itself, which means that
the absolute convergence of every ®C is verified.

Moreover, by application of the second part of Wein-
berg’s theorem, we can obtain directly the precise asympto-
tic behavior of every ®C, as has been shown in detail in Ref.
15 for the primitive ® convolutions. We state the above re-
sults in the following proposition.

Praposition 2.1: When He%, every ®C element of the
corresponding family .# of the first and second types of co-
herent sequences [ (2.13) and (2.14) ] converges absolutely
and belongs to a Weinberg class of slow increasing functions
in the Euclidean space of the set ¢; of the external variables.

Definition 2(e) (Reductions): When some or all of the
H"*+ ' H" " functions of definition (2.12) (resp. some or
all of the bubble vertices of G, ) are replaced by the constant
1 (resp. by a simple point vertex), then we obtain the partial-
Iy or completely reduced ®C’s (resp. the partially or com-
pletely reduced graph) and denote it by & or
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(2.13a)

(2.13b)
(2.13¢c)

VYn<n~2, j,+1=n, orj =n and j +j,=n,

(2.14a)
(2.14b)
(2.14¢)

I

[ (H)N,][®@ P N,N,], etc. (resp. Gy, ).

Definition 2(f) (The & iteration): Starting from the
“free” two-point function H}(g) = ¢* + 1, we apply Egs.
(2.4) successively. In this way we define an iteration proce-
dure that we call the & iteration. The order v of the P iter-
ation is given by the equations

H3(gA)=A42_,(gA) +¢* +1, (2.16a)

H}* ' (qA) =A4721(gA) +BJX1(gA) + Ci1(gA),
(2.16b)

where the globalterms A 2% |, B2* 1, and C* | are defined

in terms of the corresponding ®* operations [cf. (2.5)-
(2.7)] as follows:

AT = — A[NH (g A),

BlIi= —3AY [NH:i*P1[NHL* ) (gA), (217)

@)

3
Cixi= —6AS [IINHLZ*!](gA).

gD =1

Let us denote by v,(n) the order of the @ iteration at which
the function H "+ '(g,A) starts to be #0. At a given order v
of the P iteration there is a finite sequence of functions
H"* ! corresponding to the same v,(n), i.e.,

v = v,y(n), (2.18)

if n is such that 3~ ! « n<3". Moreover, we define the char-
acteristic order v,(n) of a function H" ' by

v, lf n =N,

n 3" '<ng3,
v+ 1,

m>‘=[ (2.19)

if n>n,,,
where n,,;, means the minimal n of the sequence (2.18).
The study of the first three orders of the ® iteration up to
n=11,ie, {H"*', 1<n<1l, 1<v<3}, displays interest-
ing properties of signs, bounds, and particular factorization
properties. They are explicitly obtained in Appendix & of
II1. We have proved® that these properties are more gener-
ally satisfied for every n and at every order v of the ® iter-
ation. We present them below without proof.

Marietta M. Manolessou 2008



B. Properties conserved by the @ iteration

There exist, Yv> v,(n) and when 0 < A<0.01, well-de-
fined positive bounded sequences of continuous functions of
A—b,,(A), 6,,(A), &,,(A), €,,(A), d,(A), ¢,(A),
¢, { A)—such that for every coherent sequence of ®C’s the
following properties are verified, Vn = 1,3,....

®(1). Signs: ‘
(a) (— = l)/zs‘b [¢(ﬁ'")(H)H"+ !]q7=o >0,
m (2.20a)
So = H( _ l)u‘,—i)/z
Fa=1
[cf. Eq. (2.12)],
(b) H2(q,A)Ar(g)>1, ¢e&7,,,
(2.20b)

H(g,A) <0, ¢e&¢,,.

$(2). Simple splitting: For all n>3, 30<6_ < + o,
0< '}’o(A) <1,

[P (H) [NH" 1[N H?Y| 20
<8, (M) PP (H) AL '(H) [N H?1|, o,

(2.21)
with

Yo(A)F,,, (A)<6, (A) and limé, /A = const>0.
A-O
(2.21a)
Here

2 =
Arti=3 J[ H" A

(D 1=1

(2.21b)

For a graphical representation of the simple splitting, cf. Fig.
7 and Appendix P, Fig. ®.5) in IIL .

$(3). Doublesplitting: Foralln»3, 30<4é_ (A) < w0,
0<#(A) <1,

AOP(H) [NH Y, o
<3v,n +2 (A)i¢(ﬁ)(H)C:+ llq;=0’
with

(2.22)

Yo(A)<B,, (A<, (A), lim 3,,(A)/A? = const >0,

(2.22a)
and C”* ! defined by (2.17) (“tree” terms).
®(4). Convergence properties: For all n>1,
lq;(ﬁ.n)(H)H:+ llq;=0
<(1+&,, (AN (HH T 1|, ~o
lim €,,(A) =0, (2.23a)
)nol
== T,

e

FIG. 7. Graphical representation of the simple splitting.
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‘q)(ﬁ.n)(H)H:+ ‘Iq;=0
>l — €, (A) O™ (H)H"*!

R | ’q—,:O:

!1}2 €,.(A)=0. (2.23b)
®(5). Tree dominance: For all n>3,
|q>(i,n)(H)B:+ 1!q;=0
<d,,(A) | (H)CIHY, o, (2.24)
with
0<d, (A<l (2.24a)

$(6). Zero momentum dominance: For all n>1,
I¢(ﬁ’")(H)H"+lf

<1+ @, (M) @™ (H)H"*'|

?v,n (A) < + o0 .

® (7). The norms:
i(b(i,n)(H)Hn-)-l*q?:G

<(1 + av,n (A))(n— l)/Zn! A(n- 1)/2|q)(71.n)(H)Tq7=0’
(2.26)

q7=0?

(2.25)

&5%(1\) <$’0< o0 .

C. Remarks: The convergence to the solution of the ¢
iteration and the divergence of the perturbative series

Remark 1: By inspection of the above properties we first
notice that the characteristic signs, for all n>1, hold at zero
external momenta, while the positive (resp. negative) sign of
two-point (resp. four-point) functions are valid for every
value of the external momenta.

Moreover, the factorization properties that we called
simple (resp. double) splitting, in terms of lower 7
(ng<n — 2) Green’s functions, will be formulated more glo-
bally later (in Sec. III and in II) in terms of the dominant
contribution H"~'H? (resp. H" 'H*H?). Concerning
the “tree dominance” properties [the name comes from the
tree terms C "+ ! of (2.16) and (2.17) ], they are intimately
related to the zero momentum dominance and norm proper-
ties ®(6) and P (7). So they constitute the crucial features
for the conservation of the norms in 4 space (cf. also below
in remark 2, and in II where the fixed-point method is devel-
oped).

Remark 2: The proof of the ¢ iteration’s convergence to
the solution of Eqs. (2.4), given in Ref. 25, depends crucially
on the above properties. In other words, the conservation of
the signs and splitting properties is equivalent to the conver-
gence of the P iteration. We do not present here the detailed
demonstration; nevertheless, it is worthwhile to explain
schematically how the above features ¢(1)-P(7) are com-
bined in the general strategy to yield the final answer.

The argument goes recursively. We suppose that & (1)~
®(7) aretrue up toorder v — 1 and forall 1<n<3*~'. Then
the sign properties ®(1) yield the good sign ( — 1)"~ 1”2
for the global terms A2+ and C?*] of (2.16), and the
opposite sign for B+ |. Due to the tree dominance property
$(5) (up to order v — 1) and the previous result, we obtain
the good sign of every H”+! at zero external momenta to-
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gether with the “positivity” (resp. negativity) of H2 (resp.
H %) when 0 < A<0.01. Furthermore, by application of the
convergence properties ®(4), a secondary recursion (over
7, with 1<%<n — 2 and v fixed) is established to show the
simple double splitting as well as the tree dominance $(2),
®(3), and P(5), always under the condition 0 < A $0.01.

These resuits, in turn, are necessary in order to prove the
convergence properties ®(4) and the zero momentum
dominance ®(6). Then these last properties directly imply
the conservation of the norms ®(7); so the total “loop” of
the recurrence hypothesis is closed. By a simple argument of
convergent infinite products [combining ®(4) with ®(7)]
we finally obtain the complete answer.

By this brief presentation one realizes that the conver-
gence of the P iteration has been possible only thanks to
these properties. On the other hand, the solution we found
[for the system (2.4)] as a limit point of the & iteration,
when v— oo, satisfies all of them.

These are precisely the reasons that motivated us to con-
struct our method by formulating the structure of the ¢
iteration, described by ®(1)-®(7), in terms of the appropri-
ate subsets in the space #. Moreover, the existence of the
solution is proved inside these particular subsets (cf. Sec. HI
and Paper II, Sec. 4).

Remark 3: Another interesting aspect of the ® iteration
is the fact that, at fixed » and for every v sufficiently large
{(v>v,(n)), it contains all terms up to the order v of the per-
turbative expansion. More precisely, following the details of
Appendix ® of 111, we can verify that in the first three or-
ders, for every fixed n, all terms (graphically, all Feynmann
graphs) of the corresponding perturbative series proportion-
alto ~ A¥, with ¥<3, are presentinthe 4 2, orthe B2+,
orthe C2* ! terms (graphically, the G,, graphs of the global
terms) of the @ iteration. Moreover, supplementary terms of
the perturbative expansion of order larger than v>3 appear
even for v = 2 (see, graphically, the example of Fig. $.3 in
Appendix ® of III).

Using these properties as the starting point, we establish
a recurrence hypothesis up to order ¥<v — 1. We verify
them for the order v by simple application of this recurrence
hypothesis on the global terms 47+],B+!, Ci*] of
(2.16) and (2.17). (Notice that A multiplies
H"-'H?> H?>_ ,,etc,or H'*!H? etc,or H*}.)

We state this result in the following proposition.

Proposition 2.2: Let n be fixed. At every order v of the ®
iteration such that v»v,(n) [cf. Eq. (2.19) ], all terms of the
corresponding perturbative series proportional to ~A”
with 0<V<v, are contained in the rhs of the expansion of
H"*'0of Egs. (2.16) and (2.17). Moreover, supplementary
terms of the perturbative expansion proportional to A%, with
v2v+4 1, exist distributed inside the global terms
ALY BHL,Ct ) of Eq. (2.17).

In other words, we have proved that at every fixed n, the
expansion provided by the @ iteration is a (convergent) re-
ordered summation of the perturbative series in the form

v o
lim Ho*' = lim{ S AT S
Vv—~ a0 veo{y=1 y=v+1

cT,A“} .
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So finally, as we already argued in the Introduction, our
Remarks 1-3 above eliminate the contradiction between the
convergence of the & iteration and the divergence of the
perturbation theory*® in the two-dimensional Euclidean
space.

ill. THE ZERO-DIMENSIONAL PROBLEM, THE
SWEEPING FACTORS, AND THE SPLITTING
CONSTANTS

In this section we shall present the fundamental ele-
ments of our formalism, which is developed in Papers II and
I1I1. These elements are reformulations of the notions and
properties revealed by the & iteration presented in Sec. II.

A. The zero-dimensional probiem

We start with the description of the zero-dimensional
problem and the corresponding space, % ,. We also explain
how the zero-dimensional study provided us with the basic
combinatorial tools for the technique of the method. We in-
troduce the sweeping factors 8, by the so-called sweeping
procedure, and then define in terms of these factors the split-
ting procedure and the corresponding sequences {5, (A)},.
The splitting constants §, (A) have already appeared in the
splitting property ©(2) of the & iteration in Sec. II. We
mentioned there (cf. remarks 1 and 2) the role of the factori-
zation, or splitting, property in terms of bounded positive
functions of A, 8, (A), for the self-consistency of the overall
P-iteration structure.

In the second part of the section, we translate the pre-
vious definitions in terms of the elements of coherent se-
quences of ®C’s (in the space # ) at zero external momenta,
i.e., we introduce the sweeping factors 3, and the splitting
constants 8, to be used extensively in II for Egs. (24).

Finally, using these definitions, the ® iteration’s conver-
gence to the solution (thanks to the signs, splitting, and
norms) is reformulated in terms of two theorems, Theorems
3.1 and 3.2. These theorems state the results of our method
concerning the zero- and two-dimensional problems, and
their proof constitutes the purpose of Paper II. We close this
section and the paper by some remarks concerning the four-
(and three-)dimensional problem.?"

Definition 3(a) (The subspace %, of % ) We consider
the subspace BCHB of  sequences H,
={H]*"(A)},_,, . of continuous functions of AcR™,
characterized by increasing properties with respect to n de-
scribed as follows: For all He % , there exist finite positive
constants ¢, such that, Vn>1,

ng—t» I(A)an! C‘f;;+ !)/2‘
Definition 3(b) (The zero-dimensional problem): We de-

7

fine the nonlinear mapping .# ,: #,— %, by the system of
equations
HI(A)= — AH}(A) + 1, (3.1a)

HI*Y(A)Y=A2 Y (A)+ BT H(A) + C2HHA).
(3.1b)

Here
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ATV (A) = — AHJ(A), (3.2a)
B}t (A)= —3A E 0} HE 2 (MHLY(A), (3.2b)
ce- (J)
Cat'(A)= —6AY 67, HH"“(A), (3.2¢)
Py )) =
with
0}, =n/jljy O, =[n/i Qi oy, (i) ],
W, if QAL
Oom (hiaiy) = {3\, if iy =i, =i, (3.3)
2!,  otherwise,
and the following set of partitions c(J), «(I) of n:
w()={j,=2k+1, keN, j,=n—j},
and equivalent notation (j, j,), (3.4a)

3
w(]) = [[, =2k+ 1, keN, I= 1,2)3, Zil =n}’

I=1

and equivalent notation (i,i,i;). (3.4b)

Remark I: The study of the above system (3.1) is called

the zero-dimensional problem, and it is carried out in detail

in I1. We have obtained this system directly from the system

(2.4) of Sec. II by eliminating all momentum dependence

and by identification of every ¢ convolution with a factori-
zation of the constant 1.

Following Sec. II the system (2.4) has been derived, in

turn, from the definition of the renormalized normal prod-

uct,'® which constitutes the starting point of the method. So

as we explained in the Introduction, a crucial test of the
method should be to verify the equivalence of Egs. (3.1)
with the analogous system one obtains starting from the
standard functional integral formula.'® Under an appropri-
ate renormalization condition on the two-point function, the
equivalence, together with the identification of the corre-
sponding solutions of the two zero-dimensional systems, has
been established thanks to numerical calculations of
Voros.”

In Appendix V of I1], we present in detail the procedure
of this verification, as well as the corresponding numerical

results.
Remark 2: The absence of the complexity due to the

®C’sin two (or one) dimensions makes the zero-dimension-
al problem particularly attractive. Its simplicity has been
appropriate in order to formulate all properties of the ® iter-
ation (cf. Sec. II) in terms of notions more elegant math-
ematically.

In other words, this particular simple form of the system
(3.1) stimulated us to explore combinatorial properties of
the global terms C5* !, B3+ ' of the system, which in turn
allowed us to develop completely the formalism (splitting
norms) in zero dimensions.

Thus the extension of the technique in the dimensional
cases has been directly through the study of a family (cf.
Paper 11, Sec. 4) of zero-dimensional-type systems.

B. The sweeping factors

Let us first introduce the sequences of the so-called
sweeping factors that play a fundamental role in the combi-
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‘role of the sequences S,

natorial structure of the system (3.1).

Definition 3(c) (The sweeping procedure): For every n>3
and A€R™, we define the sequences 8, [resp. B}, for every
triplet (i,i,i,) with (i;>i,>;)] of sweeping factors by the
following:

ﬁszﬂs‘—‘l
|Ca+Y =3An(n—1)B,|HL | |H2%, Vn»7, (3.5)

with C2*! defined by (3.2c). (From now on we shall very
often omit the argument A for simplicity.) Respectively, for
every fixed partition «(7) with L3020,

\zo.,,,nh:;'*‘
1

n__gar..

[T 1,

i)

+B2 . .‘IHO-—'| \HEY | HE+Y,

i,<1,, 12<12(11), if ?3>'1=3Ei3 mil‘l(71 —2),
(3.5a)
0% [1Hs™
2(‘7) ‘11:[1
Bz, 777‘1-[ |HE,
i<iy, b<i(i), if ?3<;'3, (3.5b)
where 13 iy min(i; — 2) means the minimal value of i,

among the triplets w(I )= (1l — 2,i5i5).

From the above definitions one realizes the qualitative
(resp. B7,.). Starting from
i; min=[n/3] they “sweep” all the terms—all possible dif-
ferent configurations (i;i,i;)—of the sum C2*!, and they
replace them by an expression in terms of only the “largest”
contribution |H§~'||H|* (resp. |[Hg ™~ '||HG ' ||H§*'|
and TI3_ , |H " ™" '|). For this reason we called this operation
the sweeping procedure

In Appendix 7 of III we have evaluated the precise
number of different terms (partitions) inside the total or-
dered tree sum C* ! and denoted it by .7 ,; we found that

T, =(n—13)*/48 + (n —3)/4. (3.6a)

On the other hand, using the sweeping procedure, we prove
in I1I that every sweeping factor S, is proportional (up to a
factor smaller than 1) to .7 ,,. Schematically, for sufficiently
large n, we can write

B, ~Z o~ (3.6b)

So the sweeping procedure yields by (3.5) a form for the
global term C§ + ! of Egs. (3.1), which simplifies the studies
in II and I1I, and simultaneously carries precise combinato-
rial information about the tree term.

We also note that in II, analogous sweeping factors—
denoted by a,—will be introduced by a corresponding
sweeping procedure inside the global term B3+ ' of Egs.
(3.1), which are proportional to ,, ~ n. Due to their advan-
tages explained above, the sweeping factors constitute the
basis for the definitions and proofs of the method presented
below and, essentially, in I and I1I.
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C. The splitting constants

Definition 3(d) (The space % 5 and the splitting proce-
dure in %, ): We consider the space of infinite sequences of
C = functions of AcR* denoted by §=1{5, (A)}, and satis-
fying the following increase properties: For all & there exists
a finite positive constant ¢, such that |§,|<C§" =72, Vn.
We call this space # 5. With every sequence HeZ , we asso-
ciate a sequence 6€ % s by the following recursion:

|Hi|=1+6,(MA, |H| =8(A)H3

3.7

HS| = 46,(A)|H3| |H3), (372)
and, Vn>7,

[Hat ' (A)| =6, (MB, (A HEZ | |HE. (3.7b)

Here the sequences 3, (A) are the same as those intro-
duced by the sweeping procedure of Definition 3(c). This
kind of factorization (by analogy to the corresponding prop-
erty of @ iteration) of every H2"'(A) in terms of the
“neighboring” H2~'(A) and H2(A) we call the splitting
procedure or, simply, “splitting.” The associated sequence
{8, (A)} is the sequence of splitting constants.

The above definitions can be extended in the dimension-
al cases as follows.

Definitions 3(e) (The sweeping factors *3,, and the split-
ting in 23 : (i) Letting H e % , where a coherent sequence of
PC’seF (cf. Sec. IT) acts on H,, we trivially verify that the
corresponding completely reduced coherent sequence of
®C’s factorizes out; in other words, VYn = 1,3,...,

DD (H)VH?|,, _o = (1 + ®6,A)|®™V(H)|, _o, anddefine *HZ=1+ 5 A;
|OFD (HYH |, o = ®85(A) [CH}3 1?7 (H)|,,—o, anddefine ®HE="5,[H2]%
|@ " (HYH |, _o =4%85(A)|PH | |*H}|, anddefine “H§=4%6,|"H| |*H}|;

O (H)H = [[HET Hy &0,

=1

(3.8)

Due to this factorization property one can define sweeping
and splitting procedures analogous to the ones of the zero-
dimensional case above for every coherent sequence of ®C’s.
To be precise, we introduce the tree terms of zero-dimen-
sional type for a given coherent sequence of ®C’s, ¥, by

—~
def

3 3
*Citl=—6A S HH3+‘[<1>("-">HN§"’] . (39)
(D) =1 =1 q1=0
We then define the corresponding sweeping factor ®8, as
follows:
*Cot! | =3A%B,n(n— V[HG™'| |H}|?

~

3 -
X lq,(ﬁ,n) HN£11)|]
=0

I=1

(h=n—=2 hL=i=1). (3.10)

Moreover there exist expressions analogous to (3.5a) and
(3.5b), which define (at fixed n) a general sweeping factor
®B 1. corresponding to an arbitrary fixed partition « () of
n and the associated partial ordered sum of |*C§* | (cf. II).

(ii) For every He %, and for a given coherent sequence
of ®C’s, {@*" (H)},e%, we introduce the corresponding
splitting sequence ®6€4 ; by the following recursive proce-
dure:

(3.11a)
(3.11b)
(3.11c)

and, Vn>7 recurrently, taking into account the definition (3.10) of ®8, in terms of "H [+ !, VAi<n — 2,

|q)(ﬁ,n)(H)Hn+ l'

;=0

=%5,(A)*B,(A)|®H 7| |*H}| |E>‘“’"’(H)|ﬁ=0, and define |*H3+'|=%5,%B,|*H~"| |*H3|.

We call the above procedure the splitting procedure in &.

We notice that the sequence *H,={®H* '}, defined
by (3.11a)-(3.11d) belongs to % ,. That means the splitting
procedure in % yields sequences of zero-dimensional type
by factorization of the (partially) reduced ®C’s. This fact
implies that it is possible, once the fixed-point method is
formulated to resolve the zero-dimensional problem (cf.
Sec. 3 of II), to extend it in two (or one) dimensions.

The solution of the two- (or one- )dimensional problem,
presented in Sec. 4 of I1, is precisely the realization of such a
nontrivial extension.

Using the above definitions we finally present, by two
theorems proved in II and III, our results concerning the
zero- and two-dimensional problems. These two theorems
translate into a more mathematically consistent language

2102 J. Math. Phys., Vol. 29, No. 9, September 1988

(3.11d)

the positive answer we obtained by the & iteration for the
existence of a solution for Eqs. (2.4) under the conservation
of signs, splitting, and norms in % space.

Theorem 3.1: when 0 < A<0.01, the system (31) [cf.
Definition 3(b) ] has at least one nontrivial solution He %,
that satisfies the following properties.

(i) Signs and splitting:

Hi=148A; H)= —5[H2]

A= — 48, HIHS,

Ayt = —5,B,H

(3.12a)

(3.12b)

Here (a) the splitting sequence & = {8, }, is a well-defined
positive bounded sequence in # 5 [cf. Definition 3(d) ] with
precise slow increase properties (cf. II), and also
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lim 8, (A)/A =const, Vn=13,.; (3.13)
A-0O

and (b) the sequence of sweeping factors B, [defined by
(3.4) ] can be explicitly expressed recurrently in terms of all
8;’s with i<n — 2, and satisfies [cf. Definition 3(¢) and 11]

B,(A)~T , ~n%/48.

(ii) The above solution H, coincides with the standard
solution of the equations analogous to (3.1), obtained di-
rectly by the functional integral method (cf. II1).

We also note that in II the uniqueness of H,, is estab-
lished inside a restricted subset of %, characterized by
(i) (a) above and some order relations of the splitting se-
quences {5}

Theorem 3.2: When A satisfies 0 < A $0.006, then the
system (2.4) [cf. Definition 2(a)] has a unique nontrivial
solution HeZ that satisfies the following signs and splitting
properties at zero external momenta: For any coherent se-
quence of ®C’s {® " (H)}, there exists *Hc 4 , such that

{CI)""”’(H)H"+ l}g;zo = QI.IS'*' 1{&)(7.,")(11)}?7:0’

(3.14)
with

YH2=1+%8,A, ®H}= —*5,(N)[*H}]?

*HS = — 4%°5,(A)*HL®H, (3.14a)
and

Hy+'= —*5,°B,°H;~'""H}, Yn>7.

Here (a) the splitting sequence *5={®5},, is a uniquely de-
fined positive bounded sequence in # 5 (cf. Definition
3(d)] depending on the coherent sequence of ®C’s, satisfy-
ing precise slow increase properties (with respect to ) and

lim %5, (A)/A = const > 0; (3.15)
A0

and (b) the sweeping factors "’E,, [defined by (3.10) ] can be
written in explicit recursive expressions in terms of all *5;’s
with i<n — 2, and they satisfy
B, ~T , ~n/48

[cf. Definition 3(c) and II]. We again notice that the
uniqueness has to be understood in the sense that there is no
other solution of Eqgs. (2.4) in & satisfying the above signs
and splitting properties at zero external momenta.

IV. FINAL REMARK

Analogous results are obtained in four dimensions (or
three dimensions) for the corresponding system of equations

- ; HI,H
H =Hi+'= —L%‘/
V2 - ’
/

s
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derived by the definition of the renormalized normal prod-
uct [cf. Egs. (3.6) of Ref. 15]. The supplementary ingredi-
ents in this case are (a) the renormalization operators that
are nontrivial now and have to be taken into account, and the
particular consequences of this nontriviality concerning the
signs and splitting properties, in terms of the renormalized
convolutions; and (b) the interpretation of the physical re-
normalization parameters (defined in Ref. 15) in terms of
this solution.
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APPENDIX: RECURSIVE CONSTRUCTION OF G,,
GRAPH (EXAMPLE FOR SEC. Il)

We are given
. 24 . 6 e
ms EJ HY ] A () [ B dks,
[EN | =1
ie.,
6 -
SHEHY=T[H"" "
I=1
In all the steps below the double arrow = signifies graphical
representation of the function that appears to the left of the

arrow.
Zeroth step (choice of primitive subgraphs of Gy, ):

(7))

(72)
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~ . 14 -~ -~
HhE[Nzﬂwl](H AF(I,-))H’7+‘AF(1,5):> A ()
i=13 5
/J"'”
/~ ﬂl‘fl
I?Y‘EHi‘+1:> —/—E ’ (74)
/¥
] .
~ | 0 ) 18 ”/‘H
H,,E[NgHW](H AF(I,-)): , (75)
i= 18
20
HJ;H
H =H"+*'=> —]-—E ) (%)

24

[The constant { — A) has been omitted for simplicity, but it has to be understood at every constant four-vertex, i.e., associated
with every operation N;, N|\N,, or N\N|N,.]
Remark: Notice that in this example the primitive subgraphs (y,), (¥,), and (y,) of G4 are “‘simple bubbles.”
First step: .
IR
. ALt
)7 8
penseio ol

H, =[N,H, (_H Ap (1) )X H, A (1) = < I, (r7)
i=4,5 /‘ 2
13 9
and ﬁy‘ﬁ},‘flhfln => disconnected (35) (¥4) (¥s) (¥,) as in zeroth step).
Second step:
H?’x_[N3H77 ’ (%)

and f],,_‘ I?h I~1,,ﬁ I?,,h => disconnected (¥3) (74) (¥s) (¥e) as in zeroth and first step.
Third step:

ﬁrg EI?Y“AF (TlO)XﬁyJAF (711)XE7‘AF(7|2):> 7e)
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and H, H, = disconnected (¥s) (¥) as in second step.
Fourth step:

H')’mE[NZTIYo] (H AF(II )Xfly,AF(72l):>

i=16

and H (as in third step) = (7/6) disconnected.
Flfth step:

H GQ)—[N2 ru (H AF(I ))XHI“+IAF(724):>

§=22

’ (710)

/,H
Iz i,H
/llf
5 Hl_.}l ﬁ

This is the final ® graph G,, with which the ®-convolution product H ® is associated.
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A necessary and sufficient criterion for the existence of quantum fields related to a given local
net of algebras of observables is proved. This criterion is written in terms of the “conjugation
operators” .S, of the local algebras .27(¢). It shows that the modular structure of the local
algebras essentially determines the corresponding quantum field theory. In the case where the
local net of algebras is conformally covariant the criterion gives the result that the existence of
quantum fields depends only on the representation of the conformal group and does not
depend on the concrete form of the algebras. For the proof of the criterion the fact that a
quantum field related to a local net of algebras can be essentially characterized by one vector is

used.

I. INTRODUCTION

In the last years the relation between the general theory
of local quantum fields and the theory of local nets of alge-
bras of observables has been studied and some progress has
been made on this question.'™ For instance, the following
problem has been solved': Suppose we have a local net of
algebras of observables and a set of quantum fields related to
this net. How can we recover these quantum fields (and all
other quantum fields related to this net) from the given alge-
bras?

If we consider the local net of algebras of observables as
the primary object then a natural question is whether, for a
given net, there exist quantum fields describing the same
theory. It is difficult to answer this question. Probably the
answer is yes only under additional assumptions on the local
net of algebras (assumptions that go beyond the usual mini-
mal assumptions). The aim of this paper is to prove a neces-
sary and sufficient criterion for the existence of quantum
fields in the case where a local net of algebras of observables
is given. Roughly speaking the criterion says the following:
Assume there is a vector w, (from an energetic weighted
space) invariant under the action of the “conjugation opera-
tors” S, [S,:4w—A*w, Aco/ (), wisthe vacuum] fora
sequence &, CR* shrinking to the point zero. Then a quan-
tum field affiliated to the given local net exists. Conversely, if
a quantum field affiliated to the given local net exists, then
we obtain such a vector w, with the properties above [the
case that @, =cw gives the “trivial quantum field”
A(f) =c,1].

This criterion can be applied to a local net of algebras
which is conformally covariant. In this case all quantum
fields affiliated to the local net of algebras can be described
by eigenvectors of operators given by the representation of
the conformal group. Thus the question of the existence of
quantum fields is determined by the group representation
alone and does not depend on the concrete form of the local
algebras of observables.

For the proof of the criterion we use the fact that a quan-
tum field (related to a local net) is essentially characterized
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by one vector w,: = 4(0)w, where 4(0) is the quantum
field at the space-time point zero.

Il. LOCAL NETS AND QUANTUM FIELDS

First some necessary definitions are given. In particular
we define what a local net of algebras and a quantum field are
to be in this paper.

We assume that there is a strongly continuous unitary
representation 7, of the group R*3x on a separable Hilbert
space 7. Further we assume that there is a vacuum vector
we?, ie., T o = o for all xeR*. We assume that the spec-
trum of 7, is contained in the closed forward cone
V,: = {xeR* x,>0, x2 — X250}, with x = {x,,X}, where x,,
is the time component of x. The self-adjoint generators of T,
are denoted by P = {H,P,,P,,P;}. We use the short notation
R:=(1+ H)™ ' (note H>0) and C* (H): = N?_,R" .

A four-tuple {7, T,, w, o/} is called a local net of
algebras if it satisfies the following assumptions.

(A1) To each open set & CR* there is assigned a von
Neumann algebra &/ (F)on ¥ and & = U, (7).

(A2) #,C &, implies &/ (7 ,)C (& ,) (isotony).

(ADNT. A (O)T_, = (F + x), xR* (translation
covariance).

(A4) wis cyclic and separating for each algebra .« (&),
where & and its causal complement &, (the interior of the
set {xeR*; (x, — yo)? — (X —¥)2 <0,y }) are nonempty.

(A5) Let &, be a sequence of open sets of R* such that
6,20,,1, N,0,CO. Then N, A (F,)CH(F)
(continuity from the outside).

We call the local net of algebras causal if 7,C &, . im-
plies 4,4, = A,A4, for all A€/ (&) and A, (Z,). We
call the local net of algebras Poincaré covariant if there is a
representation by unitary operators U(g) of the restricted
Poincaré group #' 3g such that T, = U({x,1}) and
(A3) is true with T, , x replaced by U(g),g. The local net of
algebras is called CPT covariant if there is a CPT operator
(6w = »,0%=1,0T, = T_ 6, Oisantiunitary) such that
64 (0)0 = ( — ). Causality, CPT covariance, and
Poincaré covariance are not included in the list of assump-
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tions on the local net because we do not need to make these
assumptions to prove the results in the following sections.

Next we introduce smooth subalgebras of &/ (&) and
& (&) [the commutant of o/ (&£)]. We write e, ()’
[Adesl (O)] if Aed(F) [dexd(F)], AC™ (H)
cC*(H), A*C*(H)CC=(H), R"AR~™, and
R™A*R —™ are bounded for all m =0,1,2,... . Further we
introduce

Ci= U L(0), €= U L(0).

Using (A2), (A3), and (AS5) we obtain that &7 (Z)’ is
strongly *-dense in & (&)’ and therefore &', (x) is strongly
*-dense in ¥ (x). Naturally the algebras & (7)), &, (Z),
% . (x),and ¥ (x) transform covariantly under the action of
the translation group.

Now we introduce the notion of a quantum field. Our
notion is very wide. In particular the domain of the field
operators A( f) can depend on the support of f. This is in
general necessary to have a tight connection to the local net
of algebras.

A five-tuple {#, T, w, Z (), A(-)} is called a quan-
tum field if it satisfies the following assumptions.

(Q1) For each open bounded set & CR* there is a dense
set () in 5 such that Z(£)CC>(H), T,Z (&)

=9 (0 +a),and weZ (F).

(Q2)A():C& (R*)Df-A(f)isalinear map into the
set of closable operators on &#°. For all fcC & (R*) and all
open sets & such that & Dsuppf we have Z(0)
CdomA(f) and A(/)* | D () =A(f) | D (). We
can putdom A( f) = Z (&) with &, = supp f.

(Q3) For fixed /CR* and ucZ (L) the map
Ce(O)YSf-A(f)u is strongly continuous. For vectors
veN , Z (&) the map can be extended to a strongly contin-
uous map & (R*) Df-A( f)v.

(Q4) Let acR?, fcCZ(Z), and ueZ (& + a). Then
T, ACf)Y T_ u=A(f,yuwithf, (x) = f{x — a). For vec-
tors ueN , Z (&) this holds also for f&.% (R*).

We call the quantum field causal if

(A uAS)0) = (4 F)uA(F)v),

for all vectors u,pe 2 (£ ,)NZ (& ,) withsupp /; C &, and
&,C &, .. We call the quantum field Poincaré covariant if
there is a strongly continuous unitary representation U(g)
of the restricted Poincaré group #'_3g such that
T, = U({x,1}) and (Q4) is true with T ,x replaced by
U(g).g. The quantum field is called CPT covariant if there is
a CPT operator 8 with 82(F)YCHD(— ) and
6A(f)0=A(f;), where f, = f{ —x).

A special class of quantum fields is of considerable inter-
est. A quantum field is called energetic bounded if thereis a
natural number s such that ||[R°4( /) R*||<|f|., where |-|,
is some Schwartz norm.! In this case we can assume that
D () = C= (H) for all open bounded sets & CR* without
loss of generality.

If a quantum field is to belong to the same theory as the
local net of algebras then we expect the following relation for
all £C5(O), Cedl ,(F), and u,ve P (), where & is an
arbitrary open bounded set of R*:
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(A(f)v,Cu) = (v,CA(f)u). (1)

We say the quantum field {7, T, 0, Z (), A(*)} is rela-
tively local to {2, T, o, &} if (1) is fulfilled. In this case
we shortly say that 4(-) belongsto Q.

Now we introduce the sets & o (F):=1{u= By,
veD(0), Be ((O)}and D ,(F): = o (£ ) w. Then
we have the relations .@(ﬁ)g.@d(ﬂ)g.@d(ﬂ). It is
not difficult to verify that {%, T, 0, Z _, (-), A4(-)} and
T, 0, D,(),40) | D, ()} are quantum fields
[in the case where A4(-) belongs to Q.1, where
A(f):=A()* | D, (O) forsupp f= & . The proof fol-
lows easily from (1) (see the proof of Proposition 1 in Ref.
3). The three quantum fields differ in their domains.
The main point is that the extensions A« f) and A( I

' D, (F), where supp f= &, are affiliated to the von
Neumann algebra 7 (&). Thus if the local net is causal then
the quantum fields belonging to @, are also causal.

For the algebras &7 (&) we can introduce the conjuga-
tion operators S, defined by

S,Av:=A*w, AeA(0). (2)

If £ and & are nonempty, then @ is cyclic and separating
for &7 (&) by assumption (A2). Thus the operators S, are
closable and antilinear. The polar decomposition
S, =J, AY/? defines the modular operator A ,, the modular
conjugation J,, , and the modular group A%, teR. The conju-
gation operator for the algebra & (#)' is §% } ¥/ (F)w
(for details on these operators see Ref. 5).

Let &, be a sequence of open bounded sets of R* such
that ¢, shrinks to the point zero. Then we call £, a shrink-
ing sequence. A sequence f,€.¥ (R*) such that f, (x)

= f,(x) andf, *¢ tends to ¢ in the Schwartz topology for

each ge.¥ (R*) is called a S-function approximating se-
quence. We set f,, (y): = f, (¥ — x). Note that for each
shrinking sequence &, there is a 5-function approximating
sequence f, such thatsupp f, C & ,.

HIl. ENERGETIC WEIGHTED SPACES

Let n be a natural number. Then we introduce scalar
products and norms on C* (H) by

(4v),:= (R ~"u,R ~"), |ull,:=|IR ~"y|,
() _,:=(R"w,R™), |u||_,:=]|R"u|.

The corresponding Hilbert spaces (energetic weighted
spaces) are denoted by 5¥°, and 5 _ ,,, respectively. In the
following, operators on 77, 7, , and 57 _ , are denoted by
the same symbol if they agree on a dense set
G CH,CH CF _, (dense in each of these spaces).

It is obvious that T, is also a unitary representation of
R*Sx on #,,5 _,. The operators C from o« (&),
& (O), €,(x) are bounded operators on 5, % _,. If
we have a strongly continuous unitary representation U(g)
on # of the restricted Poincaré group Z'  with
U({x,1}) = T, then the operators U(g) are also bounded
operators on %, # _ . This follows from the commuta-
tion relation with exp{ — itH}.

Proposition 1: Let ¢ CR* be an open set such that & and
& . are nonempty. Thenthesets & _, (&) = o, (7 ) w and
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o (O )waredensein 7, 7 _
n.

. for each natural number

Proof: (1) 77 _,,. Let % beadensesetin 5. Then 4 is
also contained in #” _ , and is dense in 7 _ ,, because of the
simple estimate |lu|| _, = ||[R"u||<|||, for ue X’ CH# _,,
and the fact that #” is dense in #° _,,. Since & (&) w is
densein # and &/, (& )’ is dense (strongly *) in &/ (£ )’ we
obtain that & (£ ) w is dense in 7. This shows that
A, (F) wis dense in 5 _ . For & there is an open non-
empty set &, C & and € >0suchthat {7, + x; |x| <€} C .
Then for each element Ceo/(#,) there is a sequence
C,e« () such that C, tends strongly to C [take

C, = ff,, (x)T,CT_ dx

with f, a O6-function approximating sequence]. Since
(& )w is dense in J#° we find that &7 (& )w is dense in
# . Thus & (€ )ewis densein 57 _ .

2) 77,. Assume uc#’, and (u,Cw), =0 for all
Ce/ (). For & there exist a set &, and €> 0 such that
&, is nonempty and {& + x; |x| <€} C & . Thus

0= (u,T.CT_,w),=(T_,uCw),,

for all |x| <eand Ces/ (& ,)’. Here T _ , u is strongly con-
tinuous in x. By integration we get

(2#)_2Jf(x)(T_xu,Cw),, ds = (f(P)u,Cw), =0,

for all feCg(d,), O, ={x; |x|]<€}. Thus
(R ~2"f(P)u,Cw) = 0. Since the set of vectors ./, (& ,)'w is
dense in 7 we obtain R ~ 2’?"( P)u = 0. We consider a func-
tion fsuch that f(p) #0, for all peR*, and supp fCO, (such
a function exists). Thus for this function R — 2" f(P)u =0is
only possible if u = 0. This implies that ./ (& )'wis densein
Z7 . Similarly we can prove that &7 (& )'wisdensein 77 ,. B

From the proof of this proposition it also follows that
the sets R™" o/ () w, R" o/ (O )w are dense in 77,
#,,and 7% _, forallm=0, +1, +2,..andn=1,2,...
Further we immediately see that the sets &/ (Z)w and
2 (O ) o are dense in 5% _,,.

Proposition 2: Let ¢ CR* be an open set such that &
and its causal complement ¢_. are nonempty. Then

» | & (& )wisaclosable operatoron #° _ , for each natu-

ral number n.

Proof Since S,Aw=A*weCF _,, for all
Aeo/ (O),and o (£ )wisdensein # _ , theoperator S, is
well defined in 5% _ ,,. Further we have for all Be# (&)’

R-"S*R"R ~"Bw =R ~"S*Bw
=R ~"B*»=R ~"B*R"w.

Since the set R =" o7, (& ) w is dense in 77 (see the remark
after Proposition 1) the operator R~ "S % R " is well defined
on a dense set in 77 for each natural number n. Now it is not
hard to show that the adjoint operator S'*’ in % _, is con-
nected with the adjoint operator S$% in # by the relation
S® =R-9% R?" and S ¥ exists onadensesetin 7 _,
if R~"S*R" exists on a dense set in /. Thus we obtain
that the adjoint of §, in % _ , exists and therefore S, is a
closable operator in #° _ ,,. ]
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Wedenote the closure of S, | & (& )win# _, by the
symbol S, .

IV. GENERATING VECTORS FOR QUANTUM FIELDS

In this section it will be shown that a quantum field
relatively local to a given local net of algebras is essentially
given by one vector. This vector is, roughly speaking, the
quantum field at the point zero applied to the vacuum. The
vector is invariant under the conjugation operators .S, with
& 3 0. Conversely we will see that a vector with such invar-
iance properties defines a quantum field related to the given
local net. If the local net satisfies causality then this quantum
field is also causal.

Proposition 3: Let {2, T, 0,2 (- ),B(*)} be a quantum
field belonging to @, . Then there is a natural number »n and
a vector wz€#° _ , such that

”B(fm)w—wB ||_,,—>0 as m— oo, 3)

for each §-function approximating sequence f,,.

Proof: From the strong continuity of the map . (R?)
Sf-B(f)w it follows that [|B(f)w|<|f|, for some
Schwartz norm |:|,. This implies that the map f—B( f)o
can be continuously extended to the space of functions with
the norm |-|,. Using the properties of the Schwartz norm
|| and of the sequence f,, we find that there are some posi-
tive numbers 74,1 ,,n,,1; such that | |, <c < o« with

3
@M G+p) "

j=0
and f,,*h tendsin ||, norm to h. This implies
I|[B(h *f,, ) — B(h)w|| -0 as m— oo .
From spectrality we obtain that R"II}_,(i+ P)" is
bounded for n>n, + n, + n, + n,. This gives the estimate

h(p):=

HR"B(fm)w—-R" H (i+P,)”fB(h)wH

’ ‘ :

3

(i+P) " "B(f,)o— B(h)wH

Hfl

where we have used the relation il(P)B( flo=B(h*f)o,
which follows from the strong continuity of the vector func-
tion B( f )w and translation covariance. Setting

3
wp:=[] (i+ P)"B(h)w,
j=0

we obtain the result. ]

The smallest natural number 7 such that Proposition 3
holds is called the energetic dimension of the quantum field;
wy is called the generating vector of the quantum field.

Proposition 4: Let n be the energetic dimension and let
@p be the generating vector of the quantum field
{#2,T,,0,% (-),B(-)} from @_, . Then we have the follow-
ing.

(i) If the quantum field is CPT covariant, then o is
CPT invariant, i.e., Owg = wp.
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(ii) If the quantum field is Poincaré covariant, then @,
is Lorentz invariant, i.e., U({0,A})wp = wg, {0,A}eZ", .

(iii) Let & CR* be an open set such that & and &, are
nonempty and 7 30. Then wzedom S,, and S, w5

=wg.

Proof: (i) We have fw = w and 0B( f)w = B( fp)w
with f,(x) = f{ — x). Further 8 commutes with R. Thus
is also an antiunitary operator in 5% _ . If f,, is a §-function
approximating sequence, then f,, , is also a §-function ap-
proximating sequence. Thus

”0B(fm )w —(03" —n= ”B(fm,o)") - CI)B"_,,—>0

as m-» co. On the other side 8B( f,, )w tends to 6wz because
6 is a bounded operator in S _ ,,. This implies 6wy = wp.

(ii) The reasoning is similar to that in (i). We note that
U{0,ANB( f,,)o = B( f,,» ), where f,, , is again a -
function approximating sequence. Further, U({0,A}) is a
bounded operator in % _,,. This implies that U({0,A})w,

= wg.

(iii) Because of Z 20 there is a 5-function approximat-
ing sequence f,, such that suppf,, C¢&. The operators
E(f,,,) are affiliated to &/ (&) (see Sec. II). Let E,, (A) be
the spectral projections of |B( £,,)*|. Further let B( f,,)*

= U,,|B( f,,)*| be the polar decomposition of B( f,, )*. Let
W, . (Ay:=U_,E,(A)U%. Then a simple calculation
shows that the operators

B, (A):=)E, (A)B(f,,) + W, (8)B(£,)*)

are self-adjoint and belong to &7 (). Choosing a suitable
sequence A,, —» R one easily proves that

I|B,. (Ao —B(f,)ol _,—»0 as m— .
Here we have used that B( f,,)o = B( f,,)o = B(f,,)*o

and E, (A, ) and W, (4A,) tend strongly to 1. Using
B, (A,)ed (F)and &/ (£ )wCdom S, , this gives

Sy .B,(A))o=8B,,(A,))o—0g .

Since S, , is closed in #° _ , this proves wzedom S, , and
S, .0p =0pg. ]
Next we need a technical result.
Lemma I: Let w,€5 _ ,. Assume that for a shrinking
sequence & ,,, o,€dom S, , andS, , ®; =, Then the
functional £2,(-) on ¥, (0) defined by

0,(4): = (R"0,,R ~"dw), Ac%,(0),

is Hermitian, i.e., Q,(4) = Q,(4*).

Proof:Let A% ;(0). Thus there is some & 20 such that
Aelf (2)'. Since & ,, is a shrinking sequence there is an
index j such that &, C &. This implies that §% DS?% and
§% Aw = A *w. Further we use that the adjoint of .S'ﬁ',l in

H _, is defined and given by R ~*'S% R " on the set
R ~¥of (4, )oDR ~*"Aw. This gives

2109 J. Math. Phys., Vol. 29, No. 9, September 1988

QI(A) = (R "a)l,R -"Aa))
= (R "Sgr,,a)l,R *"Aa))
= (S,,.0.R ~¥do) _,

=( 0 ,SP.R ~4w) _,

= (R"o,R "5% 40)

= (R"0,R ""4*0) =Q,(4*). |

Now we come to the main result of this section.

Theorem 1: Let w,€%° _,, for some natural number n.
Assume there is a shrinking sequence &, such that
w,edom %, , and &, o, =w,. Then the correspond-
ing operator 4(0) from 57, into 7% _, defined by

A0)Co: = Cw,, Ce¥,(0), 4

is closable and defines a quantum field {7, T,,0,2 _, (*),
A()} with

A(Sf)u: =Jﬂx)TxA(0)T_xu dx

(where the integral exists in strong sense in 5#° _ , and gives
a vector from 5#°). This quantum field belongs to @, .

(i) If the local net of algebras is CPT covariant with the
CPT operator 8 and 6w, = »,, then the quantum field is
CPT covariant.

(ii) If the local net of algebras is Poincaré covariant
with the group representation U(g) and U({0,A})w, = @,,
{0,A}eZ ', then the quantum field is Poincaré covariant.

(iii) The quantum field is energetic bounded if and only
if there is some natural number n'># such that

IR "Ca,||<b R ~"Col, CeZ,(0),

for some constant b.
Proof: (1) Because of Lemma 1 the functional Q,(C)
= (R"w,R ~"Cw) is Hermitian. Further, the operator
A(0) is densely defined because €', (0)w is dense in 5#°,.
From the fact that o is separating for all & (£)' D (&)’
and 7, (0) = U, 5,9, (&) weobtain that Cw = 0implies
C =0 for Ce%,(0). Thus 4(0)Cw = Cw, =0 if Co = 0.
Therefore A(0) is well defined. Correspondingly A(x):
=T,4(0)T_, is well defined on €, (x)o =T, %, (0)w
and 4(x)Cw is strongly continuous in xe& for Ce.Z (&)’
C N, €, (x). The closability of 4(0) follows from the fact
that the adjoint of A(0) exists and is given by A(0)*
= R?"4(0)R *"on the set R ~2"%,(0)w, which is dense in
F _ ,. For the proof of this fact we use the chain of equali-
ties
(A(0)Cow,R ~2"C\w) _,
= (R Z"CZQ)I,R _Z"Clw)
= (R*w,,R ~"C*C,w)
=0(C3¥C) = Q,(C?‘C2)
= (R ~*C*C,0,R *"w,)
= (R ~*"Cw,R*"4(0)C,0)
= (C,0,R*4(0)R*"R ~*"C\w), .
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(2) Let feC (7). The operators A(x), x€&, have the
common domain /(¢ )'w and are strongly continuous in
x€& on this domain. Thus

A(f)Cw: = ff(x)A(x)Cw dx = CJ-f(x)A(x)w dx

= (2m)2CA(P)o,

is well defined. Since}(P)wle% , the vector A( /) Cw is also
from . For vectors veN , &/ (& )'w this equation can be
extended to all functions f&.%(R*). That the five-tuple
{#,T. 0,7 ,(),A(*)} defines a quantum field is an easy
consequence of this equation and the properties of 4(x)
(translation covariance, continuity in x, special form of the
adjoint operator). The commutation relation A(f)Cu
= CA(f)u for vectors ue% _,(0), Cel ,(F), and

JeC & (&) follows from the definition of A( /) and implies
that the quantum field belongs to @, .

(3) We omit the simple proofs of (i) and (ii).

(4) Assume that A(-) is energetic bounded. This im-
plies that R "4(x)R " is bounded as an operator on J#°.!
Thus

IR "Ca,|| = |R "4(0)Cw|| = |R "4(0)R "R ~ " Co||
<IR"A@R " |R ~"Ca] .

Conversely, assume that ||R " Caw,||<c||R ~ " Cwl||, for n'>n.
This gives

IR “4(0)R"R ~"Cw| = [R"CR ~"R"A(0)w||
= ||R “Ca,||<c||R =" Ca| .

Thus R "A(0)R " is a bounded operator on 5. Further, this
implies that the corresponding quantum field A( f) is ener-
getic bounded (use similar arguments as in Ref. 1). [ ]

It remains to show that the generating vectors define
their quantum fields via the construction described in
Theorem 1.

Theorem 2: Let {77, T, ,0,2 (-),A(-)} be a quantum
field from Q. Let w, be its generating vector. Then the
quantum field {#,T,,0,9 ., (*),B(*)} generated by v, in
the meaning of Theorem 1 coincides with the quantum field
{(#T.,2,( )AL D ()} (see Sec. II), ie,
Af) 1 D, (0)= B(f)forsuppf=1J.

Proof: Let f,, be a 5-function approximating sequence
and f,,.(y)= f,(x—y). Then from the definition of
B(x) it follows that

s-lim A( £, ) Co

m— oo

=Cs-limA(f, )0 =CT, slimA(f,)o

m— o m— oo

= CB(x)w = B(x)Cow, Ce¥,(x).

Both B(x)Cw and A( f,,,)Ce are continuous in xe& for
Ce (O ,,) with &, D shrinking to & as m— . This
gives
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s-lim

m— oo

8(x)A( f,x)Co dx = fg(x)B(x)Cw dx

=B(g)Cow
forgeCg(2), Ced (O,,)'. Now

in % _,,

jg(x)A(f,,,,x)Cw dx=CA(g*f,,)w

tends to CA( g)w because g+f,, goes to g in Schwartz norm.
This means that CA(g)w =A(g)Cw = B(g)Cw, for
Ces/ (7 ,,) and all m. The continuity of the net .o/ (%)
from the outside gives the same result for Ce/ . (¢’'). R

From this theorem we learn that the quantum field 4( )
is given by its generating vector @, up to different exten-
sions. The next assertion says that if the quantum field is
energetic bounded then there is only one extension, i.e., in
this case the quantum field is uniquely determined by its
generating vector.

Proposition 5: Let {7,T,,0,C *(H),A(-)} be an ener-
getic bounded quantum field from @, . Then its restriction
to the domains & _, (&) C C * (H) determines uniquely the
quantum field, ie, A(f) &, (F) = A(f), for
supp fC 2.

Proof: Let ueC ~ (H). Because of Proposition 1 thereisa
sequence u,, € ,(&) w such that R ~?"(u,, — u) -0 in
7. We have ||R"A(f)R”"||< . This implies that
|[4CfIR?"| < ." We obtain the estimates

l4( f)Cu — A(f)Cu,,|
= ||CA(f)u—A(f)u,)|
= ||CA(f)R (R ™y —R —z”u,,,)||
<ICIIACHR* IR ~2"(u — ) -

The right side goes to zero as m — o . Thus we obtain that
L NO)Vw=Y () isacorefor A( f) with suppfgz.
Furthermore we obtain from the estimate that the commuta-
tion relations on the set & _, (¢) imply the commutation
relations on the set C < (H). [ ]

V. CONCLUDING REMARKS

It is not difficult to check that the results of this paper
can be generalized. First, we note that the technical assump-
tion of the strong continuity of the map
F (R*)D f—A(f)ufor vectors ueN , & (&) can be omit-
ted. Then we obtain Theorems 1 and 2 with the modification
that the spaces 7%°,,,57 _ ,, have to be replaced by more gen-
eral ‘“energetic weighted spaces” #°, ~#(H)7, where
ueC g (R*) and # is invertible. Second, it is not necessary
that the local net of algebras is continuous from the outside
for all open bounded regions. It is enough to have this prop-
erty for double cones (the continuity from the outside for
double cones follow from the duality for double cones).
Third, we can extend the discussion to quantum fields that
are not localizable at points but are localizable in strings or
other geometrical objects.

Since we have not used causality for the local net of
algebras the results can also be applied to field algebras.

In the case where the local net of algebras is conformally
covariant and is CPT covariant with CPT operator 6, and
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the conjugation operator Sy, for the right wedge has the
form given by the Bisognano/Wichmann result,f the conju-
gation operators S, are givenby S, = 0G, = G, 0, where
G, and G, are determined by the representation of the con-
formal group.” A simple calculation shows that the set of
vectors w, from #° _, satisfying S, o, = @, for a shrink-
ing sequence ¢, is uniquely determined by the set of vectors
0, _ ,, with G, o, = 6&,,0)1 = + w,. Using Theorems
1 and 2 this proves that the set of all quantum fields belong-
ing to the given local net of algebras is determined (in the
form of their generating vectors) only by the representation
of the conformal group. Details of the simple calculations
are omitted. Since only the behavior of the algebras near the
space-time point zero has played a role in the arguments we
can expect that a kind of asymptotically conformal covari-
ance is sufficient to obtain these results.
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A power counting formula for the short distance singularities in quantum field theory is
presented. This configuration space version of Weinberg’s theorem applies to any renormalized
Feynman amplitude, and is proved by a simple extension of the tree expansion method.

I. INTRODUCTION

Weinberg’s theorem' is a power counting formula that
measures the high momentum behavior of a convergent
Feynman amplitude. Weinberg’s theorem, and the refine-
ment including logarithmic dependence due to Fink,” were
widely applied in high energy physics even before the diver-
gent case was sorted out in the 1970’s by Bergére and Lam.?

In Refs. 3 and 4 the asymptotics of a general Feynman
amplitude G(a,) are determined when a subset {a,,}
C{a, } of momentum space invariants of the form (Zp)? or
m? is rescaled to infinity while {a,} = {a,}/{a,,} is held
fixed. They show that an asymptotic expansion of the form
— Gmax(P)

G(4a,,.a,)~ Z AP z In‘A g, (a,.a,)

P = Pmax q=0
holds for large A and gives methods for finding p .., @umax>
and g, (a,,,a,).

In the present paper, I consider a general renormalized
Feynman amplitude V(x,x,,....x,) in d-dimensional Eu-
clidean configuration space, and investigate directly the
leading behavior of the singularity as two points coincide
(e.g., x; = Xx,). A straightforward extension of the “tree
expansion” bound for ¥, as developed in Refs. 5 and 6, leads
to power counting formulas (3.5a)-(3.5d) for the power
law and logarithmic dependence of the singularity. The
proof renders explicit the following intuition: the behavior of
V(xy,%5...,.x, ) when |x; — x,| ~0 can be measured by ex-
amining the large H dependence of

fd Ix,exp — M |x, — x,| V(x,,%,5,....%,)  (M>1fixed).

Integrals such as this are easy to estimate by the method of
Refs. 5 and 6. By the same token, the short distance behavior
when a cluster of points {x,,...,.x,, } C{x,,....x, } coincide
can be measured by connecting the points {x,,...,x,, } with
variable-strength exponential springs. This more general ar-
gument will be presented in a future paper.

Section II of this paper provides a thumbnail sketch of
the tree expansion and bounds for a BPHZ renormalized
Feynman amplitude. Section III sets up the main power
counting formula (Theorem 3), which is then proved in Sec.
IV by use of a straightforward extension of the bound de-
scribed in Sec. II. The approach presented here is very differ-
ent in flavor from the method of Ref. 4. With the tree expan-
sion method, each Feynman amplitude V is decomposed
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into a (finite) sum of terms, and each term is bounded sepa-
rately. Similarly, the power counting formula derived here
applies to each term separately and, to determine the short
distance behavior of Vitself, all terms must be checked. The
drawbacks of this piecemeal approach are compensated by
the directness of the term-by-term estimates.

1I. THE RENORMALIZED TREE EXPANSION

Let G be a connected Feynman graph in dimension
d> 2, which may be ultraviolet divergent and whose lines
leL(G) denote propagators C, of dimension §, and mass
m> 1. Such propagators behave like |x| ~* for small separa-
tions |x| and admit a scale decomposition:

CI = z C; w ’
k=0
where the slice propagator C{* and its derivatives have
bounds

182.C {0 (x)| <O()M ®+ ¥ exp — M*|x],
1j]=01,.., k=01,... (2.2)
Throughout this paper M > 1 is fixed, and O(1) is used to
denote numbers independent of any choice of scale but
which may depend on other things (e.g., M, G, | jl,or ). 1

suppose that the interaction vertices veV(G) are all dimen-
sionless (i.e., strictly renormalizable)

2.1

S,=d—- Y 6,=0,
AcA(v)

where &, denotes the dimension of the half-line A emerging
from v (including + 1for each derivative). This assumption
is for simplicity only: The optimal power counting is some-
what messier when super-renormalizable vertices (with
6, > 0) are present, but there is no difficulty.

The truncated amplitude associated to G, renormalized
at zero external momentum according to the BPHZ pre-
scription, is ¥(G) = fR(G), where the integrand R(G) is
given by the forest formula (see, e.g., Ref. 7, p. 392)

(2.3)

R(G) = T[T IG) .

proper divergent fF
forests F'

In the a-parametric representation of I(G), 7  denotes a
Taylor operation of order §;, where §,=d — X AeA(G) S, is
the superficial degree of divergence of the subgraph G,CG.

(2.4)
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The above formula for V(G), while useful, is not finite
term-by-term and cannot be estimated directly. The renor-
malized tree expansion (Ref. 6, Sec. I1) yields an alternative
formula for ¥(G), each term of which is finite:

e = 3 S VGap). (25)
d R/Clabeling
forests o B
Here
]
r~

- —

To each fork f&F(7) (equivalently, to each subgraph G;) is
assigned either an R (renormalization) or a C (counter-
term):p, =R orp,=C. R

An alloweg scale assignment AcH(7,5) is defined to be
anassignment & = (Ag,...,h, ) of ascale i, to each fork fof r
subject to the conditions

by +1<h <, ifp,=R,
O{hf<hﬂ.(f), ifpf = C.

Here 7( f) denotes the fork which lies immediately beneath
fand k., = — 1. Now

V(Gop)=_ S V(Goph).

FeH(T.3)

The rules for calculating ¥(G,0,p,k), explained in detail in
Ref. 6, Sec. II, are as follows: ¥(G,0,p,h) is a renormalized
Feynman amplitude associated to G, where (i) each line /
denotes either the “hard” propagator C,'"’ or the “soft”
propagator C | <", where &, is the scale of the highest fork
for which /eL(G,); (ii) the possible hard/soft assignments
are summed over, subject to the condition that each G, be
connected by hard lines; and (iii) each subgraph G, is acted
on by either the renormalization operator Rif p, = R or the
counterterm operator Cif p, = C.

For any bounded continuous
V(X 150X, YE(C(RY)™) let

171 = su{ | [| s 1620 P51

i=1

(2.6)

2.7

n-point function

: j;-GC] ,
(2.8)

where

C= U { fCg(B,(x)): sup|6™Aly)i<]1, |m|<d}.
xcR*?
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0={G,=G6G,,..G,}

is a family of connected, not necessarily superficially diver-
gent subgraphs which satisfies the forest property: If i <j
then either G, C G, or G; NG, = . Given o, one can con-
struct a rooted, planted tree 7 by identifying the leaves of 7
with the vertices of G, and the forks f; of 7 with the subgraphs
G;. Here is an example of a labeled graph G and the corre-
sponding tree 7:

This norm is straightforward to deal with and S,
=completion (C(R ¢)") is contained in S’((R“ )" ), the tem-
pered distributions.
Theorem 1 (Gallavotti-Nicol6): ¥(G,0,3)€S, , where n
= number of external vertices of G.
Proof: This result follows directly from the basic bound
[Ref. 6, Eq. (2.86)]:
V(G030 | <O M5 PH—tmr) (2.9)
7
where the renormalized degrees of divergence are such that
8(G)< — 1,if pr = R and 6(G;) >0, if p; = C. In view of
(2.6), we see that the sum over each 4, is a convergent geo-
metric series. O

IN. THE POWER COUNTING FORMULA

It is natural to say that the n-point kernel VeS, behaves
like |x, — x,| =7 In? |x;, — x,| near x, = x, if

(3.1)

Hm |x, — x,|? In"%x, — x,| V(x,,%3,...,X,,)
exists and is nonzero in §',,,_ 1- In general, since (3.1) is a
direction dependent limit, we adopt a definition which aver-
ages over the possible directions in (3.1).

Definition: The n-point kernel VS, has a singularity of
type (p,q) (where p,g>0) at x, = x, if

dy linép” In"% V(pn + x5.%5,..,X,, ) (3.2)
e

sd——l

exists and is nonzeroin S, _,. The term p is called the power
index and ¢ the logarithmic index of the singularity.
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Thus, if ¥ behaves like |x; — x,| =7 In|x, — x,|? for
[x, — x,| small, the singularity has type (p,q). We shall cal-
culate p and ¢ by use of the following alternative character-
ization. ;

Lemma 2: The singularity at x, = x, of Ve:S",, has type
(p,q) if and only if

i —qpfd+r—p)H
I}lm H M il 48
-+ 0

[ [ ax iz

lim H =M P (xy, 0, )
f=2 -

= lim H—qM““—P’"f [H dx,./;(x,.)] Vier KapeeX)
i=2

H- o

exists and is nonzero in S, _,, for any > p — d, where
_— d
Ver (Xa5005%,,) =Jd X4 |%x; — X,]”

X [exp — M |x; — x,|] V(x,,%p.000%,) .
(3.3)

Proof: For any set of test functions f,eC&(R9),
i=2,..,nandr>p—d,

= lim H“’M“‘*""’”f dpp"“*’e‘”””f dnf [H dxif,-(x,.)] V(N + X3X25 00X, )
0 s4-1 i=2

H—

H—

® 5 H —4 n
— f dp5d—1+r—p -pf d [_______] npM - H]-pM " P” dx, f,(x, ]
im | dpp i NTEL [Inp. 17 7[p ] i|=|2 X, f;(x;)

XV (PM ~n + x3,%5,...%,)

=[—lnM]"[fwdﬁﬁ‘d“+'“”’e“ﬁ]f dnlimU
o sa-1 " £~0

The last equality follows from the dominated convergence
theorem. O

Now consider a kernel V(G,o,p) which contributes to
the Feynman amplitude (2.5). Let f, <f; < - <f; be the
maximal chain of forks for which G; =G, contains both x,
and x,. For each i, 0<i<1, let

6,=6,=d— z S,
AEA(Gfl_)
and

i =#{f f>f, f¥fiy, and p=Co}

denote the number of dimension zero counterterms con-
tained in the subgraph G, but notin G, ,.

Theorem 3: The singularity of V(G,o,p) at x, = x, has
type (p,q) with

34)

p =max{0,6, + d,8, + d,...,6; +d}, (3.5a)
I
g= > K+ max{N — 1,0}, (3.5b)
i=J

where N=#{i: 8, = p} and J=min{i: §; = p}.

Remarks: (i) Since we prove only upper bounds on all
quantities, Theorem 3 gives in fact only an upper bound on
(p,q). There is some possibility, for example when fermions
are present, that cancellations can occur that reduce the in-
dices p and q. Such cancellations cannot easily be seen using
the tree expansion method.

(ii) In the general case when interaction vertices with
degree 8, > 0 occur, the formulas for p and g are tiresome to
write down. For graphs without C subgraphs, however,

p =max{0,D, +d,D, +d,...D, + d}, (3.5¢)
g = max{N — 1,0}, (3.5d)
where
2114 J. Math. Phys., Vol. 29, No. 9, September 1988

ﬁﬁ (x,-)dx,.]g"’ln EIV(Lny +x2,x2,...,x,,)}.

i=2

D=3 d—dG)—1)

EL(Gp
and N=#{i: D, = p}. Note that
D,=8— 5 6,5
ueV(Gf)

(iii) To determine the leading singularity of the full
Feynman amplitude V(G) all contributions ¥(G,o,p) must
be checked, and the maximum p and q taken.

IV. PROOF OF THEOREM 3

By the lemma, it is sufficient to determine the asymp-
totic behavior for large H of

Wil = || [ @%xibe,

for any sufficiently large value of » [where ¥ denotes the
kernel of ¥(G,0,) ]. Note that ¥, is associated to a graph
G obtained from G by the addition of one line:

X [exp — M |x; — x,|] V(x1,%p.00%,,)

X, — x,|" exp — M" |x, — x,|
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where the extra line is similar in form to the estimates (2.2)
for the lines of G.

Choose r>max{8,: 0<i<I}. Then there are enough ex-
tra powers of |x, — x,| in theintegrand of G to annihilate the
delta function dependence that comes if a localization opera-
tor acts on a subgraph G;. Thus V,, vanishes if one of the
forks f; has a C label. For the same reason, the renormaliza-
tion operator acts trivially on the forks f;.

The power counting for || V|| differs from (2.9) by a
factor coming from the extra line in the subgraph G, and by
the omission of renormalization factors for the forks f;.
When ki, > H, the factor exp — M #|x, — x,| is bounded by
1, while the factor |x, — x,|” can be seen by a scaling argu-
ment to supply an additional factor M ~ ™. When A, < H,
use of the bound

|x; — x,|" exp( —MH|x1 —x[)
<O(M ~Hexp( —1/2M ¥ |x, — x,|)
yields the factor M ~", and in addition the factor

M ~ ¥ =" obtained by replacing one decay factor M ~ %
by M —“¥. The basic bound is
I
Wadicom 3 {| 1"
[ i=0
% [M —r(h,H) —d(H-h,)+]
x| ST M "ﬂf”‘“Gf’” : (4.1)
i
where
_fx, if x>0, _{x, if x>y,
(")+“{0, it x<0, "> =U i o,

The last factor of (4.1) is the contribution of those forks not
in the chain { £;,..., /; }.

Except at C forks with §, = 0, the scale sums for fare
each bounded by O(1) because of the exponential depend-
ence on (h; — h, ). Marginal C forks introduce polyno-
mial scale dependence:

s

Y (4 DO (hy, + 1Y, for k=0,1,.. .

h=0
(4.2)

Having done all scale sums except those for f,..., f7, one
finds

1

IVa <Oy ¥
hy

morhy Li=

(hi + I)KiM(hi"hi—l)‘si]
0

X[M_d(H—h,u—r(h,,Hu] (4.3)
|

For each j, 0< j<1, let

I
Uth_= Y | T[h + Dyim B b0

phy s aneehy Liss

% [M —dH—hp, —rihH) ] . (4.4)

Then with U, , (h;) =M — dCH — k) — rChpH)

U= 3 Uy () Uy + 1" 0%,
W=+ 1
4.5)
for 0< j<U.
Lemma 4: Let p, .\ = —d, a;,.,=Bri\ =¥+

=0, and for 0< j<I let

p; = max{ —d,5,8;, ,,..0,},

Ji—1

1
a=3 K B= .-Z,- Kip V=N =1y,

=,
where J, = min{i: i>j and 8, = p,} and N, = #{i:i>jand
8, =p;}.

(a) If h,_, <H, then

U, (h;_ )<OWH“(h;_y + D(H —h;_ )"

X MPH R = rH (4.6a)
(b) Ifh;_, >H, then
U, (- )<O) (By_y + D¥TPM =71 (4.6b)

Theorem 3 follows immediately from Lemma 4 and
Lemma 2:

“ VH_,”< UO(O) <0(1 YH %o+ vopf (po—nNH ,
which yields p = p, + d and ¢ = ¢ + 7.

Proof of Lemma 4: Clearly (4.6) is true for j =1+ 1.
Inductively, (4.6) is shown for U; using (4.5) under the

assumption that (4.6) holds for U, . Suppose A, _,>H.
Then

Uh_n<o) 3

W=h 1

(h, + l)aj+|+3j+|+"j
J
XM —rhi+ (hj— h;_ )5,

SO (hy_y + 1) Py -1
since r> §, for all j. Now suppose #;_, < H. Then

H—-1
Uh_)<0) S HO (b4 1) %+ P5H — k)0 M B e 00k b H = b =

By=ho + 1

+ 0(1) i (B + 1) 0 Padspg =yt =y 08
hj=H

By use of the estimates

k—1
> U+ DUk =DM Ok (ke — )P,
A O(Dk*M™,
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oM (j+ D) (k—j)PM™),

4.7
if ¥<O,
if y=0, (4.8)
if ¥>0,
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which hold with O(1) numbers which depend on ¢, £, and ¥ but not on j and k, the first term of (4.7) is found to be bounded

by

OH™* ' (hy_y + 1) " H — b, )7 MO H 00 e 5 cpiin,
OYH T+ Mo ¥l — py_ )7 I =m0 =i,

a G+ By VK g0 (H—~h;_|)—rH
O(I)H i+ 1 41 MO -1 ,

(4.9a)
if & =p;4 15 (4.9b)
if ,>p; 1 - (4.9¢)

The second term is bounded by O(1)H %+ + o+ +spg SH k-0 =rH Gpich is always less than O(1) times the first term.
Since the quantities a, f3, 7, and p satisfy the recursion relations

=01, B=F +x,

Vi =%+ Pi=pPjsr> if 5j<pj+1’

=, +B.+K B=0, =%+l p=p. £8=p,
@=a; +B1+K, B;=0, ¥,=0, p;=6, if §;>p;,\,

the Lemma follows from (4.9).
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The question of whether massive fields are consistent with the asymptotics of massless fields at
null infinity is addressed. As a first step, it is shown at the level of linearized theory that

massive fields have O(1/R *) asymptotic behavior.

I. INTRODUCTION

A conformal space-time boundary .# at null infinity has
proved to be an exceedingly useful construction for describ-
ing the boundary conditions and asymptotic properties of
the radiation fields associated with massless wave equa-
tions.! Here, we address the issue of whether this construc-
tion remains useful or even legitimate in the presence of
fields with nonzero rest mass.

The term .# was originally introduced in the context of
general relativity to distinguish between the limits of going
to infinity in timelike, spacelike, or null directions.? The
asymptotic properties at .# were found to be drastically dif-
ferent from those at spatial infinity or temporal infinity, as
one might expect from physical considerations. For an oscil-
lating, compact matter source, there should be no asympto-
tic falloff of the gravitational field strength in timelike direc-
tions, there should be a 1/r radiative falloff in null directions,
and there should be a stronger falloff in spacelike directions.
This is formalized by relating the physical manifold f with
metric g, conformally to a manifold with boundary M with
metric &,, = Q7g,,,. Future (past) null infinity #* (£ 7)
is described by points £ = 0 and has topology S2X R !, with
the S'? describing the angular dependence and the R ! the
retarded (advanced) time dependence of the radiation. For
Minkowski space-time, this construction of .#* can be ac-
complished by setting = 1/r. Then in the chart x*

= (u,},0,4), with u = t — r and ? = 1/r, the metric g, is
given by

d$* =#*du® — 2 dudt — df* —sin®> 0 d¢?, (L1)

which is smooth and nonsingular at .# *, where #=0. In
terms of this formalism, smoothness or differentiability of
fields at # * corresponds to the existence of a 1/r series
expansion. Spatial infinity has a natural one-point compacti-
fication analogous to the situation for the Poisson equation
and, as a result, has different smoothness properties than
F* (Refs. 3and 4).

A C = order of differentiability at .# is not essential in
general relativity, but the assumption of some degree of
smoothness is necessary in order to obtain a consistent treat-
ment of gravitational radiation. The justification for this as-
sumption has been based entirely on the properties of mass-
less fields. In the case of special relativity, the conformal
invariance of the zero rest mass field equations leads directly
to C * behavior at .#, provided the sources and initial data
are C = with suitable global properties. This smoothness em-
bodies the generic 1/r falloff of radiation fields. Einstein’s
equation, while not conformally invariant, is conformal to a
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regular symmetric hyperbolic system of equations at 7.
This again leads to a C * structure at .#, if not in general, at
least under strong enough boundary conditions.> Further-
more, this result is preserved when gravity is coupled to
massless fields that are smooth at .#, essentially because
their energy momentum tensor falls off as 1/r %

From a particle viewpoint, .# is a natural structure in
the zero rest mass case where it represents the end points of
particle trajectories. But in the massive case, particles move
along timelike geodesics and do not get to £, except in un-
physical situations, such as the hyperbolic space-time trajec-
tories resulting from uniform acceleration. The particle pic-
ture implies that in the zero wavelength limit massive fields
do not get to .# and it suggests that, under reasonable condi-
tions, this result might extend to more general massive fields.

The asymptotic behavior of special relativistic massive
fields at timelike infinity agrees with the particle interpreta-
tion.%” However, this is far from obvious at null infinity. In
Minkowski space-time, consider the masive Klein—-Gordon
equation with source p,

0P +m*®=p. (1.2)

Taking p to be a four-dimensional point source at p, with
coordinates x*, the physically appropriate solution at the
point P in Minkowski space-time, with coordinates X ¢, is
given by the retarded Green’s function

G(X%x*) = (172m)68(X° — x%)
X{8(A) — 4mAd ~120(A) J,(mA ')},
(1.3

where A = (X~ — x*)(X, —x,). Taking x*=0, in the
neighborhood of .# * to the strict future of P, this has the
asymptotic behavior

G~m”2(81r ZRU) —3/4 COS{MUUZ(U—F 2R)l/2 + 7.'./4} R
(1.4)

in spherical null coordinates. Surprisingly this is a weaker
falloff than the retarded Green’s function for a massless field
that goes as 1/R on the future null cone of p and that vanish-
es precisely in the strict future of P. When coupled to gravity,
the energy momentum tensor associated with (1.4) would
be inconsistent with the asymptotic flatness required to con-
struct .7 .

Then, do these massive fields play the role of bullies that
spoil .# for the massless ones? In this regard, the above ex-
ample is inconclusive because of the infinite self-energy of
the field of a source localized to a single space-time point.
For the field (1.3), in addition to the problem in the neigh-
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borhood of the point source, there is an infinite radiative
power at £ *. To pose the question properly we should
smear out the point source. In fact, if the four-dimensional
point source is extended to a straight timelike world line then
it is well known that the resulting static field has the Yukawa
form e~ ™/r="rexp( — m/#). This is in fact a C = field at
¥, whose ? derivatives all vanish. This example indicates
that the rapidly varying asymptotic behavior (1.4) of the
Green’s function can lead to phase cancellations that elimi-
nate the presence of the scalar field at .#",

Then, does this result for the Yukawa potential extend
to the fields of well behaved time-dependent sources? It is
difficult to attack this question in a direct manner because
the massive Klein-Gordon equation is itself singular at .7
Setting & = Q®, (1.2) takes the form

{f— (R/6) + (m/0)}d =p/Q3, (1.5)

in terms of the wave operator @ and curvature scalar R for
&,..- The mass term acts like a singular potential at .# (where
Q== 0). When m =0, the equation is regular at & (for
smooth p of compact support) and standard arguments can
be used to establish smoothness of the solutions at #. For
m##Q, no way is known to cast (1.5) into a regular form.
However, if ® were assumed tobe C © at.#, then it would be
easy to show that it must vanish there to all orders, in the
same sense as the Yukawa potential. Setting ¢
= Za, (u,8,¢ )A?" and Q) = ¥, for which the transformed sca-
lar curvature R = 0, and using the metric (1.1), the wave
equation gives

m?a, —2(n—1)d,a,

—{(n—-1H(n—-2)—L%a,_,=0,

where L ? is the angular momentum operator [ with eigenval-
ues /(] + 1)]. If the leading term in the expansion is finite
(non-negative n), then this forces each a, to vanish. Thus
massive fields cannot get to .# smoothly. But it remains to
resolve whether they exhibit nonsmooth asymptotic behav-
ior, such as the fractional powers of 1/7in (1.4).

In order to put this issue in a tractable and clear context
we shall consider massive Klein—Gordon fields under the
following assumptions.

(A1) The background geometry is Minkowski space-
time.

(A2) The source p is C * and of compact space-time
support.

(A3) Initial data for the Klein—-Gordon field are C *
and of compact support on some Cauchy hypersurface.

In the absence of any general approach, due to the singu-
larity in (1.5), (A1) allows construction of explicit solu-
tions, for arbitrary source and data, using the Green’s func-
tion. Some weaker version of (A2) would be desirable since
the Yukawa solution has a source of compact spatial sup-
port, but with infinite time extension. However, it is techni-
cally complicated to formulate and to deal with the condi-
tions appropriate to a source that is asymptotically
nonradiative in the infinite past and future. In (A3), we
allow for the possibility of incoming scalar fields that are
initially consistent with the smoothness of .#". This assump-
tion rules out data that would blatantly force the scalar field
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to .#. While it would be preferable to pose this with a more
subtle asymptotic falloff, (A3) suffices to investigate
whether nonsmooth asymptotic behavior arises from the
evolution of homogeneous fields.

The linearity of the Klein—Gordon equation lets us treat
the homogeneous and inhomogeneous cases separately. In
Sec. 11, we show that the retarded Klein—Gordon fields of a
source satisfying (A1) and (A2) donot get to.# . In Sec. I11,
we extend this result to source-free fields that evolve from
data satisfying (A3). The key underlying mechanism for
these results are certain iterative formulas for integrais of
Bessel functions, expressed in (2.14) and (3.8).

Although only spinless fields are explicitly treated here,
the results extend directly to massive special relativistic
fields with spin, since in that case each field component satis-
fies the Klein—Gordon equation.

Il. FIELD OF A COMPACT SOURCE

We continue to represent a field point P by coordinates
X “ and a source point p by coordinates x*. The retarded
solution of the Klein—Gordon equation (1.2) due to a source

pis

o (X) =fp(x)G(X;x)dv di, 2.1
where G(X;x) is given by (1.3) and where dv = dx dy dz.
The solution vanishes for vanishing p so that it satisfies the
boundary condition that there be no incoming fields in the
asymptotic past. In terms of null coordinates U= T— R
andR = [X? 4 Y? + Z?)'/2, weareinterested intheasymp-
totic behavior of ® as R — « holding Uconstant, i.e.,at# .
We will establish the following theorem.

Source Theorem: Under assumptions (A1) and (A2),
the field (2.1) satifies R "® -0 at null infinity, for all n.

To begin, note that the Bessel function relationships®
Ji(§) = — 3,J5(£) and Jy(0) = 1 allow (1.3) to be reex-
pressed in the form

G(X:x) = (172m)(T — )3, {8(A)J,(mA V¥ }. (2.2)
Since we will eventually take the limit 77— « and R— »
(holding U= T — R constant), we consider only those
points P that lie outside the support of p and for which
T — t> 0 when p lies inside the support of p. This is permissi-
ble according to assumption (A2). For these P,
(T — t) = 1 throughout the support of p, so that (2.1) and
(2.2) combine to give

20D(X) = f (X)L O (mA Vv dt,  (2.3)

where the integration is still over all x*. We now integrate
(2.1) by parts in the sense of distributions. For convenience
we choose coordinates X ® such that P lies along the positive
ZaxiswithX*=(T,00,Z),R=Z,and U= T — Z. Then
setting €2 = 1/(2Z), we have A = h /€%, where
h=U—t+z+e{(U-1?~r} (2.4)

Also, for any distribution K(A1), d,K(1) = (9,4)3, K(A)
= (h,/€*)d; K(A), where

h,=8h= —1=28(U—1). 2.5)
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Here b, » — 1as P—.# * and A, is bounded away from zero
for ¢ in the support of p so that 1/A, is smooth in the support
of the integrand in (2.3). This allows integration by parts,
with respect to ¢, to recast (2.3) into the form

2 =62J (D,p)6(A)o(mA ' ?)dv dt, (2.6)

where, in an operator sense,
Dz = — (at)(l/hr)s

and where the space-time compactness of p has been used to
drop the boundary terms. From (2.6), it follows that
® = O(1/R) in the £ * limit.

Next we establish an iterative scheme based upon the
Bessel function relationships®

J,(0) =0, 2.7)
Ju_1(8) =8 79§V, (D)), (2.8)
valid for n>1. For our purposes, we use (2.8) in the form
J,_,(md U2y — (2/m)A — - 1)/23'{(/1 "2 (mA 1/2))
= (2€/mh)A ~ =V (A T, (md 7).

(2.9)
For n =1, (2.9) gives
f (D,p)8(A)Jy(mA V?)dy dt
_2 %9(1)3,(,1 U2y (mAV?))dvdt.  (2.10)
m ¢

Integration of (2.10) by parts, with respect to ¢, gives rise to
aboundary term that vanishes due to the compactness of p, a
8(A) term that vanishes because of (2.7), and the surviving
term

f (D,p)8(A)Jy(mA V?)dy dt

=£J (D,*0)8(A)A V2T, (mA '*)dv dt. (2.11)
m
Turning the case n> 1, (2.9) gives

f (D,"p)B(A)A "= V2] (mAdV?)dvdt

= EJ (D,"p)6(A) hi AT, (mAV?))dv dt.
m t

(2.12)

By the same argument that led from (2.10) to (2.11), (2.12)
leads to

f (D,"p)e(/l)/l (n— l)/ZJn_l (MIl l/2)dv dt

= Ef (D,"*+'p)8(AA T, (mA Y )dvdt. (2.13)
m
Now, (2.11) and (2.12) iterate to give
f (D,p)0(A)Jo(mA V' ?)dy dt
=(£) f (D,"+19)8()A ™, (mA 2)dv dt,
m
(2.14)
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for arbitrary n0.
Finally, by substituting (2.14) into (2.6), we obtain

217'(1):(&)" 62(n+1)f (D’n+lp)

m
X O(A)A AT, (mA V?)dv dt,
or, recalling A = h /€,

2 = (i) e"“f (D,"*'9)6(1)
m

Xh™4, (mA"?)dv dt. (2.15)

The integrand in (2.15) has a finite limit as €0, holding U
constant so that ¢ = O(¢e"), for arbitrary n. But, by our
choice of coordinates, €2 = 2/R, so that this establishes the
above Source Theorem.

Il. HOMOGENEOUS FIELDS

Consider now the Cauchy hypersurface z = 0. The un-
constrained Cauchy data for a Klein—-Gordon field consists
of F(x') =®(0x) and F(x') =3,8(0,x"). By Green’s
theorem, evolution of this data into the source-free region
T> 0 leads to a field given by the integral at r =0

d(X) = f (F(x)G(X:x) — F(x)d,G(X;x))dv, (3.1)

where G(X;x) is given by (1.3). We now establish the fol-
lowing theorem.

Cauchy Data Theorem: Under assumptions (A1) and
(A3), the field (3.1) satisfies R "® —0 at null infinity, for all
n.

We begin the proof by substituting the form of the
Green’s function (2.2), with 6(T—t) =1, into (3.1),
which gives

27P(X) = f {F(x)3,(6(A)Jo(mA %))

— F(x)3,0,(0(A)o(mA ¥} dv.  (3.2)

As in Sec. II, we choose coordinates such that X*
= (7,0,0,Z), with (2.4) and (2.5) and their associated no-
tation unchanged. In addition, it is useful to introduce

h,=0,h=1-2€z 3.3)
and the operator
D, = —(3,)(h,). (3.4)

For any distribution K(4), 3,K(A) = (€¥/h,)d,K(A) and
d,K(A) = (h,/h,)d,K(A). Using these relationships, we in-
tegrate the F(x) term in (3.2) by parts twice, in the z direc-
tion, to obtain

2rP(X) = f S(x)3,(B(A)o(mA V?))d, (3.5)

where the boundary terms have been set to zero in accord
with (A3) and where
fix) = F(x) — D,(h,F(x)). (3.6)

Here f(x) inherits the requirements of (A3) so that it
now suffices to establish the Cauchy Data Theorem for
(3.5). But (3.5) has the same form as the source integral
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(2.3), except the ¢ integratio}l in (2.3) is replaced by t =0
evaluation in (3.5). As a result, the completion of the proof
may be modeled upon the proof of the Source Theorem, with
the integrations by parts now done with respect to z. We will
only indicate the main steps.

The first parts integration of (3.5) gives

27 = ezf (D, £)8(A)Jo(mA V*)dv. 3.7
Next, the Bessel function relationships (2.7) and (2.8) lead
to the iterative formula

f (D, £)6(A)Jo(mA )

- (E) f (D" *f)B(AA T, (mA )y, (3.8)
m

in analogy with (2.14), Then (3.7) and (3.8) combine to
give

Y = (l)"aﬂf (D,"+'F)0(A)
m v

Xh"?J (mAV?)dv dt, (3.9)

for n>0. This leads directly to the Cauchy Data Theorem.

Other initial value theorems can be based upon the
Cauchy Data Theorem. For instance, consider the charac-
teristic initial value problem for a Klein-Gordon field on a
null cone N, for which the initial data consists solely of ¢
itself. To be explicit, let N be the future null cone of the point
x% = 0. Assign smooth, compact null cone data on N by the
restriction of an arbitrary four dimensionally smooth, com-
pact function to N. Then these data determine a unique
Klein—-Gordon field ® to the future of N. Now, on a Cauchy
hypersurface # = ¢, > O such that the support of the null cone
data on NV lies within » = ¢,, assign Cauchy data as follows.
Set the Cauchy data to zero on the part of ¢, exterior to the
future of N and to the data induced by ® on the remainder of
t,. These Cauchy data then satisfy assumption (A3) so that
the Cauchy Data Theorem implies that the evolution of
smooth, compact null cone data for a source-free massive
field also satisfies R "®—0at .# *, for all n.

IV. SUMMARY

We have been motivated by the question: Are massive
fields consistent with the asymptotics of massless fields at
null infinity, when coupled according to general relativity?
The scope of this paper has been to determine whether any
conflicts might loom at the level of linearization off Minkow-
ski space. There are two potential problems. One involves
the global boundary conditions on the massive fields and
their sources. The other stems from the intrinsic asymptotic
features of massive fields, i.e., the bizarre asymptotic behav-
ior of their retarded Green’s function. We have skirted the
first of these problems by considering massive fields whose
sources and Cauchy data have compact space-time support.
Our results are captured in the Source Theorem and the
Cauchy Data Theorem. Together they imply that R "® -0
at £, for all n, when ® is the retarded field of a smooth
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source with compact space-time support superimposed with
a source-free field having compact Cauchy data.

Clearly these theorems must also hold under weaker
assumptions. For instance, in the case of a spatially compact,
spherically symmetric source, the exterior field is the
Yukawa potential, so that dropping temporal compactness
does not necessarily lead to problems. By superposition of
spatially translated versions of such spherical sources, the
Source Theorem extends to spatially compact, smooth, stat-
ic sources with arbitrary multipole dependence. Further-
more, by superposition of boosted versions of such multipole
sources, it extends to a class of nonstatic sources, albeit quite
restricted, whose spatial extent is unbounded in the infinite
past and future. We would also expect extension to more
general sources whose velocity is asymptotically constant in
the past. On the other hand, there is a limit as to how fast the
size of the source can grow asymptotically in time and still
allow the Source Theorem to hold. This is indicated by the
following example of a solution whose source and Cauchy
data has compact support on every Cauchy hypersurface but
for which r® does not have vanishing limit at .# . Construct
this solution by setting ® = ( f(¢ — r) — f(z + r))/r, where
f is a smooth function of compact support. Then @ is a
smooth homogeneous solution of the massless wave equa-
tion but as a solution of the massive Klein—-Gordon equation
has source p = m*®. In this example, the massive field gets
to .# because its source moves at the speed of light.

This last example also indicates that a more general
theorem would have to be posed in terms of an initial value
problem based upon .# ~ as well as past timelike infinity.
The problem here is that the massive wave equation is not
regular at # —, as discussed earlier in conjunction with
(1.5). Can somehow the singularity in (1.5) be renormal-
ized? This would open up a new approach to the behavior of
massive fields at .# which, being free of any detailed knowl-
edge of the Green’s function, might extend to the fully gen-
eral relativistic case. Under assumptions (A1)-(A3), all
terms vanish in a 1/7 power series expansion of a massive
field about .# *. (Or equivalently, in the compactified pic-
ture, all derivatives of the massive field vanish at #*.)
Thus, under these assumptions, the massive field has the
same asymptotic properties as the Yukawa potential. This
suggests a renormalization & = ®e~""/r, where ® would
satisfy a regular equation in a neighborhood of .#. But, tak-
ing 0 = 1/r =¥ and using the compactified metric in co-
ordinates described by (1.1), the Klein—-Gordon equation
implies

O® —2m(d, +#%9,)® =0, (4.1)
in a neighborhood of .# * in which p = 0. In (4.1), the sin-
gular potential of (1.5) has been removed but the singularity
has reappeared in the #~2 3, ® term, so that this approach is
not useful.

Thus while the results of this paper indicate compatibi-
lity of massive fields with the asymptotic properties of mass-
less fields at .# at the level of linearized theory, some more
powerful approach is necessary to investigate the general
relativistic case.
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An extension of Friedmann-Robertson—-Walker models to the case of universes filled with
perfect dust of multidimensional objects is investigated in this paper. It is shown that the
internal space scale factor can become very small due to cosmological evolution regardless of
the dimension of this space. This result is similar to those of flat [ W. Kopczynski, Phys. Rev.
D 36, 3589 (1987)] or vacuum [P. Turkowski and K. Maslanka, Gen. Relativ. Gravit. 19, 611

(1987) ] models.

I. INTRODUCTION

A description of the perfect fluid of multidimensional
objects was recently developed (see Refs. 1-3). A model of
the flat universe filled with the dust of such objects is consid-
ered in Ref. 3. In our paper an extension to a class of nonflat
models is considered. A similar class of vacuum models is
considered in Ref. 4.

In Sec. II a description of the models leading to field
equations is presented. These equations are solved in Sec. 111
in the case of a universe filled with strings. Section IV con-
tains a discussion of the solutions for models with three- or
higher-dimensional objects considered as the sources of the
field. Although general solutions are not known, their shape
and most interesting features are determined.

It is stated that the evolution of the internal space to a
very small size can be due to field equations, as well as in the
flat and vacuum models. For a dust of three- or higher-di-
mensional objects the entire evolution time from singularity
to singularity can be finite, even for open models.

1. COSMOLOGICAL MODELS AND THEIR FIELD
EQUATIONS

We assume that the space-time is an m-dimensional
manifold such that its spatial cross section consists of the
(k — 1)-dimensional internal space and (m — k)-dimen-
sional external space. Our fundamental assumption is that
the space-time is spatially homogeneous and isotropic both
in internal and external spaces. Both internal and external
spaces have spatially constant, but different, curvatures.

Then the metric has the form

2N (dxh)?
[1+ (/2 (x)H?]?
az zzn=—kl (dxi)z
1+ e/t (xH?])?

Constants a; and ag have the values + 1 or 0. Two time-
dependent functions ¢, and a are the internal and external
scale factors (radii) of the universe.

Therefore, the metric is the simplest extension of the
Robertson-Walker metric distinguishing between internal
and external spaces. We assume that the universe is filled

with a perfect fluid of multidimensional objects described in
Ref. 2. Therefore, the energy-momentum tensor is

d32=dtz—a,2
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t=(c+p)g; —p¥},
where

qij =190i190j —J'i,_?lj S _ﬂk—l,iﬁk—lj ,
and the frame ' is defined as follows:

3% =di,
. a, dx’ .
i . i=12k—1,
1+ (@, /4)Z%- 1(x)?
. dx’
ry e 3% , i=kk+ L..m—k.

T 11 (@ /42 (x)?

We use the notations from Ref. 3. Let
H,=a,/a,

and
Hg=ag/a;,

where the dot denotes differentiation over time.
The evolution of the model can be determined from Ein-
stein equations that have the following form:

Yk —1)(k—2)H? +}(m —k)(m —k—1)H, ?
+ (m — k) (k — )H,; Hg + }(k — 1) (k —2) @,/a})
+im—kY(m —k — 1)(ag/d:) =¢, (n
(k—2)H, + (m~ k) Hy + j(k — 1) (k—2)H,?

+i(m —k)Y(m —k+ 1)H?

+ (m—k)(k—2)H Hg

+ 3k —2)(k - 3)(a,/a})

+im—kY(m — k- 1)(ag/a}) =¢, 2)
(k—1)H, + (m~k—1)H,

+ik(k— DH* 4+ §(m — k)(m —k — 1)H,*

+(k—1)(m—k—1)H, H,

+ 3k — 1) (k—2)(a,/d})

+im—k—1)(m—k—2)(ag/at)= —p. (3)

We consider the case of dust p = 0.
The energy-momentum conservation law can be written
in the following form:

ag" " fe=M(m—k), 4)
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where the right-hand side is a constant chosen following
Ref. 3.

It can be proved directly (following Ref. 3) that only
two of Egs. (1)-(3) are independent, providing the matter
density fulfills (4).

. MODEL OF THE UNIVERSE FILLED WITH DUST OF
STRINGS

Our considerations of the case of strings follow Ref. 3,
the only difference being in the field equations. Subtracting
(1) from (2) one gets

(k—=2)H, + (m = k)Hg + (m — k)H?
—(m—Kk)H, H; =a;(k—2)/a*.
If k = 2 this equation implies
ap/ap =a,/a,;
or
a;=Clag|,

C being an integration constant.
Therefore, from Eq. (1) it follows that

Gg/ag +§(m —3)(ag/az) +(m —3)agag ~?
—Mag2~"=0.

This is an Euler-Lagrange equation for Lagrangian
L=la;""a;>+ May —laza;" >

and can be easily integrated

- 172
i\/_itzj(EaE3""~+MaE4""——-lz—-aE) da, .

The term E is an integration constant.

The result is a generalization of Friedmann universes.
The main difference is that the (internal) metric is always
singular when the external radius reaches its extreme values.
The behavior of the solutions is similar to that of the flat case
(see Ref. 3).

For m = 5 and k = 2 we can obtain exactly the Fried-
mann solutions, appropriately choosing the constants M and
E. However, there exist other solutions, e.g., if @z — | then

the solutions can have the shape not only of a cycloid but also
of hypo(hyper)-cycloids. i

IV. MODELS FILLED WITH THREE- OR HIGHER-
DIMENSIONAL OBJECTS

A. General analysis

An investigation of solutions for k>3 is presented in this
section. Objects that fill the internal space are assumed to
have more dimensons than 2 (sheets, etc.). Although the
exact analytic form of solutions still remains unknown, their
shape and most important features are determined.

The system of Eqgs. (1) —(3) is equivalent to (1), (2),
and (4). Therefore, we investigate the following equations:

J(k—1)(k—2)H* + §(m — k) (m — k — 1)H,?
+ (m —k)(k— V)H; Hg + §(k — 1) (k — 2)(a,/a})
+4(m —k)Y(m —k — 1) (ag/d})
=(m—k)M/ag"" ¥,

and

(k—2)H; + (m — K)Hg + (m — k)Hg?
—(m—Kk)H,Hg =a,(k—-2)/a}.

Let us change the variables:
a; =f((m —k)nag) = f(s)

and

e=a;""%, se[— o, +w»].

Let the prime denote differentiation over the new vari-
able s. Then it is easy to see that

HI =d1/a, == (f’/f)(m - k)HE B
Therefore, the first of the considered equations yields

(ke — 1) (k= 2)(f'/f)*(m — k)*H*
+4(m —k)(m — k — 1) H,?
+(m—k)*(k—1)(f/f) Hg?

+ 4k — 1) (k—2)(a,/f?)
+im—k)y(m—k—1)ag e ¥m—P
=M(m-—k)e ",

where
Hy=az/a; =[1/(m—Kk)]5.

This equation is then equivalent to

S [M(m—k)e“—%(k—— D(k=2)a,f?—4(m—k)(m —k — l)aEe‘“""‘—"’]"z, 5)

W '/7h

where

W)= k= D=L/ + k—=D(/f)+4[m—k—1)/(m—-K)].

Therefore the second of the considered equations is a second-order differential equation for the function f(s). Using

Hy = (f10)Y# + (f/)3,
and

He=[1/(m—hk)]53,
we finally get
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{(%)'[(m—k— D (k—2) — (k—1)(m—k)]

_ —s__ _ _ -2 _ _ o —25/(m — k) ,
><M(m k)e W k—1)(k—2)a,f f(m —k)y(m—k—1)age ]—{[(k—-Z)(%)+l]

2(m — KYWA(f'/f)

M(m—k>e“—(k—1)(k—2)aJ‘2—(m—k_1)aEe—w<»-—k>] | 0
: +[[m—k_( )]

w'/n

f

o, (6)

><M(m — ke —Yk—1)(k—2)a,f > —4(m—k)(m—k— l)aEe‘z”"”_"’] _a;(k=2) _

W{'/7hH

Equation (6) is a nonlinear second-order differential
equation. Its solution determines the relation between inter-
nal and external scale factors. If one knows the solution of
Eq. (6) one can plug it into (5) and obtain the time depend-
ence of internal and external scale factors.

In the simplest nontrivial case @; = 0, az #0, Eq. (6) is
an Abel equation of the first kind® for the function ( f'/f).
However, solutions of such equations are unknown.

Below we present some lemmas useful in the analysis of
solutions of Egs. (5) and (6) and then turn back to a general
discussion for various topological cases. We do not consider
the flat case a; = ag = 0; it is described in Ref. 3.

Lemma I: Ifin a general solution of Egs. (5) and (6) the
function s diverges to infinity, then the function f tends to
zero.

Lemma 2: If in general solution of Eqgs. (5) and (6) the
function s diverges to minus infinity, then the function f
tends to infinity.

Lemma 3: The polynomial W( f'/f) is finite for every
finite time ¢.

Lemma 4: If a; #0 and the function s(¢) tends to its
extreme value, then this value is reached at a finite time. The
function fis not equal to zero at that time.

Lemma 5: Whenever a general solution s(¢) diverges to
plus or minus infinity and «; #0, then the infinite limit is
reached after a finite time. If &, = O only the minus infinity
value of s is reached after a finite time.

For proof of the lemmas, see The Appendix.

B. Properties of general solutions

Below we present the most important properties of the
solutions of Egs. (5) and (6) determining the shape of func-
tions az (¢) and g, () and thus the evolution of the cosmolo-
gical model.

(1) Case a; = 1, ag = 1: There are two subcases.

First, W( f'/f) is positive and from (5) s must be
smaller then a sufficiently large constant. Then function s(¢)
must start from minus infinity and reach its maximum value
after a finite time. Then it decreases and in a finite time tends
to minus infinity.

Function s can be greater than a sufficiently small con-
stant. Then the radii of the universe have nonsingular oscil-
latory behavior. Solutions for case k = 2 indicate that the
choice between the two above shapes depends on the integra-
tion constants.
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v Second, it is possible that W( f'/f) is negative. Then the
shape of the solutions s(¢) is roughly a reflection in the ¢ axis
of the solutions discussed above.

(2) Case a;=1, ap =0 and (3) case a,=1,
a; = — 1: The shape of solutions is the same as discussed in
case 1.

(4) Case a; =0, ag = 1: Function s(¢) must have an
extremum. If it has a maximum, then the total time of evolu-
tion is finite and s tends to minus infinity at the beginning
and at the end of evolution.

If s(¢) has a minimum, then the total time of evolution
from infinity through minimum back to infinity can be infi-
nite. It follows from Eq. (5) that in this case function f tends
to zero at very early and late time.

(5) Case a; =0, ap =0: For analytic solutions see
Ref. 3.

(6) Casea; =0, a; = — 1: There are two possible be-
haviors, the choice between them depending on the sign in
Eq. (5). Function s(¢) can start from minus infinity and
increase to infinity in a finite time or it can start from infinity
and decrease to minus infinity in a finite time.

(7) Case a; = — 1, ag = 1: We cannot state whether
the solutions are bounded or not. If the solutions are bound-
ed their shape is similar to that described in case 1. If the
solutions are not bounded their shape is described in case 6.

(8) Case a; = — 1, ag =0 and (9) case a; = — 1,
ay = — 1: The shape of solutions is the same as in case 6.

In all the above cases the behavior of function f(s(¢)) is
determined by Lemma 5.

FIG. 1. Shape of solutions in cases 6-9.
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ture scalar and the solution cannot be continued.

¢ If solutions with W( f'/f ) not equal to zero at any point
10 exist, they can have only the shape described in Sec. IV B.
5 Some numeric solutions suggest that such solutions exist and
T that this is the only possible case.
o L Figure 1 shows numeric solutions derived in case 9. So-
lutions in cases 6-8 can have the same shape.
5T § Figure 2 was derived in case 1 and it shows the possible
1L shape of solutions for cases 2-5.
I | 1 i i | 1 | 1 ]
T T 1 1 1
1o 5 0 5 10 15 2 25 30 35 ¢t
APPENDIX: PROOF OF THE LEMMAS
FIG. 2. Shape of solutions in cases 1-5. 1. Proof of Lemma 1
Let us assume that s3 1 and that there exists such a c>0
C. Remarks that

. . . c/f2~e—2s/(m——k)
The above analysis cannot exclude the case in which =
during evolution W( f'/f ) becomes zero. Insuchacasethe  in the asymptotic regime. Then some of the terms in Eq. (6)
time derivative of s(¢) becomes infinite as well as the curva;  can be neglected and this equation can be simplified to

_L(ﬂ)’ [(k—2)(k— Da, +ctm—k)m —k—Dag][m—k—D(k—2) — (k= D(m—k)] _

2\f (m—2)[e(m —k)Y(m —k — Dag(f'/f) — (k—2)a, ]W(f'/f)

If s diverges to infinity then the integral

Jd(f') [(k—2)(k—Da,+c(m—Kk)(m—k—Dag][(m—k—1)(k-2) —(k—1)(m—k)]

f (m~2)[elm —k)(m —k— Dag(f'/f) — (k—2)a,JW(f'/f)

must also diverge to infinity. Therefore ( f'/f) tends to one of the three values:
f/f-g, i=120r3,

such that
Wi(g) =W(g,) =0,

and
&= (k—=2)a;/c(m —k)y(m —k— 1)a, .

Values of g, and g, are negative. If ( /'/f ) tends to one of these values then ¢ must be zero. Moreover,
f=Dexp(g;s), & <0, (AD)

where D is an integration constant.

If @; and ay have different signs and are not equal to zero, then g is also negative and (A1) is the only possible
asymptotic solution.

If a5 equals zero, then g, does not exist and one gets (A1) as the only solution.

If a; and a; have the same signs one could obtain

Sf=1k=2)/(m—k—1)]e/"=P (A2)

as another possible solution. However, Eq. (6) is a second-order differential equation and its general solution should depend
on two arbitrary constants. The leading asymptotic term should depend on at least one arbitrary constant, as solution (A1)
really does. Function (A2) does not depend on any arbitrary constant and thus cannot be considered as an asymptotic
behavior of any general solution of Eq. (6).

One can also examine the limit ¢c— o of the considered integral, but one does not get any new results.

There is another possibility—that the value of f2e ~ 2™ =% ogcillates when s becomes large. We do not consider such a
case because we found an asymptotic form of solution (A1) depending on an appropriate number of arbitrary constants. For
every initial condition Eq. (6) should have a unique solution and thus its asymptotic form is (A1).
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2. Proof of Lemma 2
We assume that
C/f*~e~" fors< —1.
Then Eq. (6) simplifies to

L(Jl)' [CM(m_k)_ (k—l)(k—Z)][(m—k—l)(k—Z) _k+1]
2 \f 2

m—k

x(W(J%)[CM(m - k)[—;-(k pI 1] (f—) +CM [%(m k) — 1] +

f

a,(k—2)(m—2) ])—1_1
2(m — k) o

The same analysis as in Lemma 1 leads to the following asymptotic form of solution:

f=Fexp(g;s), foreachg, <0,

F being an integration constant.
Values of g, and g, are the same as in Lemma 1 and

(A3)

&= —{CM[i(m—k)—1]1+a;,(k—2)(m—2)/(m—k)}/CM(m - k)[}(k—2) +1].

If g, is non-negative one can get an additional asymptot-
ic solution that does not become infinite for s—» — oo. How-
ever, this solution does not depend on any arbitrary constant
and thus does not originate from a general solution. More-
over, the same analysis as in Lemma 1 shows that (A3) is the
only asymptotic solution of Eq. (6) for very small external
scale factors.

3. Proof of Lemma 3

Let us consider the limit W( f'/f) - + o as s—s, of
Eq. (6). Then we get

V2~ 1/(f /)
or
1/f~ (s —5g)-
Then from Eq. (5) we get
§~(5s—5),
or finally
In(s —s0)~(t—15) .

Therefore, for any finite time ¢, s is not equal to s, and W( f'/
f) is finite.

4. Proof of Lemma 4

Let us assume that the numerator of the right-hand side

of Eq. (5) tends to zero, whereas s tends to s, and W( f'/f)
does not tend to zero. Then, from Eq. (6) we find that ( f'/
f) tends to a finite value and

S=Cexp(s—sg).
Equation (5) leads to
(s — 5o) ~ (2 — t,)>.
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The extreme value s, is reached in a finite time.

Equations (1)-(3) contain a second-order derivative of
function s with respect to time. So this derivative should be
continuous. If a maximum (minimum) value is reached the
solution must be continued for > ¢, in such a way that t = ¢,
is actually a maximum (minimum).

5. Proof of Lemma 5

Now we assume a; #0. Let us consider s> 1. Then in
Eq. (5) some terms may be neglected and others substituted
from (A1l). Finally we get

s~exp(lg;|s), fori=1,2,0r3,

or
exp( — |g;[s) ~ (t — 1p).
For s> 1 the left-hand side is limited, so the right-hand side
must be limited, too.
If we assume s<€ — 1 then from Eqs. (A3) and (5) we
obtain
j ~e s/2
and
el (t—1t,).

For s< — 1 the left-hand side is limited and so is the right-
hand side.
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The Dirac equation in a non-Riemannian manifold. I. An analysis using

the complex algebra
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The Dirac wave equation is obtained in the non-Riemannian manifold of the Einstein—
Schrédinger nonsymmetric theory. A new internal connection is determined in terms of
complex vierbeins, which shows the coupling of the electromagnetic potential with gravity in

the presence of a spin-} field.

I. INTRODUCTION

The Einstein-Schrédinger (ES) nonsymmetric theory'
was an attempt to geometrize, in an unitary way, the gravita-
tional and the electromagnetic fields. However, structure
problems in the theory have not permitted a cohérent inter-
pretation of the field equations. On the other hand, the tech-
nique of geometrizing fields introduced by Einstein contin-
ues to be a useful tool in classical field theory. Actually there
has been some work? where the electromagnetic field is made
explicit; this is accomplished by first taking the skew-sym-
metric part of the metric as being proportional to the electro-
magnetic tensor and, then, adding a sourcelike term to the
Lagrangian of the theory. This permits one to reobtain the
Einstein-Maxwell equations through a correspondence
principle. When we face the problem of developing a Dirac
theory using the space-time manifold of the ES nonsymme-
tric theory, we use then complex vierbeins. This is equivalent
to introducing an internal C space in the manifold of the
general relativity theory. However, we have the problem of
how to obtain a coherent mechanism that fits the correct
rules for the transformation group. We can see, for example,
that the way the problem was developed by Marques and
Oliveira,* in a study of the geometrical properties of C, Q,
and O tangent spaces, does not permit the corresponding
Dirac field equations to exist (we will consider the complex
case presently). The reason is that the internal C connection
was ignored when they introduced complex vierbeins. In-
stead, they generalize the tangent real connection (the one
originating on the local real-tangent space) to a complex
one. This induced them to generalize both the Lorentz group
(to a pseudo-unitary group) and its representation U(L),
for the generalized Dirac field theory. However, in spite of it
being possible to show that, on the local tangent space, the
trace of the symmetric part of the tangent connection should
correspond to the electromagnetic field, there is no way to
obtain the desirable correspondence to an (actual R) Dirac
field theory. The problem can be solved by considering be-
sides the tangent connection, the connection corresponding
to an internal C space. This forces us to maintain the Lorentz
group as being that of the (local) space-time transforma-
tions on the (local) tangent space. On the other hand, we

) On leave from UNESP, Campus de Ilha Solteira, Sio Paulo, Brazil.
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must also have an “internal” transformation, corresponding
to the internal C space.

In the space-time of general relativity it is possible to
generalize the Dirac field equation by doing the transition

?#"’y#(x) ’ ¢,p_*¢||y =¢,y +A[l¢’
where /(x) is now the electron wave function in the curved
space-time, and A, is the geometrical connection with rela-
tion to the internal space generated by the constant ¥ matri-
ces {I';}. It is easy to show that A, is given by

A, =4[V ] = HYD (L.1)
where {#,} are the Christoffel symbols for the space-time
connection. In terms of real vierbeins /2 . (and their inverses
h?), (1.1) is written as

A, =(—1/4i)(h voh v — {ﬁv}h;’,h Yo, - (1.2)
The function ¢ (x), i = 1,...,4, above, satisfies a Dirac equa-

tion defined on the curved space-time manifold of general
relativity, which now has the form

Yy, +8,¥) —pup=0,

where y is a mass coefficient. Thus the gravitational field is
present in this equation through the connection A,, .

The nonsymmetric manifold of the ES theory with the
locally defined complex vierbeins referred to above will be
used in this work. These vierbeins define new Fock-Ivan-
enko coefficients which permit the construction of the corre-
sponding Dirac equations related to the non-Riemannian
manifold of the ES theory. In Sec. I we will present briefly
the properties of the complex tangent space as well as the
corresponding field equations obtained in the ES nonsym-
metric theory. In Sec. III the generalized Fock-Ivanenko
coeflicients will be determined, as well as the new Dirac
equation. In Sec. IV we will proceed to their analysis.
Throughout, we will use the u,v,... indices as those on the
non-Riemannian manifold; the a,b,... indices will be those on
the complex tangent space.

(1.3)

1I. THE COMPLEX TANGENT SPACE

According to the correspondence principle there exists,
at each point of the curved space-time of general relativity, a
local tangent space® with the structure of a flat space-time,
with the metric given by the Minkowski tensor 7.
Therefore, we must have the line element
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ds’ = g,, dx* dx* = 1,, dx° dx’, locally, where, g,, = g,,,.

In the ES nonsymmetric theory, the metric of curved
space-time has the symmetry property g¥, =g.,,
8uv = 8uv + z'k,\,/v. Defining complex vierbeins e;, (and their

inverse ¢ ), we have that®
8 = €*2€0 7,5 2.1
g =e*f,‘e},’1; (2.2)
where 7, (and its inverse 7°°) is the metric of the tangent
space which we take here as the Minkowski tensor. The met-
ric g,,, and its inverse g** are such that g*'g,, = &;, where

the order of indices are significant. From there, we obtain the
orthogonality conditions for the complex vierbeins:

e* ey =e ety =6, (2.3)
e*e, =eger, =6, (2.4)
As is well known, the transformation law for vectors in

the complex tangent space, local to a curved space-time, is
defined by

e’y (x) = L% (x)e} (x), (2.5)

where L ¢, are the Lorentzian rotation matrices, which have
the property

L™L =1 (2.6)
and, as e (x) is a complex function, e = eZR + iezl. Then
e (x) =€’ —iel 2.7)

is the conjugate of e;;. This means that we have attached to
the Minkowskian tangent space, an “internal space,” the C
space. The “internal” transformation law of an object of the
C space, K, is

K'=U(1)K, (2.8)

where U(1) stands for a unitary 1X1 (local) transforma-
tion matrix, U(1) = ¢*®, and

=TU(DHK, (2.9)
where U(1) = U ~'(1) = e~ #*_ A more general transfor-
mation law for the complex vierbeins now should be

€% (x) =U(1)L% (x)e} (x) . (2.10)

The covariant derivative of the vierbeins e;, and e*;, on this

tangent space are now given by

(2.11)
e*Lv (2.12)

where A, %, is the tangent connection related to the Minkow-

skian space and C, is the “internal connection.” Their trans-
formation laws are, respectively,

A, =LAL~‘'—L,L"

b
=e,, + A,,",,ef, +C,e,,

— pka a ,xb *da
=e*., +A,%e*) —Ce*,,

a
€ulv

(space-time transformations) ,
(2.13)

C,=UMC,U (1) = U, (HU~'(1)
(2.14)

Here C, transforms as a vector under space-time transfor-
mations. Considering the particular case where we have only
the internal transformations represented by the matrices

(internal transformations) .
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U(1) =1 + i@, the internal connection C, transforms in
first order, as

C,=C, +ip,, (2.15)

which is the same as a gauge transformation law for an elec-
tromagnetic potential. We also have the relation

R ey =S, e, =0, (2.16)
is the curvature in the non-Riemannian space-

where RY,
time written in terms of the nonsymmetic affinity, and S, is
the curvature over the complex tangent space,

S, =A,,—A,,—[ALA], (2.17)
which is skew symmetric with respect to the curved-space

indices and anti-Hermitian in the tangent space indices. The
internal curvature can be also obtained:

p,=C,,—-C,, (2.18)
Then, in the particular case of (2.15), the internal curvature
can be considered to correspond to the Maxwell electromag-
netic tensor.

One of the field equations of the ES nonsymmetric theo-
ry, obtained through a variational principle, is 8 va = 0,
where the symbol (i) means that the connection used in this
equation is the Schrddinger connection,' 67,
6, = 6",0,, = 0. (The notation used in this work is the same
used by Marques and Oliveira in Ref. 4. It has been kept the
tranditional use of the *“ + — ” covariant derivative used in
the ES nonsymmetric theory, Ref. 1. See also, M. A. Tonel-
lat, Ref. 9.) (In general, 67, , is a nonsymmetric connection
such that 8*¢,, = 8*,,.) This equation corresponds to the
following vierbein equations:

e,4 = (e*,‘,‘,)*= o« —0°.6 +A,C ,,e + C,ef, =0,

(2.19)
where (2.1) was used. Taking the inverse equation:
g”" - :«« = 0, and (2.2), we have the corresponding equations
for the inverse vierbeins

I3 “
*+ - * __
i = (ea ) =, + 0% 0%

— Al e — CLe*t =0. (2.20)
We can rewrite Egs. (2.13) and (2.14) as
Clia = €ho — 040l — A%y =0, (2.21)
¥ = €%y + 0% e + A, e =0, (2.22)
where

Al = A" +8C,, A% =A% —8C, .
(2.23)

From (2.19) and (2.20) we obtain the relation

A, =¢ e*;a = — e,‘ii.,e*‘,; , (2.24)
and from (2.23),
A, =Re[eie*i, ] = Re[ —efe®], (2.25)
C, -t(Im[e e* ]) _z(Im[ —~e,,,,e* ]) (2.26)

Taking (2.25), we can expand it in terms of real and
imaginary parts. We then obtain for A,
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Aa =Re [e"e*%g,, ]

= (€ +ef‘le‘b‘1 +e# ol’a br +eﬂl Paeﬁl

ag bRa
—e 0" . € 0" %) (2.27)
or
A, = Re[ - e,‘;,,e*f,‘
= (= €y by — €, 0, T 0abp O, + 0Lats ),
9”.,e ooy — 6',; 0,Ehe) - (2.28)
Analogously, from (2.26), we obtain for C,,
C, =i(Im [eﬁe":‘” @ ] )
=i(e, e, —e e +e, 0" . T e 0
+e; 00,65, — RG‘;O, e,) 2.29)

or

C,= z(Im[ — e,,,,e*“]

— — pa __ AP pa P LA
- l(eﬂR,aeI;I e el; e_aep egl + eﬂepldb‘R

+ ane e < Che T 0”,,e %) - (2.30)

Suppose we have a theory where the antisymmetrical
part of the space-time connection is zero, OP‘V = 0, but still
with complex vierbeins, i.e., a theory where we have a com-
plex, antiysmmetrical part for the metric. We now obtain for
the tangent and internal connections,

A, = (e, e, + eZ,e‘é, + e vl + e, 1065
=(—e, ., Lo e Th e +e T e))
(2.31)
and
C, = i(ezle‘,jk_v — ezkeﬁ, F — e, va ,,’)
= i€l e, — €, eh, — e, el + e Thueh)

(2.32)

where we used the notation I'%,, for the symmetrical connec-
tion.

We can see that the relation of the (complex) metric,
with the new complex vierbeins, adds new extra terms to the
tangent connection. Also, the internal connection has a rela-
tion with the vierbeins, which would not exist if the vierbeins
are real. It is noticeable, from (2.31) and (2.32), that the
same happens in a “complex theory” without a complex tor-
sion term. It easy to conclude, as in Ref. 2, that the Einstein—
Maxwell theory is reached in a convenient limit such as to
eliminate the complex part of the metric and therefore the
corresponding complex ones for the vierbeins. However,
some years ago, this fact was criticized by theoretical analy-
sis,® which does not change the power of a geometrical analy-
sis. Thinking from a geometrical point of view, we will go
forward, obtaining the (Dirac) field equations and see what
we can get in this “complex theory.”
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lil. THE GENERALIZATION OF THE FOCK-IVANENKO
COEFFICIENTS

The Dirac constant ¥ matrices satisfy the anticommuta-
tion relations

{Var?s} = 21051, (3.1)

{rrt=m"1,, (3.2)
where 7,, (and its inverse %#°®) is the Minkowski tensor

with signature + 2, and to the relation »*, = 0. The set
formed with combinations of ¥ matrices,

{ri} = {14’ Yar Oap = (i/2) [Ya’ Vb]’

Vs = YoV1¥a¥s s ¥s¥al

composes a linearly independent set in the internal space of
the Dirac wavefunctions ¢.

Now, multiplying (3.1) by e*¢ and
we obtain

ot} =281, (3.3)
where g, is now the ES nonsymmetric metric. In (3.4) we
have defined ¥, and 7, by

Ve =Vus €uVa=%u- (3.4)
Analogously, multiplying (3.2) by e*% and e}, we obtain

€5, and using (2.1),

(-} =281, (3.5)
where
L =r. =i, (3.6)

and the relation (2.2) was used. The covariant derivative of
#* (x) over the non-Riemannian manifold of nonsymmetric
theory, is given by

7‘3‘” =Vuv — quvyp + [Av"yu] ’

where A, is the internal connection, corresponding to the
space of generalized ¥ matrices (or, also, of Dirac wave func-
tions space), and ¢, is a more general space-time affinity
(that, at least in principle, includes the internal connection
C,.). Taking the identity (3.5) and the Eq. (2.19), we have
that

Yy = (€ 7o), = (€l)Va =0,

since ¥, is a constant matrix. In the same way, we obtain

3.7)

(3.8)

Vv = (€*5.)7, =0. (3.9)
Expanding (3.8) and (3.9) we have
Yar = Vi — 070, + [0, ] +C7, =0,  (3.10)
Ve = Vo — 07,7, + [A07u] = C7. =0. (3.11)

We can observe then, from (3.10) and (3.11), that we obtain
a relation similar of that of general relativity, i.e.,

A, = (1/4)AY 0,, = (1/4DRe[e2e** . 10, ,  (3.12)
or
A, = (1/4)Re[ — ez, e** |0, , (3.13)

where it was used (2.21) for A,,.

If we now consider ¢ (x) as the wave function of a spin-}
particle of mass m, placed in a non-Riemmanian manifold of
ES nonsymmetric theory, #(x) = ¢y, will be the wave
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function of its antiparticle, and the corresponding Dirac
wave equations are, respectively,

@, + A, +C)Y—up=0, (3.14)
— 9@, + 8, — C)#F—up=0, (3.15)

where u = mc/#i.

The new operator (3, + A, + C, ) comes from the co-
variant derivation of the function #(x), which, besides being
an object that transforms, locally, under the representation
of Lorentz group [U(L)], also transforms under the (inter-
nal) U(1) group. Equations (3.14) and (3.15) describe par-
ticles placed in a curved non-Riemannian space-time of the
ES nonsymmetric theory, since the connections A, and C,
are now related to complex vierbeins, as well as the complex
space-time connection.

Another way to obtain Egs. (3.14) and (3.15) is
through a minimal action principle. In this case the action is

A= ff d*x,
where the Lagrangian is given by

g = _g[W(¢,p + A,u¢+ Cy¢)

+ (W + 9D, —YCHPY—pP] . (3.16)

From (3.15), the wave equation for the charge conjugate
function, ¥*, is

W, + A — C ) —uy=0, (3.17)
where ¢ = Cy7, and C is the charge conjugate matrix.
Therefore, if the wave equation of a particle is constructed
with the set ¥ and (4, 4 C,), the wave equation for its
“charge conjugate” will be constructed with the set 4 and
(A, —C)).

Let us write now the internal connection C,, as

C, =iled, (x) . (3.18)

Then, after (2.15), we can interpret e as the electric charge
for the electron, 4, (x) as the electromagnetic potential, and
! will be a constant such that it balances units. Equations
(3.14) and (3.17) can be written now as

Y3, + A, +ield, ) —puyp=0,
#(3, + A, —ield, )y —py=0.

(3.19)
(3.20)

IV. CONCLUSION

We have learned that complexifying the space-time
manifold of general relativity is equivalent to attaching it an
internal C space. The new metric is no longer symmetric and
its antisymmetric part should be proportional to the electro-
magnetic tensor [see Einstein, Ref. 1, Egs. (11)—(17) in Sec.
II1]. Through complex vierbeins, it is possible to obtain a
(complex) tangent space local to the nonsymmetric curved
space of the ES type. Using these concepts we obtained here
Dirac field equations for a spin-} particle. The internal com-
plex connection corresponds to the electromagnetic poten-
tial.

We observe that it is possible to define the complex vier-
beins as

e, (4.1)

— ,a : a
=€, + iKAng, ,
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where « is considered now as a parameter, and 4 is a con-
stant. We use here, as in Ref. 2,
3
wfC€_ 1 gy 0% StANVOL
L #G cm

In a limit where the parameter «—0, we obtain from (2.27)
and (2.28) the real connection A, from general relativity.
Using the above expression for the vierbeins, we can display
the interesting behavior of the new Dirac equations that ap-
pears when we split up 9 (x) in terms of its real and imagi-
nary parts, and also suppose a complex mass term:
1 =g + ip;, where we again can take u; = kAm. Then,
from (3.19),

[ef,‘ky"(c?# +A, +ield, )Y+ V/LRtp]

+ kA [nhy°(3, + A, +ield )+ myp] =0. (4.2)
In the limit of the parameter x — 0, we should get the normal
Dirac equations in the presence of gravitational and electro-
magnetic fields. Therefore, it means that we can get another
identical set of Dirac equations if we take n; =e; ~h4, and
m=pp, where h* and pu, will be vierbeins and the mass
term of general relativity theory.
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APPENDIX: COMMENTS ON A MORE GENERAL
TRANSFORMATION LAW IN A TANGENT SPACE
ASSOCIATED TO A COMPLEX INTERNAL SPACE

Let us consider, instead of (2.10), a more general trans-
formation law for objects in the complex tangent space. Con-
sidering, for instance, the vectors e}, it can be defined as

e (x) =L%(x)e (x), (A1)

e*(x) =L*,e*)(x). (A2)
The complex matrix L?, now is a kind of pseudo-Lorentz
matrix that follows the relation

L'pL=19. (A3)

The covariant derivative of e;, on this complex tangent
space is then defined as

(A4)
(AS)
where the affinity is complex. Its transformation law is

A, =LA L7'—-L,L7,

AF =L*A*L* "' —LYL* ', (A6)
It is directly shown (see Ref. 4 that, through the Einstein

field equations for the nonsymmetric theory (a complex the-
ory), 8. -« =0, we obtain the same corresponding field

equations for the vierbeins described in Eqs. (2.21) and

a __ ,a a b
Culy = €y + A, 5€u

*a.  __ ka * a kb
e#lv_eu,v"'Avbe#’
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(2.22). However, we must also have 7, ,, = 0, where the
. . + -

“minus” sign corresponds to the complex conjugate of the

affinity A, :

—‘A,,Caﬂcb _A*ucbnac =0. (A7)

As 7., lowers indices, we have that A, is anti-Hermitian

with respect to the index of the tangent space. Then, we have

Aar = A,,ﬂvb + A - (A8)

77‘1 bin = nab,y

The expansion of L in first order is, from (A.1)-(A.3),
L=1+¢€+iu, (A9)

where € = e(x) are infinitesimal rotation matrices as before
and g = u(x) are symmetric infinitesimal matrices. We can
write the latter as

L '=1—c—iu,

Bao =@+ 1 Trp)y,, (A10)
where @ is a symmetric trace-free matrix. Considering then, a
particular transformation such that

L=1+1K, K=Tru,
the affinity A, of this complex theory transforms as

A,=A, — (/®K,, TrAN,=TrA, —iK,,
(A12)

which is similar to the gauge transformation of an electro-
magnetic potential. (In the same way, we can show that the
complex part of a nonsymmetric tangent curvature obtained
with the above A, will be related to the Maxwell electromag-
netic tensor.)

Now, from (A7), (3.8), and (3.9), we can easily obtain
a relation between A, and the connection A, :

b _ C 1)
Aaa e/.;b?’a - 77a eyc[Aa ’ya] ’
b % RPN 7. SR {2)
A*aa e,ub?’a - 17 eyc Aa ’ya] H

(All)

(A13)
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where AV and A{® are now (general) Dirac connections
corresponding to the Fock-Ivanenko coefficients. However,
expanding A{"” and A2’ in terms of the set {T';}, we can see
that the real part of A, is of the same form as in general
relativity, but that there is no way to relate the complex sym-
metrical part of A, in terms of that expansion, since the only
symmetrical term there, which is proportional to the unit
element of the set (the unit 4 X4 matrix), is eliminated
through the commutator in (A13). This shows that this is
not the correct choice for the transformation matrix L. As
we saw the correct one is the product expressed in (2.10).
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Some stochastic properties of a subsystem of Yang—Mills classical mechanics are studied which
do not fulfill automatically Gauss’ law, a possibility not considered before. However,
significant differences with other subsystems already studied are not found for this system.

I. INTRODUCTION

Consider the SU(2) Yang-Mills classical field theory
when we make the assumption that the potentials depend
only on time, i.e., 4{=A4%(¢t) (i=1,2,3,..., a=1,2,3) and
take the gauge 4 § = 0. The motion equations are then

Af+g(A]AA] — ATAFA]) =0, ()
and we have to add three constraint equations besides,
44 =0 (2)

(where, of course, the dots denote temporal derivatives,
while g is the coupling constant).

Although the former is really a greatly simplifying an-
satz, the resulting system we have obtained, also termed
Yang—Milis classical mechanics! (YMCM), is still complex
enough in order to solve it, so one must consider’™ a still
more restrictive ansatz, namely, to suppose

3=0, (3
oifNn . :
A¢=—"——— (i= 1,2 and no summation over a),
g
where O is a constant orthogonal matrix, i.e.,
0¢0! =68, 4)

and then studying the resulting two-dimensional mechanical
system. One of the pleasant features of this ansatz is that it
automatically fulfills the constraint equations (2) so we do
not have to take care of them anymore. It only remains then
to solve the nontrivial equations

]‘(1) +f(n(f(2))2 =}‘(2) +f(2)(f(l))2 =0. (5)

The physical interest of this system was motivated by study-
ing' the nature of the vacuum fluctuations and the asympto-
tic states of non-Abelian gauge fields. But the information
we could obtain from it concerning the integrability proper-
ties of the theory is perhaps more important. In fact, the
results about the subsystem described by Eq. (5) of the
above-mentioned references point out that it is probably a
strongly stochastic system, in the sense that it does not have
enough first integrals so that, according to Liouville’s
theorem,’ it can be integrated. If that were the case, it would
rule out the expectatives concerning the integrability of the
Yang-Mills equations that the work in the self-dual sector
had raised. We deem that this question is so important that it
demands further study, so in this work we have tried to ex-
tend the above-mentioned analysis to a different subsystem.
The fact that makes our system significantly different from
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the other already considered is that it does not fulfill Gauss’
law [Eq. (2)] from the beginning. We are interested in such
a situation because, as has been shown,® Gauss’ law is a non-
holonomous constraint (in the sense that this expression is
usually understood in classical mechanics) and we think
that it is interesting to see what physical modifications bring
this fact into the picture. We shall concentrate then on the
dynamical system described by Egs. (1) and (2); we will not
make the further ansatz (3) and (4), but instead will make a
different one, to be described later.

Il. LAGRANGE MULTIPLIERS

Equations (1) and (2) describe a dynamical system
with nine degrees of freedom subject to some nonholono-
mous constraints. The usual way to work in classical me-
chanics with such constraints is to add them to the motion
equations by means of some Lagrange multipliers. In our
case, as we are working in the gauge 4 § = 0 we hope that, if
we carry out this modification, we will find at the end that
the Lagrange multipliers are identically zero. But it could be
an interesting exercise trying to check it. If we do such a
thing we obtain that Eq. (1) now gets modified in the follow-
ing form:

Af=g (424747 — 47474 ))

3
= 2 ge 44, i=123, a=123, (6)

c=1

where the A ’s are unknown Lagrange multipliers. To this set
we also have to add Eq. (2). Now our problem is to obtain
the value of the A ’s. This is an easy problem but as the calcu-
lations are long we shall only sketch the way to obtain the
result. To do it, solve, using Eq. (2), for three of the 4 “as a
function of the remaining 4 /, A ,’-’. Then, substitute them into
(2) and demand consistency. This way, we obtain a linear
system of equations for the A, which turn out to be homoge-
neous, so its determinant must be identically zero. But this
determinant A is

As(i s (A;’)Z)(z Z(A‘,.’A}’—A;'Af-’)z)=0.

i=la=1 i<ja<b
(7)

The second term can be shown to be the potential that
appears when we formulate YMCM in the Hamiltonian for-
malism. Clearly none of these terms vanishes, unless we
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compel our theory to be trivial, so we conclude that all the
multipliers are zero, as we hoped.

ill. GEODESIC FLOW

We now proceed to define the subsystem we are going to
study. Together with Egs. (1) and (2) we shall suppose that

A}=A45=0 (=123, a=123), (8)

so we have a dynamical system with four degrees of freedom
which does not verify automatically Gauss’ law. In fact, Eq.
(1) under the former restrictions are now

%+ gw(xw —yz) =0,
J— &2(xw — yz) =0,

g 9
i —gy(xw—yz) =0,
i+ gx(xw — yz) =0,
and Gauss’ law [Eq. (2)] stands as
g2k — xp + wz — ziv) =0, (10)

where we are using the notationx =4}, y =41,

1 2
z=A4,, w=A4;,

and we can derive these equations from the Hamiltonian

H=(*+ 3 + 2 + u?) + (§/2) w — yz)*=E.
(11)

For this system, we shall study its properties from different
points of view. First, in this section we shall consider it as a
geodesic flow. :

It is well known that any Hamiltonian flow can locally
be viewed as the geodesic flow on a Riemannian manifold.
Moreover, the Lobatchewsky-Hadamard theorem’ suggests
to us that if the scalar curvature of the manifold turns out to
be negative, then the flow is unstable, with strongly stochas-
tic properties, corresponding to a Kolmogorov or X system.®

There are two reasons why this criterion does not always
let us decide if a given Hamiltonian system is integrable:
first, the latter statement is only a necessary but not suffi-
cient condition for the system to be integrable; and second,
the association of our system with the geodesic flow on a
Riemannian manifold is not valid at the boundary of the
manifold, given by E= V(x) (V being the potential),
where the metric becomes singular so that association is val-
id only locally. But global properties are often the origin of
chaos (remember, for example, Sinai’s billiards), so that,
although we have a system whose associated Riemannian
manifold is of positive curvature, we can not conclude that it
is integrable.

Anyway we shall carry out this test for our system. In
our case the metric is

gy = (E— (8%/2) (xw — yz)%)8;. (12)
After some calculation we obtain for the scalar curva-
ture R,
2
p 120 +y2+22+w2)2L: >0, (13)
(E — (&/2) (xw — yz)?)
so the necessary condition of nonintegrability is not fulfilled,

but as remarked before, we cannot conclude from it that the
system is integrable.

IV. PAINLEVE’S ANALYSIS

A useful criterion in order to decide about the integrabi-
lity of a system of differential equations is the so-called Pain-
levé’s analysis, which, roughly speaking, consists in the
study of the singularities of the system. We shall suppose
that the reader knows how this procedure works (see, for
example, Ref. 9) and we shall apply it to our case. Then

suppose
x=xO(t—to)P, Z=zO(t—to)P,

y=yo(t— to)P»

(14)
w= wO(t - tO)P)

where x,, Yo, 29, Wo» %, and P are constants to be determined
and Re(p) <0. When substituting into Egs. (9) we find
= — 1 together with

20— Yo Xo= Wy,
or

2o =Xo» Xo= — Wp,
and

x3+y; +2=0. (15)
Since P ( = — 1) is an integer, Painlevé’s condition is ful-

filled, and so we have to go on with the test. We now look for
the resonances. Inserting into Eqs. (9) the ansatz
x=xo/(t —13) +h,(t — 1)~ !
y=8/(t—1) +h(t—1)""",
2= —S/(t—15) + hy(t — 1),
w=xo/(t—ty) + hy(t —1,)""",

(16)

where S=i(2 + x2)'/?, h; are constants, and ris the value of
the resonance to be determined. We obtain that the following
equation must hold:

(r—1(r—2)+x% 5% — 5X, x2 -2
5% (r—Dr=2)+¢ 2—x; 5Xg
, , =0. (17)
— 85X, 2 —x; (r—1(r=2)+x; — 85X,
x3—2 5%, — 5%, (r—1(r—2)+x3
I

This gives us an equation of eighth degree in r, from where
we obtain its possible values. They are r =0, r = 1 corre-
sponding to the arbitrariness of x,, to, respectively, r = 4
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reflecting the fact that the Hamiltonian is a homogeneous
function of fourth degree, r=3, and (finally
r=[3 + (7)"/2{]/2. The last two roots are not integers, but
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instead they are nonrational numbers that indicate the pres-
ence of an algebraic branch point, a signal of nonintegrabi-
lity. But as Painlevé analysis is, in general, coordinate depen-
dent, we still have to check that these branch points cannot
be removed, i.e., that our system is analytic at #,. We discover
this to be the case, so the nonrational roots correspond to
essential branch points. This fact, according to Painlevé’s
conjecture, points out that our system is nonintegrable, con-
firming the analysis of other authors.'®

V. KOLMOGOROV-ARNOLD-MOSER (KAM) THEOREM

A richer situation occurs when we study the proper ties
of an SU(2)-gauge system with spontaneous symmetry
breaking. Such a situation is described by the Hamiltonian
(see Refs. 2 and 4)

H=Hyy + 18°K?474¢, (18)
where H ) is the Yang-Mills Hamiltonian and X is a con-
stant.

For this system we shall try to extend the results of Refs.

2 and 4 to our subsystem, i.e., that described by conditions
(8). Our Hamiltonian is then
H=}(P2+P.+P+Pl)

+ (87/2) (xw — y2)?

+ &K/ (X +y + 2 4+ w?). (19)
This system is characterized by one parameter ¢ = g’K */E
(E being the energy) in such a way that when g goes to zero
we recover our original Hamiltonian, which looks to be non-
integrable, while when ¢ grows the dominant term is the last
one, which is just an harmonic oscillator potential that is
integrable. Then that parameter controls the integrability of
the system. We shall then suppose that we are in the sector
g>, so we have an integrable harmonic oscillator for the
potential, for which action-angle variables do exist, per-
turbed by the Yang-Mills potential. These action-angle vari-
ables J; (1), ¢, (1), i = 1,2,3,4, are defined by

x= (V2J,/gk)?sing,, P, = (VIgkJ,)!?cos ¢,
y=(2V2J,/gk)"*sin¢,, P, = (V2gkJ,)""* cos ¢,,
z= (2v2J,/gk)"*sin g5, P, = (V2 gkJ;)"? cos ¢s,
w= (2v2J,/gk)"*sin ¢,, P, = (VIgkJ,)'?cos d,,

(20)
in terms of which the resulting Hamiltonian is
H = H o + H 1]
Ho= (g /V2)(Jy + o+ T3+ J4), 1)

H, = (4/k?)((J}J,)* sin ¢, sin ¢,
— (J,J5)"? sin ¢, sin @)%
At g— o the Hamiltonian is clearly integrable, so phase
space is foliated by invariant tori, but the interesting problem
here is what will happen when introducing the perturbation
H,. The main result in this respect is the''~'* K AM theorem,
which asserts that if the Hamiltonian H,, is nondegenerate,
i.e., Det (32H,/dJ, dJg)#0, then most of the invariant tori
(the nonresonant ones) will survive, provided the perturba-
tion H, is small enough. In our case the situation is slightly
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different; because H,, is degenerate, we have to use perturba-
tion theory for degenerate systems, as was stated by Ar-
nold.'*!> Using the (new) canonical transformation

L=l+NL+J+Jd, =6,
I,=1, ¢2=¢2-¢1,
22
IL=J, by=by— by, (22)
I,=J, U=y — ¢y,
we obtain
H= (gk/VDI, + (&/kDUI (I, — I, ~ I, — I)!?
Xsin ¢, sin(¢;, + ¥,)
— (I1;) 2 sin(y, + ¥,)sin(y, + #,))/% (23)

It is now clear that I,, ¢, are the fast variables, while the
remaining variables are the slow ones. What happens physi-
cally is that our system is carrying out quick spins around a
“guide center,” say. Arnold’s idea is to eliminate these rota-
tions by means of temporal average, in order to see only the
essential motion. Accordingly, we shall take

27
m;LHJ%

= ?12-((1 ¥ —%—»cos 2¢4)(1, —L—I,—I)I,

+ 1213(1 + —;“ cos 2(y, — )

172
LI, — L1~ 1))
X(cos(1, — ¥,)cos ¢ + cos(3h, — 3)cos ¢,

+ cos(4¢; — ¥, )cos ¢2)) (24)

as our basic Hamiltonian. Clearly we now have a constant of
motion, which is I,. The reason for studying the solutions of
this Hamiltonian is that, according to Arnold’s results in
perturbation theory for degenerate systems, most of the tra-
jectories for the perturbed Hamiltonian H, + H, will be
close to those solutions provided H, is small enough. Among
these that are particularly interesting are those correspond-
ing to
L =9,=0, i=234,

which describe periodic solutions and are of great impor-
tance to describe the tori’s destruction. These equations read
LI sin 2(, — ¥3) + (J.,L,1) (sin(i, — $4)cos ¢y

+ sin(4, — ¥3)cos ¢, + sin(yf; — ¢,)sin 1,) =0,
LI sin 2(y, — ¥3) + (J,LL,I,1,)"*( — cos(¢, — ¥,)sin ¢,

+ sin(¥, — ¥4)cos Y, — sin(¢f; — ¢¥,)cos ¥,) =0,
Il sin 24, — (JL1,) 2 (sin(¥, — ) cos ¢y

— cos(th, — ¥3)sin ¥, + sin(¥; — ¢,)cos ) =0,

I;(1 + 1 cos 2¢3) — I,(1 4 1 cos 2¢,) (25)
+ (IIL/J, 1) *{cos (1, — )cos ¥y
+ cos(¥, — ¥3)cos ¢,
+ cos(¢; — ¢Yy)cos ¥,)(J, — 1) =0,
Javier Villarroel 2134



L(1 + 4 cos 2(¢, — 3)) — L,(1 + } cos 2¢,)
+ (L1 /T 15) ¥ (cos (¥, — t,)cos ¢,
+ cos(yh, — 13)cos ¥,
+ cos(¥f; — Yy)cos Yo)(J, — ;) =0,

where J, should be understood tobe J, =1, — L, — I, — I,.
To these equations we have to add also the nontrivial con-
straint (10), which in these coordinates reads

(L) Y2 sin o, + (LI) 2 sin(¢, — ¥3) =0,  (26)
and we easily obtain from these equations the relation
o+ — Yy =nm, 27N

with n being an integer number. Hereafter the calculation
turns out to be slightly tedious so we shall not describe it, but
only give the results. We also obtain

L=IL=I=1/4 (28)
In order to describe the possible solutions, we have to give,
besides the general relations (27) and (28), the values of ¢,,
5, and ¢,. They are

(a) n=2p+ 1,and

—a; = (m+h)ya/2, ;= (m-—h)n/2,

— a,: ¥, =mir, 1, arbitrary,

— ay: Y, arbitrary, ¢, = mm.
(b) n=2p,and
— b 2=mm 3=hm

— by 2=2mm, 3= 2h+1)(w/2),

with p, m, and 4 being arbitrary iz/ltegers.

There are then five possible periodic solutions for our
system. The way to obtain them is, first, solve the periodic
equations and then, impose Gauss’ law, discarding those so-
lutions that do not fulfill it. Moreover, we have not consid-
ered the case when two of the I, say I, and I, are set equal to
zero, but we shall have more to say about it.

A. Stability of the solutions

By studying the Hessian at the solutions we have already
obtained, we can discern their stability properties. Then we
obtain the following. '

(a) a, with m,h integers with the same parity: Then the
solutions are stable and H, = 0. In the diagram of Poincaré’s
map it corresponds to an elliptic point with index 1, that is
(more graphically), to a point in the center of an “island,”
and therefore stable. (Actually, the study of the stability of
this particular case needs consideration on the quartic form
d*H,, with d standing for differentiation.)

a, with h,m integers with different parity: The solution
turns out now to be unstable, and, H =45 T corresponds
to an hyperbolic point in Poincaré’s map, that is tosay, to a
point of self-intersection with the separatrix.

These considerations would also apply to the remaining
cases for which we obtain the following.

a, (a,;): The solution is stable independent of the value of
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¥, (1,, respectively), corresponding to a minimum of the
potential H, = 0.

(b) b,. It corresponds to an unstable solution, which in
fact is a maximum of the potential as H, = 6I2.

b,: Tt is a local minimum, with H, = 212 and so it is
stable.

B. The case J,=J,. The temporal evolution
When doing J, = J; =0, the averaged Hamiltonian

J 1
Tl (142 cos 20, — 40)
29

can be completely integrated so we shall consider this case
with special interest. Introducing new coordinates, defined
by the canonical transformation

ILi=Jy+J, '//1=¢1,
I4=J4, '/’4=¢4—'¢1»

it is clear that besides the energy E, we have another constant
of motion, namely J,=C. The motion equations are then

gk
2

(30)

I, = [L,(C — L,)/k*1sin 2¢,,
o= [(C—20,)/k?1(1 + } cos 2¢8,),

31

and we obtain that the motion is governed by the following
elliptic integral:

J‘dI,,(I: +2CI3
2
3 (3C + Sd)fi N
3
(3)1/2

8dCI, 4d2>— 172
3 3

{t—1), (32)
where d= (E — cgk /2"?)K 2

The roots of the polynomial that appear in the denomi-
nator are

_C+(c?—8d/n'? _ C+(C?—8d)'"
- 4 2 ’

2 2
_ C—(C*—8d)'? _C—(C*—8d/3)'?

r3— » 7'4——

2 2

r

(33)

The properties of the motion strongly depend on how many
complex and real roots we have, so our first task is to deter-
mine their respective number.

To do it, it is necessary to study the possible values that
the constant d can take. Using that I, is restricted to be
between 0 < I, < C, and translating this condition (together
with 0 < ¢, < 27), we obtain that, in terms of d, ¢, the acces-
sible regions of the phase space are

(a) 0<d<C?/8 (andalso0<y<2m).

In this case all the roots are real and the motion is limited to
the zone r, < I, <r,. We have clearly bound states and the
solution is given by
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14(t) =

(C —rdmsn?((3(r, — r))V3{(t —'r) /2kY)m) —r,

) (34)

where

n—rntn—n
r—rtr,—r
and sn being an elliptic Jacobi function.

(b) The other possibility is that C2/8 <d <3C?/8.
Moreover, in this case ¢, is restricted to the range

8d/C* —2<cos 2y, <1.

Then clearly r,, 7, are real roots, while 7,, 7; are complex.
The motion takes place between 7, < I, < C and the explicit
solution is now given by

H) — )y, B—(H(t) + 1)r A

(35)

m y G =ty=r,)

MO =T G - B —H®O + 14 G0
where
A2=C?+16d /3 —2C(C* —8d /3)'?/a,
B*=C?+16d /3 4 2c¢(C? — 84 /3)"/%/4, 37)
H(t)=cn(((34B)"*/k?)(t —1,)),m),
1 C?*—32d/3
=27 s

These expressions together with Eq. (29) completely
determine the motion.

VI. DISCUSSION

We have generalized the study of Yang-Mills classical
mechanics to a case where Gauss’ law is not automatically
fulfilled so it has to be added by means of a Lagrange multi-
plier and retained up the the end. Although this fact clearly
differentiates the considered system, the results obtained do
not differ significantly from others of previous works.

Again the curvature of the associated Riemannian
manifold does not let us draw the conclusion that our system
is not integrable, but the subsequent Painlevé analysis points
it out to be the case.

We then make use of the KAM theory for degenerate
systems, obtaining the temporal evolution in a somewhat
simplified case, and only the periodic solutions in the general
one, besides their stability properties. Some questions arise
now. What will happen when the perturbation grows? The
KAM theorem does not help us to answer this question.
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msn®(3(ry — r3)V2(1/2k %) (t — try),m) — 1

Perhaps an even more interesting question is, if stochas-
ticity would disappear if we only restrict the study to the
manifold of solutions that go to zero when ¢ goes to infinity,
that is to say, to fields fulfilling 4 (¢) — 0, which is the

t—

physically relevant case. In the case of self-dual equations we
know them to be integrable, even in the general case 4 {(x),
i=0,1,2,3.1617

Finally, we can ask ourselves about the influence of the
classical stochastic properties in the subsequent quantized
theory. It is not clear at the moment if chaos is a property
also shared by quantum theories. To answer this question
some authors are trying to develop semiclassical quantiza-
tion methods or using other techniques which could charac-
terize quantum chaos. It has been pointed out that chaos
would be manifested at the quantum level in some irregular
spacing of the energy levels.'®?° On the other hand, the
Schrodinger equations being linear, it would be surprising
that its solutions could manifest stochastic properties. Final-
ly, if they do, it remains to be known if any important phys-
ical property is due to this cause.
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